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Engineering Economy

Chapter 1: Introduction to
Engineering Economy
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The purpose of this book Is to
develop and illustrate the principles
and methodology required to answer
the basic economic question of any

design: Do Its benefits exceed Its
cost?
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Engineering economy...

involves the systematic
evaluation of the economic
merits of proposed solutions
to engineering problems.
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Solutions to engineering
problems must

« promote the well-being and survival of an
organization,

« embody creative and innovative technology and
Ideas,

 permit identification and scrutiny of their
estimated outcomes, and

* translate profitability to the “bottom line” through
a valid and acceptable measure of merit.
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Engineering economic analysis can
play a role in many types of situations.

» Choosing the best design for a high-efficiency gas
furnace.

» Selecting the most suitable robot for a welding
operation on an automotive assembly line.

« Making a recommendation about whether jet
alrplanes for an overnight delivery service should
be purchased or leased.

« Determining the optimal staffing plan for a
computer help desk.
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There are seven fundamental principles
of engineering economy.

* Develop the alternatives

* Focus on the differences

 Use a consistent viewpoint

« Use a common unit of measure
« Consider all relevant criteria

» Make uncertainty explicit

* Revisit your decisions
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Engineering economic analysis
procedure

* Problem definition

* Development of alternatives

» Development of prospective outcomes

» Selection of a decision criterion
 Analysis and comparison of alternatives.
 Selection of the preferred alternative.

 Performance monitoring and postevaluation
of results.
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Electronic spreadsheets are a
powerful addition to the analysis

arsenal.

» Most engineering economy problems can be
formulated and solved using a spreadsheet.

 Large problems can be quickly solved.

 Proper formulation allows key parameters
to be changed.

 Graphical output Is easily generated.
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CHAPTER 2
Cost Concepts and Design
Economics



Cost Terminology




What is Cost?

In business and accounting, cost is the monetary
value spent by a company to produce a product.

It does not include profit mark-up




Fixed, Variable, and Incremental Costs

* Fixed costs:
* Are those costs that don’t change based on production levels.

- Unaffected by changes in activity level over a feasible range of
operations for the capacity or capability available (unaffected by
changes in activity level).

Examples:

Insurance and Taxes on facilities
administrative salaries

License fees

Interest cost on borrowed capital
Rent.

FIXED COSTS




Fixed, Variable, and Incremental Costs

e Variable costs:
Are costs that vary with output.

- Change according to the quantity of a good or service being
produced (vary in total with the quantic, - “utput (or
similar measure of activity)).

Examples:

- Costs of material and labor used in a product
or service

- Sales tax

- Hauling

- Packaging

VARABLE COSTS

- Fuel costs




Fixed and Variable Costs
Example



EXAMPLE 2-1

In connection with surfacing a new highway, a
contractor has a choice of two sites on which to set
up the asphalt-mixing plant equipment. The
contractor estimates that it will cost $2.75 per cubic
yard mile (yd3-mile) to haul the asphalt-paving

material from the mixing plant to the job location.
Factors relating to the two mixing sites are as follows
(production costs at each site are the same):




Cost Factor Site A Site B

Average hauling distance 4 miles 3 miles
Monthly rental of site $2,000 $7,000
Cos|t to set up and remove equipment $15,000 $50,000
Hauling expense $2.75/yd>-mile $2.75/yd®-mile
Flagperson Not required $150/day

The job requires 50,000 cubic yards of mixed-asphalt-paving material. It
is estimated that four months (17 weeks of five working days per week)
will be required for the job.

Compare the two sites in terms of their fixed, variable, and total costs.
Assume that the cost of the return trip is negligible.
Which is the better site?

For the selected site, how many cubic yards of paving material does the
contractor have to deliver before starting to make a profit if paid $12
per cubic yard delivered to the job location?



Solution

Cost Fixed Variable Site A Site B

Rent J = $8,000 = $28,000

Setup/removal J = 15,000 = 50,000

Flagperson = 0 5(17)(%150) = 12,750

Hauling v 4(50,000)($2.75) = 550,000 3(50,000)($2.75) = 412,500
Total: $573,000 $503,250

Site B, which has the larger fixed costs, has the smaller total cost for the job. Note
that the extra fixed costs of Site B are being “traded off” for reduced variable costs
at this site.

The contractor will begin to make a profit at the point where total revenue equals
total cost as a function of the cubic yards of asphalt pavement mix delivered. Based

on Site B, we have

3($2.75) = $8.25 in variable cost per yd3 delivered,

Total cost = total revenue

$90,750 + $8.25x = S12x

x = 24,200 yd3 delivered.

Therefore, by using Site B, the contractor will begin to make a profit on the

job after delivering 24,200 cubic yards of material.



Direct, Indirect, and Standard Costs

e Direct costs

Are costs that can be reasonably measured and allocated to a
specific output or work activity.

Examples:
Labor and material costs directly associated with a product,

service, or construction activity @DRE@T @@Slﬁg
= “;‘
e

©

MANUFACTURING EMPLOYEE
MATERIALS WAGES




Direct, Indirect, and Standard Costs

* Indirect costs:

Are costs that are difficult to allocate to a specific
output or work activity (also overhead or burden).

Examples:
- Costs of common tools

- General supplies

- Equipment maintenance  EXAMPLES OF INDIRECT COSTS

in a plant




Direct, Indirect, and Standard Costs

e Standard costs:
Are planned costs per unit of output.

- Standard costs play an important role in cost control
and other management functions (cost per unit of
output, established in advance of production or service
delivery)



Cash Cost versus Book Cost

* (Cash Cost: | #"é ﬁi':m x(
A cost that involves payment of cash (and resul}s in a cash

flow) 7%

 Book Cost:

a cost that does not involve a cash transaction but is reflected
in the accounting system, and it is the future expenses
incurred for the alternatives being analyzed.

(equipment, machines, Depreciation)




Sunk Cost

* [sone that has occurred in the past and has no relevance to
estimates of future costs and revenues related to an
alternative course of action.

- Independent of future costs
- Incurred in past
Cannot be recovered

-

Examples: ——
- _:__-—_;_g_' -
- Earnest money on a house = = _————
Eﬁ_-¢ —— — s

- Money spent on a passport



Example (Sunk Cost)

The concept of sunk cost is illustrated in this simple example.
Suppose that Joe College finds a motorcycle he likes and pays
540 as a down payment, which will be applied to the $1,300
purchase price but must be forfeited if he decides not to take
the cycle. Over the weekend, Joe finds another motorcycle
he considers equally desirable for a purchase price of $1,230.
For the purpose of deciding which cycle to purchase, the $40
Is a sunk cost and thus would not enter into the decision,
except that it lowers the remaining cost of the first cycle. The
decision is between paying an additional $1,260 (51,300 -
S40) for the first motorcycle versus $1,230 for the second
motorcycle.



Life-Cycle Cost

It refers to a summation of all the costs related to a
product, structure, system, or service during its life span.
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The general price-demand relationship

The demand for a product or
service Is directly related to its
price according to p=a-bD
where p is price, D iIs demand, :
and a and b are constants that
depend on the particular

product or service. b

Units of Deman d

The general price-demand relationship is ?

- [ P E ion, Inc.
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Total revenue depends on price and
demand.

Total revenue is the product of the selling price per
unit, p, and the number of units sold, D.

TR = pD = (a — bD)D = aD — bD?

for 0< D ; and a >0, b>0
. . . Copyright ©2009 by Pearson Education, Inc.
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Calculus can help determine the
demand that maximizes revenue.

2

Magimum TR = gb—phi= 2 _ 8 _ 8
UfTh) 2b  4b  4b
—a—20D=0 |
dD
Q:)
. . g
Solving, the optimal demand s brice — a— bD
IS E
~ (1
2b
D= — :/
21{’ Demand
. . . Copyright ©2009 by Pearson Education, Inc.
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We can also find maximum profit...

at any demand D, total cost is CT = CF + CV, where CF and CV denote
fixed and variable costs, respectively. For the linear relationship
assumed here, CV = cv - D, where cv is the variable cost per unit.

Profit is revenue minus cost, So

Profit (loss) = total revenue - total costs
= (aD - bD?) - (CF + cvD)

=-bD? + (a - cv)D - CF

for 0<D<a/banda>0,b>0.

Differentiating, we can find the value of D that
maximizes profit.

d(profit)

D - a—cy—2bD =10 D*

Total Revenue

J \ Cp
Maximum Profit 7
\6
\ > ! Loss
E Profn/ |
5 [
z |
= I
=) | o |
= | G v I
- | |
k- [ |
] | | Cr
. { :
| ! |
| !)’1 : I). : !),3
1 L 1)
Volume (Demand)
aa — f:-]'_z
2b
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we can find revenue/cost breakeven.

To ensure that we have maximized profit (rather than minimized it), the sign of
the second derivative must be negative. Checking this, we find that
d2( profit)
d D>
Breakeven 1s found when total revenue = total cost. Solving, we find the demand at
which this occurs.

— —2b,

Total revenue = total cost (breakeven point)
aD -bD?> = CF+cvD
-bD?+(a-cv)D-CF=0

—(a — ¢y) + \/(ﬂ, —¢y)? —4(—=b)(—Cp)
2(—b)

D' =

we can solve for the breakeven points D’; and D',

This will ensure that D', and D', have real positive, unequal values

P Engineering Economy, Fourteenth Edition Copyright ©2009 by Pearson Education, Inc.
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Opportunity Cost

* |sthe monetary advantage foregone due to limited
resources.

- The cost of the best rejected opportunity.

Example:

- Consider a student who could earn $20,000 for working
during a year but chooses instead to go to school for a year
and spend $5,000 to do so.

The opportunity cost of going to school for that year is
$25,000: $5,000 cash outlay and $20,000 for income

foregone.



EXAMPLE 2-4

A company produces an electronic timing switch that is used in consumer and
commercial products. The fixed cost (CF) is $73,000 per month, and the variable cost

(cv) is $83 per unit. The selling price per unit is p = $180 - 0.02(D), based on Equation
(2-1). For this situation,

(a) determine the optimal volume for this product and confirm that a profit occurs
(instead of a loss) at this demand.

(b) find the volumes at which breakeven occurs; that is, what is the range of profitable
demand? Solve by hand and by spreadsheet.

Solution

. — 180 — $83
(a) D* = _ E; = § 20 ﬂf} = 2,425 units per month

Is (a - cv) >0?
($180 - $83) = $97, which is greater than 0.
And is (total revenue - total cost) >0 for D* = 2,425 units per month?

[$180(2,425) - 0.02(2,425)%]-[$73,000 + $83(2,425)] = $44,612

A demand of D* = 2,425 units per month results in a maximum profit of

$44,612 per month. Notice that the second derivative is negative (-0.04).
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Given the quadratic equation ax? + bx + ¢ = 0, the roots are given

by X — —b+ Vb2 —4ac
o 2a
, =97 £[(97)? — 4(—0.02)(—73,000)]"->
2(—0.02)
_9 )
D] = — L 932 units per month
—0.04
, —97 — 59.74 | _
D5 = —0.04 = 3,918 units per month.

Thus, the range of profitable demand is 932-3,918 units per month.

P Engineering Economy, Fourteenth Edition Copyright ©2009 by Pearson Education, Inc.
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EXAMPLE 2-5

An engineering consulting firm measures its output in a standard service hour unit,
which is a function of the personnel grade levels in the professional staff. The
variable cost (cv) is $62 per standard service hour. The charge-out rate [i.e., selling
price (p)] is $85.56 per hour. The maximum output of the firm is 160,000 hours per
year, and its fixed cost (CF) is $2,024,000 per year. For this firm,

(a) what is the breakeven point in standard service hours and in percentage of total
capacity?

(b) what is the percentage reduction in the breakeven point (sensitivity) if fixed costs
are reduced 10%; if variable cost per hour is reduced 10%; and if the selling price per
unit is increased by 10%?

Solution (a)
Total revenue = total cost (breakeven point)
pD’ = Cfp + ¢, D’
C
=
(p — Cz))
and
2,024,000 )
D — ($ZS.56 —$62) = 85,908 hours per year
85,908
D'= —/——— = 0.537,
160,000

or 53.7% of capacity.

Engineering Economy, Fourteenth Edition Copyright ©2009 by Pearson Education, Inc.
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Solution (b)

(b) A 10% reduction in Cr gives

0.9(%2,024,000
= ($;§5’6 — %2; = 77,318 hours per year
and
85,0908 — 77,318
85 908 = 0.10,
or a 10% reduction in ['.
A 10% reduction in ¢, gives
$2,024,000
D = d— = 68,011 h
[$8556 — 09(562)] oo beryear
and
85,908 — 68,011 _ 0208,

85,908
or a 20.8% reduction in D',
A 10% increase in p gives
$2,024,000
~ [1.1($85.56) — $62]

= 63,021 hours per year

and
85,908 — 63,021
85,008

= 0.266,

or a 26.6% reduction in [).

PEARSON Engineering Economy, Fourteenth Edition
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Engineers must consider cost In the
design of products, processes and
Services.

* “Cost-driven design optimization” is critical
in today’s competitive business
environment.

* In our brief examination we examine
discrete and continuous problems that
consider a single primary cost driver.

V&)@ Engineering Econom y, Fourteenth Edition Copyright ©2009 by Pearson Education, Inc.
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Two main tasks are involved In cost-
driven design optimization.

1. Determine the optimal value for a certain
alternative’s design variable.

2. Select the best alternative, each with Its own
unique value for the design variable.

Cost models are developed around the design
variable, X.

Copyright ©2009 by Pearson Education, Inc.

el Engineering Economy, Fourteenth Edition le Ri N 74
By William G. Sullivan, Elin M. Wicks, and C. Patrick Koelling Upper Saddle River, AI?\:i/thet;Sreeysgrvesd8



Optimizing a design with respect to
cost Is a four-step process.

* ldentify the design variable that is the primary cost
driver.

» EXpress the cost model in terms of the design variable.
e [For continuous cost functions, differentiate to find the

optimal value. For discrete functions, calculate cost
over a range of values of the design variable.

 Solve the equation in step 3 for a continuous function.
For discrete, the optimum value has the minimum cost

value found in step 3.

Copyright ©2009 by Pearson Education, Inc.
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Here i1s a simplified cost function.

b
Cost = aX A - k
ost = a e

where,

a is a parameter that represents the directly varying cost(s),
b is a parameter that represents the indirectly varying cost(s),
K 1s a parameter that represents the fixed cost(s), and

X represents the design variable in question.

Engineering Economy, Fourteenth Edition Copyright ©2009 by Pearson Education, Inc.
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“Present economy studies” can 1gnore the
time value of money.

 Alternatives are being compared over one year or
less.

* When revenues and other economic benefits vary
among alternatives, choose the alternative that
maximizes overall profitability of defect-free
output.

* When revenues and other economic benefits are
not present or are constant among alternatives,
choose the alternative that minimizes total cost per
defect-free unit.

IFN:54e] W Engineering Economy, Fourteenth Edition Copyright ©2009 by Pearson Education, Inc.
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EXAMPLE 2-6

The cost of operating a jet-powered commercial (passenger-carrying)
airplane varies as the three-halves (3/2) power of its velocity; specifically,
CO = knv3?2, where n is the trip length in miles, k is a constant of
proportionality, and v is velocity in miles per hour. It is known that at 400
miles per hour, the average cost of operation is $300 per mile. The
company that owns the aircraft wants to minimize the cost of operation,

but that cost must be balanced against the cost of the passengers’ time
(CC), which has been set at $300,000 per hour.

(a) At what velocity should the trip be planned to minimize the total cost,
which is the sum of the cost of operating the airplane and the cost of
passengers’ time?

(b) How do you know that your answer for the problem in Part (a)
minimize sthe total cost?

el Engineering Economy, Fourteenth Edition Copyright ©2009 by Pearson Education, Inc.
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Solution
(a) The equation for total cost (C7) is

Cr = Co + Cc = knv*? + ($300,000 per hour) ('—1) ;
v

where 1 /v has time (hours) as its unit.
Now we solve for the value of k:

Co _ 3
H
. 3/2
$300 miles
— =k | 400
mile hour
$300/mile
k = 375
miles\*/?
400
hour
X $300/mile
N miles®”
8000 | ——7=
hour™*
3/2
hours
k=$0.0375———.
miles”
Thus.
Copyright ©2009 by Pearson Education, Inc.
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$3ﬂ[},l}[ll}) n miles

hour miles
v

3/2 . ar2
Cr = $0L[13?5hﬂurs — | (1 miles) E}mlles +
iles”/2 hour

hour

miles

Cr = $0.037510>2 + $300,000 (f) .
[

Next, the first derivative is taken:
dC 3 00,000
T 2 ($0.0375)m0! /2 — $300,000n _ 0.
dve 2 o2
So,
300,000
_’? =0

0.056250"/% —
v
0.056250°% — 300,000 = 0

5 _ 300000 5,333,333

~ 0.05625
v* = (5,333,333)™ = 490.68 mph.

(b) Finally, we check the second derivative to confirm a minimum cost solution:
d*Cy

d2C+  0.028125 600,000
dt,zr =Y + z;3 for v = 0, and therefore, — = 0.
The company concludes that v = 490.68 mph minimizes the total cost of this

Copyright ©2009 by Pearson Education, Inc.
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The Time Value of Money



— il

|



Basic Concepts

The objective of Chapter 4 is to
explain time value of money
calculations and to illustrate
economic equivalence



* The term capital refers to wealth in the form of money or
property that can be used to produce more wealth.

commitment of capital for extended periods of time, so the
effect of time must be considered.

It is recognized that a dollar today Is worth more than a
dollar one or more years from now because of the interest
(or profit) it can earn. Therefore, money has a time value.

TiIME ls MONEY




Return to capital in the form of interest and profit is
an essential ingredient of engineering economy
studies.
Interest 1s a fee that is charged for the use of someone else’s
money.
The size of the fee will depend upon:
1. The total amount of money borrowed
2. The length of time over which it is borrowed.

Example: An engineer wishes to borrow $20,000
In order to start his own business. A bank will lend
him the money provided he agrees to repay $920

per month for two years. How much interest is he
being charged. %



Whenever money Is borrowed or invested,
one party acts as the lender and another
party as the borrower.

The lender is the owner of the money, and
the borrower pays interest to the lender for
the use of the lender’s money.

Example: Savings account

SAVINGS ACCOUNT

-~ )
i i 1:




5

Interest Rate @
If a given amount of money is borrowed for a specified period
of time (typically, one year), a certain percentage of the money
IS charged as Interest. This percentage is called the interest
rate.

Example:

a. A student deposits $1,000 in a savings account that pays
Interest at the rate of 6% per year. How much money will
the student have after one year?

b. An investor makes a loan of $5,000, to be repaid in one
lump sum at the end of one year. What annual interest rate
corresponds to a lump-sum payment of $5,425?



Why Consider Return to Capital?

1. Interest and profit pay the providers of capital for forgoing
Its use during the time the capital Is being used.

2. Interest and profit are payments for the risk the investor
takes In permitting another person, or an organization, to use
his or her capital.

3. Any project or venture must provide a sufficient return to be
financially attractive to the suppliers of money or property.




Simple Interest

When the total interest earned or charged is linearly proportional
to the initial amount of the loan (principal), the interest rate, and
the number of interest periods for which the principal Is
committed, the interest and interest rate are said to be simple (not
used frequently in modern commercial practice) .



Simple interest is defined as a fixed percentage of the principal (
the amount of money borrowed), multiplied by the life of the loan

Simple |

1= (P)(N)(i), Interest ?
Where J/s'g'/ﬁ)
1 = total amount of simple interest , earned or paid
P = principal amount lent or borrowed;
N = life of the loan ,number of interest periods, (e.g., years);
| = Interest rate per interest period (expressed as a decimal)

It IS understood that N and i refer to the same unit of time

The total amount repaid at the end of N interest periods is P + [,



Example

If $1,000 were loaned for three years at a simple interest
rate of 10% per year, find

1. The total interest earned
2. The total amount owed at the end of three years

Simple Interest

$100 $100 $100

$1,000

TI TI TI

yecms



Example

* If $5,000 were loaned for five years at a
simple interest rate of 7% per year, the
Interest earned would be

[=$5000 x 5 x 0.07=8$1,750

So, the total amount repaid at the end of
five years would be the original amount
($5,000) plus the interest ($1,750), or
$6,750.



Example

A student borrows $3,000 from his uncle in order to finish
school. His uncle agrees to charge him simple interest at the
rate of 5%2% per year. Suppose the student walits two years and
then repays the entire loan. How much will he have to repay?




Compound Interest



When interest is compounded, the total time period is subdivided into
several interest periods (e.g., one year, three months, one month).
Interest is credited at the end of each interest period and is allowed to
accumulate from one interest period to the next.

During a given interest period, the current interest is determined as a
percentage of the total amount owed (i.e., the principal plus the
previously accumulated interest). Thus, for the first interest period, the
Interest is determined as

I, =iP
And the total amount accumulated is
Ff=P+I1;,=P+iP=P(1+1)
For the second interest period, the interest is determined as
I, =iF, =i(1+i)P
And the total amount accumulated iIs
F, =P+ 1L+, =P+ iP+i(1+i)P =P(1+i)*

For the third interest period,

L =i(1+i)*P F;=P(1+i)3



In general, if there are N interest periods
F=P(1+ )N
Which is the so-called law of compound interest. Notice that F,

the total amount of money accumulated, increase
exponentially with N, the time measured in interest periods.

PRINCIPAL INTEREST TOTAL

YEAR 1

H

YEAR 2

16



Example

If $1,000 were loaned for three periods at an interest rate of
10% compounded each period, find

1. The total interest earned =F-P=1331-1000=331
2. The total amount owed at the end of three Periods

F=1000(1+.1)"3=1331

Compound Interest
S121

=1

17

Period



« Compound interest reflects both the remaining
principal and any accumulated interest. For $1,000 at

10%...
(1) (2)=(1)x10% | (3)=(1)*+(2)
Amount owed Interest Amount
at beginning of | amount for | owed at end
Period period period of period
1 $1,000 $100 $1,100
2 $1,100 $110 $1,210
3 $1,210 $121 $1,331

Compound interest is commonly used in personal and
professional financial transactions.




Simple interest does consider the time value of money but

does not involve compounding of interest. Compound interest
IS much more common In practice than simple interest

Compound

1,300 | Compound Interest —__
1,210 R
Simple
~ 1,200
3 1200 Interest
!
L
=
O
e 1,100
=)
Q
£
-
1,000
l I
0 1 2

End of Interest Period

[llustration of Simple versus Compound Interest

1,331
1,300
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Example

A student deposits $5,000 in a savings account that pays interest at
the rate of 6% per year, compounded annually. If all of the money
Is allowed to accumulate, how much will the student have after 12
years? Compare this with the amount that would have
accumulated if simple interest had been paid.

20



The Concept of
Equivalence



Economic equivalence allows us to compare
alternatives on a common basis.

 Each alternative can be reduced to an equivalent basis
dependent on

— Interest rate,
— amount of money involved, and
— timing of monetary receipts or expenses.

* Using these elements, we can “move” cash flows so that
we can compare them at particular points in time.




We Need Some Tools to Find
Economic Equivalence.
Notation Used in Formulas

for Compound Interest
Calculations.



The following notation is utilized in formulas for compound interest
calculations:

| = effective interest rate per interest period,;
N = number of compounding (interest) periods;

P = present sum of money; the equivalent value of one or more cash flows
at a reference point in time called the present;

F = future sum of money; the equivalent value of one or more cash flows a
a reference point in time called the future;

A = end-of-period cash flows (or equivalent end-of-period values) in a
uniform series continuing for a specified number of periods, starting at the
end of the first period and continuing through the last period.



Cash Flows

25



A cash flow is the difference between total cash receipts
(inflows) and total cash disbursements (outflows) for a given
period of time.

Cash flows are very important in engineering economics
because they form the basis for evaluating projects, equipment,
and investment alternatives.

The easiest way to visualize a cash flow is through a cash flow
diagram, in which the individual cash flows are represented as
vertical arrows along a horizontal time scale.

Positive cash flows are represented by upward-pointing
arrows, and negative cash flows by downward-pointing
arrows; the length of an arrow is proportional to the magnitude
of the corresponding cash flow. Each cash flow is assumed to
occur at the end of the respective time period.



* The use of cash-flow (time) diagrams or tables is
strongly recommended for situations in which the
analyst needs to clarify or visualize what is involved
when flows of money occur at various times.

* The difference between total cash inflows (receipts)
and cash outflows (expenditures) for a specified
period of time (e.g., one year) Is the net cash flow for
the period.




In a lender-borrower situation, an inflow for the one is an
outflow for the other. Hence, the cash flow diagram for the
lender will be the mirror image in the timeline of the cash flow

diagram for the borrower.

28



Beginning of End of e F = $17,690.27
Month1  Month 1 Cash inflow A

The horizontal
line is a time
scale, the
numbers
represent time
periods

(lender)

I | l
1 2 3 4 =N

End of Month i = 1% per Month

Cash outflow
(lender)

The arrows signify cash
flows and are placed at
the end of the period

P = $17,000
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Example: Cash-Flow Dlagrammmg

Before evaluating the economic merits of a proposed mvestment
the XYZ Corporation insists that its engineers develop a cash-flow
diagram of the proposal. An investment of $10,000 can be made
that will produce uniform annual revenue of $5,310 for five years
and then have a market (recovery) value of $2,000 at the end of
year (EOY) five. Annual expenses will be $3,000 at the end of
each year for operating and maintaining the project. Draw a cash-
flow diagram for the five-year life of the project. Use the
,99viewpoint.??
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Solution

* As shown in the figure below, the initial
investment of $10,000 and annual
expenses of $3,000 are cash outflows,
while annual revenues and the market
value are cash inflows.

$2.000

|

$5.310 $5.310 $5.310 $5.310 §5.310
0 1r 21 3' 4T 51 =N
' " : # l

$3.000 $3.000 $3.000 $3.000 $3.000
End of Year (EOY)

1 310,000 -



Test Yourself

Suppose that you have a savings plan covering the next ten
years, according to which you put aside $600 today, $500 at
the end of every other year for the next five years, and $400 at
the end of each year for the remaining five years. As part of
this plan, you expected to withdraw $300 at the end of every
year for the first 3 years, and $350 at the end of every other
year thereafter.

a. Tabulate your cash flows
b. Draw your cash flow diagram.




Relating Present and Future
Equivalent Values
of Single Cash Flows
(Single-Payment)



* We can apply compound interest formulas to
“move” cash flows along the cash flow
diagram.

Compound Interest

1 Iy
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Single-Payment, Compound-Amount
Factor
(Finding F when Given P)



Suppose that a given sum of money, P, earns interest at a rate I,
compounded annually. We have already seen that the total amount of
money, F, which will have accumulated from an investment of P dollars
after N years is given by:

F=P@Q+ N
The ratio
F/IP=(1+i)N
Is called the single-payment, compound-amount factor. Numerical values

of this factor may be calculated from previous equation or obtained from
compound interest tables such as those shown in Appendix C.

A fuller notation, (F/P, 1%, N), is helpful when setting up the solution to
a compound interest problem.

(1_|_i)N :(F/P’ |%, N) F=FutureEq;1ivalent(Fmd)
F=P(L+ i) g
i = Interest Rate per Period

F=P(F/P, 1%, N) RS/

F = Present Equivalent {Given)



Example: Future Equivalent of a
Present Sum

Suppose that you borrow $8,000 now, promising
to repay the loan principal plus accumulated
Interest in four years at 1 = 10% per year. How
much would you repay at the end of four years?

Solution

In general, we see that F = P(1+i)Y, and the
total amount to be repaid is $11,713.



Example - Revisited

Suppose that you borrow $8,000 now, promising to repay the loan
principal plus accumulated interest in four years at 1 = 10% per year.
How much would you repay at the end of four years?

Discrete Compounding; i = 10%

Single Payment Uniform Series Uniform Gradient
Compound Present Compound Present Sinking Capital Gradient Gradient
Amount Worth Amount Worth Fund Recovery Present Worth  Uniform Series
Factor Factor Factor Factor Factor Factor Factor Factor
To Find F To Find P ToFindF TokRnd P TokindA ToFkindA To Find P To Find A
Given P Given F Given A Given A Given F Given P Given & Given &

N F/P P/F Fia Pl AlF AP PiG A/G i
1 1.1000 02091 1.0000 09081 1.0000 1.1000 0.000 0.0000 1
2 1.2100 0R2 A 2.1000 1.7355 04762 0.57a2 0526 04742 2
K] 13310 07513 33100 24660 03021 0.4021 2529 0.593m6 3
4 14641 0,45 30 4./410 31689 0.2155 0.5155 4375 1.3812 4
5 1.4105 0,42 (9 A.1051 37908 01438 0.2638 AfRR2 18101 5
B 1.7716 05645 77156 4, 3553 01296 0.2294 Y.ahd 22236 B
7 19487 05132 H4RT2 4 RAR4 01054 0.2054 127603 24216 7
] 21434 Q4665 11.435% 53349 Q0R74 0.1674 16.029 3.0045 &
9 23579 04241 13,5795 5.7R80 Q0734 017364 19422 33724 g

10 25937 03555 15.9374 A 1446 Q0427 0.1027 2259 37255 10

11 28531 Q3505 18,5312 f.4%951 Q0540 0.1540 26,396 40641 11

12 3.1384 03186 21.3843 a.b137 Q.04 65 0.1465 29.901 4 38564 12

13 34523 02697 24,5227 71034 Q.04 08 0.1408 33,377 4, 4BRE 13

14 3.7975 02633 279750 7.360R7 Q0357 0.1357 JAE01 4 9955 14

15 41772 02394 31.7725 7.40A] Q0315 0.1315 40,152 5.27RY 15

16 4 5950 02176 359497 LB237 Q0278 0.1278 43 416 55493 16

17 5.0545 01978 40.5447 50214 ey 0.1247 44552 R.A071 17

18 5.hheg 01799 45,5992 52014 Q0219 01219 459 140 A.0h2h 3618

19 A.1159 01435 E1.1591 B3R Q0195 01195 B3 5R3 fA.26A1

'nTal N - T Y o | ol F I e Sseeen ™ - - momg e o -l r- 4™ I ol
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Example: $2,500 at time zero is equivalent to how much after six years
If the Interest rate is 8% per year?

Discrete Compounding; i = 8%

Zing ke Payrent Unitarm Series Unifarm aradient
Cormpound Pres=nt Zormpound Frez=nt Sinking Capital G madient G madient
Arnount Yiorth Arnount Waorth Fund Recowearny Present Wiorth  Unifarm Serdes
Factor Factor Factor Factor Factor Factor Factor Factor

ToFind ¥/ ToFind P Tofind#  ToFfind P Tofind A ToFind A To Find P To Find A

Given F Given F Given A qiven A Given F aiven £ apen x apen
n FiP EiF FiA FiA AfF AP FiE Al n
1 10800 0eE 10000 050250 10000 1&Em 0.0 Qo000 1
2 11664 0aL7e 2000 1. 788z 04 £ 0.5 0257 0408 2
3 12807 0.7 58 12ded 251 0200 0. 2.ddh 0ads? 3
4 1.2e05 07350 4 E0Ed LHM 02H9 0.m19 d L0 1400 4
L 1de0: 05 LBede ERL 01 mk 025058 1 18dak L
& 1580 0gm i 4 R 012 0He2 10522 22%: &
) 101 0582 aanE LXed 0aH 019H 1d g 2poe] )
2 1880 0.0z 10 A¥E L e 0050 04740 17 #l6 100Ek 2
a 19900 0.5 12 4876 660 00EH 0.16H HAE 1450 a
10 2158 0de 22 1d dEaG 6. i1 00es0 01420 L0717 E¥ ol 10
11 21M6 0d2en 16 £4L 5 1130 00 01diH n2xe 42k 11
12 25182 0mH 18 9771 1581 onL2? 01327 g 4 5oL 12
1 2.11% 017 H.dak To0rE 00dek 01268 0 4 ad02 1k
1d 29312 0.0k M. Hen H2dd2 00d1 [ b ) di g LAt 1d
1% s it 0152 274581 2ELAL 000 58 01168 4] R LEodf 1k
16 14250 0219 mrMdz fakd 00z 010 Laxd Latde 16
17 ERLLY o2z 1.m2 Q1HE 0020, 0 409 Le fag 62087 17
18 1000 025002 74ma2 L ] 00! 04067 £l 2 Y1l 18
1 4 1457 0217 di dds, 2 QLE0EE 00 01041 £hHE 6. Je3 7 19
1 d el 02Hdk df, 20 QE1E 00H9 04019 £ (i At 20
H Loz 01987 0 grn 10.0HEE G 0 s e 1200 M
phad Ldmh 018 L dfag 10,4007 0U01E0 0 eE 6 oo TEdq2 22
22 LENS 017032 BB Y 10.2H1 00164 0 2ed eI 11786 21
A . 2412 01577 £, T A 10588 IEL ] 0 RED A 20066 2d
25 £ BdEE 0 Adel 134050 106 M & 0o1:? 0ee? a7 M 222504 25
m 1002 7 00 118 e 112558 00CeERE O R 102 456 Ll b2t 10
gl 1d TREL2 006 T 172 Hed 116540 0U005E 0 EE 116, 05 RL k] 1k
a0 H.TME 00 200 NGek 11 2 000 0 12 42 10.5659 40
1 H.e0d 0oz e 0k 12408 000 0 1re e 1104447 4k
g1 di, H G o2 LI T 1220k ooy 0ot 1300 114107 L0
=1 1M 251 0u0ea 12124 ) Q000 0 s 147300 11 90HE 1)
1) 4 A5dE A LgRe Qi p i Yy 0o 0 152800 12381 &0
100 Hoa fel 0u0ng 27484 f18T gl o 0 Em 158 611 pd 13 100
4 12,5000 0 %{9
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Examples

1. A student deposits $1,000 in a savings account
that pays interest at the rate of 6% per year,
compounded annually. If all of the money is allowed
to accumulate, how much money will the student
have after 12 years?

2. $2,500 at time zero is equivalent to how much after
six years If the interest rate is 8% per year?

Solution
F =82,500(F/P,8%,6) = $2,500(1.5869) = $3, 967



Single-Payment, Present-Worth
Factor
(Finding P when Given F)



* From Equation F = P(1 + )N, Solving this for P gives the
relationship

N
P=F 1 =F(1+i)VN
1+

« The quantity (1 + i)™ is called the single-payment, present-
worth factor. Numerical values for this factor are given in the
third column of the tables in Appendix C for a wide range of
values of 1 and N.

(1+i)N = (PIF, i%, N)
P =F (P/F, i%, N)



Example: Present Equivalent of a Future
Amount of Money

An Investor (owner) has an option to purchase a tract of
land that will be worth $10,000 in six years. If the value
of the land increases at 8% each year, how much should
the investor be willing to pay now for this property?

Solution

The purchase price can be determined from Equation
(4-5) and Table C-11 in

Appendix C as follows:

P =%$10,000(P/F, 8%, 6)

P =$10,000(0.6302)

= $6,302.
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Example: $3,000 at the end of year seven is equivalent to how much
today (time zero) if the interest rate is 6% per year?

Discrete Compounding; | = 6%

single Payrnent

Unifarm Series

Uniform Gradient

<1 WIS

amEr

a4 i

e OFr-

‘s BE Bl

e

TN ]

Pl s B ]

Zompound Presant Zompound Fresant Sinkin Capital aradiant aradiant
Arnount Worth Arnount Yiorth Fun Recove ny Present Wiorth  Uniform Series
Factor Factor Factor Factor Factor Factor Factor Factor

To Find F To Find P To Find F ToFind P ToFind A ToFind A To Find P To Find A

apen © apen F aiven A aiven A Given F aiven £ Given o aiven o
o FiP FiF FiA PiA AJF AP B Af n
1 10600 0.5ded 1.0 05t 1,000 106 0 0o 1
p 112 0.aean0 20 181H 0 4.5 05454 030 0485 2
) 11910 08306 PR 2p1M 0.Hd4 0201 2589 0 9612 1
g 1225 0.7 d 2745 1485 0 e (2 d S 1427 g
5 1.2 0.7 Leil dHM 0475 023M Ta35 1885 L)
i 14185 0. ME0 RNy 472 04 Q20 H 4Lo 2.1 ]
7 150 % 0.ea51 8. L) 01191 01MH 15450 2., 1
& 1505 06274 o Ik B 0o 04040 0810 19842 11052 &
o 1 eH05 0849 491 6117 00 30 014 24577 R ) 2]
10 1.0 0.55Ed 13180 7.%M 007Eq 01350 29I 4 a0 10
! 12082 0.52x%E 14 2 HE 1R 0 DGES 01268 AN 44243 11
1 2mx 04970 16 BB B.EE R 0n9: 4,127 daH3 1
13 21 0.d4e8a 18881 8Ly 05 30 1l 1 L) L% L2 1] 1d
1d .1 0.4 3 21018 QA 0 3 010% L1111 L 1d
15 ] 04173 2320 g W) 00 10 010 LTAEN & ael 15
16 2.4 0,326 2LETL 10105 00:ea Qa2 61453 £ 2704 15
17 e 0314 2e21m 1047732 nn:id 0095 A 40 £ £ 17
18 2Ly 0.0 1049087 10 £ 1 003 005 15157 6 aLay 18
L 1R 0.2k 23.Tel0 111581 e (e B8 1288l 19
Ll 1IH 0.H12 26,785 11 4509 0 0osmR BIZM Te0E LI
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Examples

1. A certain sum of money will be deposited in a
savings account that pays interest at the rate of 6%
per year, compounded annually. If all of the money
Is allowed to accumulate, how much must be
deposited initially so that $5,000 will have
accumulated after 10 years?

2. $3,000 at the end of year seven is equivalent to how
much today (time zero) if the interest rate is 6% per
year?

Solution

P = $3,000(P/F, 6%, 7) = $3,000(0.6651) = $1,995



Test Yourself

Betty will need $12,000 in five years to pay for a major
overhaul on her tractor engine. She has found an
Investment that will provide a 5% return on her invested
funds. How much does Betty need to invest today so
she will have her overhaul funds in five years?




o
woot @ Important Rules

Rule A. Cash flows cannot be added or subtracted unless they occur at
the same point in time.

Rule B. To move a cash flow forward in time by one time unit,
multiply the magnitude of the cash flow by (1 + 1), where i is the
Interest rate that reflects the time value of money. (Compounding)

Rule C. To move a cash flow backward in time by one time unit,
divide the magnitude of the cash flow by (1 + 1). N
(Discounting) N,

Present Future
Value Value

/'/

Discounting



Unknown Interest Rate
(Finding the Interest Rate Given P, F,
and N)




There are situations in which we know two sums of
money (P and F) and how much time separates them (N),
but we don’t know the interest rate (1) that makes them

equivalent.
i= "/F/P-1




Example: The Inflating Price of
Gasoline

The average price of gasoline in 2005 was $2.31 per
gallon. In 1993, the average price was $1.07. What was
the average annual rate of increase in the price of

gasoline over this 12-year period? m
JJJ]

Ca

Solution

With respect to the year 1993, the year 2005 is in the future. Thus, P = $1.07, F =
$2.31, and N = 12. Using Equation (4-6), we find i = 2/231/1.07 — 1 = 0.0662
or 6.62% per year.
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Example:

If we want to turn $500 into $1,000 over a period
of 10 years, at what interest rate would we have
to Invest It?

o1



Unknown Number of Years
(Finding N when Given P, F, and 1)
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Sometimes we are interested in finding the amount of time

needed for a present sum to grow into a future sum at a specified
Interest rate.

F=pP+ i)V

(1+" = (F/P)
Using logarithms,

Nlog(1+1i) = log(F/P)

log(¥/p)

N =
log(1+1i)

Time Value
of Money

It Grows!

| | Ny | 53




Example: When Will Gasoline Cost
$5.00 per Gallon?

In the previous example, the average price of gasoline was given
as $2.31 in 2005. We computed the average annual rate of
Increase in the price of gasoline to be 6.62%. If we assume that
the price of gasoline will continue to inflate at this rate, how long

will it be before we are paying $5.00 per gallon?

Solution
We have P = $2.31, F = $5.00, and i = 6.62% per year. Using Equation (4-7), we
find

o log($5.00/$2.31)  log(2.1645)
~ log(1+0.0662) log(1.0662)

So, if gasoline prices continue to increase at the same rate, we can expect to be

paying $5.00 per gallon in 2017.

= 12.05 years.
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Example:

How long would it take for $500 invested today
at 15% interest per year to be worth $1,000?



Example

How many years will be required for a given
sum of money to triple, if it is deposited in a
bank account that pays 6% per year,
compounded annually?



. Examples

~ -~
—— —



Example 1: What’s the FV of an initial $100 after 3 years if I
= 10%?
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Example 2: What’s the PV of $100 due in 3 years if | = 10%?

PP

S _ % P
\ _— ~
=2 7 10% interest rate $100
$_ for 3 years Future Value

Present Value
FV

99



Example 3: If sales grow at 8% per year, how long before
sales double?

iES
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Example 4: Your cousin want to buy a fancy watch with $425
, Instead you suggest that she buy an inexpensive watch
with $25 and invest the difference (i.e. $400) for 40 years
with an interest of 9% per year how much she will get after
40 years ?




Example 5: How long dose it take for $1,000 to quadruple in
value when the interest rate is 8%?

How Much Time it will Take

-, -r- —

<< =

R = = 4
>4 /

D

- Your Money; - «




Example 6: A person invested 100,000 JD with a 9% interest
for five years. How many did he have at the end of the fifth
year?
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Example 7: How much will be the population of Jordan after
fifty years if the number now is ten million and the increase
rate 1s 3.5%




Example 8: A person borrowed 50 thousand JD for six years
at an annual interest rate of 15%. If he paid 50 thousand JD
at the end of the second year .How much he must paid at the
end of the sixth year?
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Example 9: You deposited $100,000 in a bank giving annual
Interest rate of 8%. At the end of the first year you deposited
$10,000 and at the end of the fourth year you withdrew $20,000
from the balance. At the end of the fifth year you withdrew
another $20,000. At the end of the seventh year, you deposited
$10,000 in your balance. How much will be in your balance at
the end of the twelfth year?




Discrete Compounding; i = 5%

Single Payment

U niform Series

Unritorm Gradient

Compound Prezznt Compound P resant Sinkin Capital aradient aradient
Armount Worth Arount Yiiorth Fun Reoowe ny Fresznt Worth  Uniform Series
Factor Factor Factor Factor Factor Factor Factor Factor
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Gien P Giren F Given A Giwen A Giwen F Given P Gaiven i3 Given 7
n Fip EiE £iA B A JE Afp B A4 n
1 1 500 095 1 00m 055 1 00m 10800 0.0 0 o0m 1
2 11025 05070 2 05m 1.a60d (I 2 0528 oy 04a7s 2
1 115T 08518 11525 20 (1 Bt 02672 2RLL 0575 1
d 1:HEE nEry d HMH + 5del 02w 0280 L (1 143H d
L 12762 0.78:5 L g r2aL 01510 0240 g2y 1 5025 L
B 1.4 0.Mde2 £ A9 ENTET 01dm 01970 H s 2R B
) 140M 007 8140 L. Taed 01228 017s 16232 - 1A )
] 14775 NEME Qe 64602 04047 014y 2091 1ddf ]
o 15513 0.5dd & H [Tes 71078 007 01407 26127 TRTER o
10 1 5E (1 e 125179 7.7 0 0ra% 01295 HeL2 d e 10
11 1. 02 057 1d 2063 E.aed 007 01 17400 d Lidd 11
12 1.79583 05548 15041H sELIT 0 D6 0.1 dinad 4 G49 12
11 15855 nLmz 11.M1m o M 0 QLeL 010ak 40 oER L1k 11
1d 1 9700 05051 10 B0 0 e 0 &10 0100 Ee i 0 1d
1k 2078 0430 215 T8 102797 0Meat 00%es B3R 6T 1k
s e Pt 045581 21AE75 108278 o2z oo 10460 647 % s
17 225X 04 25 8d0d 112744 0oes? O0EsT T71d4 [ 17
14 2 4064 04455 2E1iM 11 GERG 00xLs I EAA Hd 20d T 13
19 252M 0357 .5 12 LD 0ozt ooE2T L 15LEQ 19
20 JREIE 0379 T10es0 12 e 0 oems ooaEn oEdEs T00m 1
H 2.78e0 . 3589 A L 12 5 0 e 00T 105567 5416 H
22 AL 0413 TR EO5 11164 0 2el 0030 112 #46 BL1M Ll
21 10715 0. 37256 444k 13 4586 0 odd 005 120009 S g
24 Pl | 03401 dd L 111985 022k 00Ts 127140 QHd40 L
25 T.Eed 0.5 41721 14 9 00 00H0 L oL 25
il L L 0.2Hd A g T L L 0HEA Iy | 168 AT 10 DEeH il
1k LEal 1 e P QoA 16 1742 001d 00611 20058 12 Mo i
40 T 0.1d0 120, 7008 1715 0oas: OnEs: X Edr 11277k di]
45 & S50 0111z 1593002 17.7744 0me: 0nse: 285315 14 #dd df
LN 11 46T 0.0Er2 209 2dE0 18 250 0 oodE 00Eds 21194k 1Lk &1
k] 18 570 O.05:E TR EBIT 18 gy 0o 00nEss H idd 16 B2 k]
) 4 BA4d 0.2 O S 19 FOAE 0000 000 TE0 A 18 2R )
1 14 501 0007 200252 gL 0 oo 005 E1.7d9 1|27 g7 1M
(s A0 mm 00E (s




Disarete Compounding; i =9%

Singke Payment

Uniform Senes

Uniform Gradient

Zompound Present Compound Presant Sinking Capital Gradient aradient
Armount Worth Amount Worth Fund Recoveny Prezmnt worth  Uniform Series
Factor Factor Factor Factor Factor Factor Factor Factor

ToFind F To Find P To Find F ToFind P ToFfindA  ToFind A To Find P To Find A

Given P Giwen F Given A Given A Ghven F Giwen P Gen o Given
n FIE E F FiA 1A AFF AJE B AfiE n
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Discrete Compounding; i = 15%
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Relating a Uniform Series (Annuity)
to Its Present and Future Equivalent
Values



The formulas and tables to be presented are derived such that A
occurs at the end of each period, and thus,

1. P (present equivalent value) occurs one interest period before
the first A (uniform amount),

2. F (future equivalent value) occurs at the same time as the last A,
and N periods after P, and

3. A (annual equivalent value) occurs at the end of periods 1
throuah N, inclusive.

A = Uniform Amounts (Given)

A A A A A
: | T T T T
: 1 2 3 v N-1 | N = Number
: End of Period | ofInterest
| | Periods
‘:( i = Interest Rate per Period i

P = Present Equivalent (Find) F = Future Equivalent (Find)

General Cash-Flow Diagram Relating Uniform Series (Ordinary Annuity) to Its
Present Equivalent and Future Equivalent Values



Uniform-Series, Compound-Amount
Factor
(Finding F when Given A)



If a cash flow in the amount of A dollars occurs at the end of each
period for N periods and 1% is the interest (profit or growth) rate
per period, the future equivalent value, F, at the end of the Nth
period is obtained by summing the future equivalents of each of

the cash flows.

A = Uniform Amounts (Given)
A A A A A
: T T T T !
1 2 3 v N-1 | N = Number
End of Period : of Interest
I Periods

|
' i = Interest Rate per Period ;

i
P = Present Equivalent (Find) F = Future Equivalent (Find)

F=A+AG+D+AG+D?*+AG+D3+ .. +AG+DVNT (D

Multiply both sides by (i+1)

Fi+1D=AG+D+A0G+D*+A>G+1D3+AG+D*+-+A>G+ DY
. 42)



Subtract equation (1) from equation (2)
FA+i)—-F=—-A+AQ + )N
FA+i—1) =A[(1+ DN —1]
Fi=A[(1+ )N —1]

l

F=A[(1+i)’\’—1]

: (1+i)N-17 . : :
The quantity [ i ] Is called the uniform series
compound amount factor

N
F:A[(l-l_lz 1] _ (F/A 1%, N)



Example:

How much will you have in 40 years If you save
$3,000 each year and your account earns 8%
Interest each year?

Solution
F = $3,000(F/A, 8%, 40) = $3,000(259.0565) = $777,170




Example 4-7: Future Value of a College Degree

A recent government study reported that a college degree is worth an extra $23,000 per year in
income (A) compared to what a high-school graduate makes. If the interest rate (i) is 6% per year
and you work for 40 years (N), what is the future compound amount (F) of this extra income?

Solution: The viewpoint we will use to solve this problem is that of “lending” the
$23,000 of extra annual income to a savings account (or some other investment
vehicle). The future equivalent is the amount that can be withdrawn after the 40th
deposit is made.

F=7?

4

!

i

!

i

!

Graduate End of Year :
from | - 4 - /\/ f 1

College 0 1 2 3 39 40
A = $23.000

Notice that the future equivalent occurs at the same time as the last deposit of
$23,000.

F — $23,000(F /A, 6%, 40)
— $23,000(154.762)
— $3,559,526

The bottom line is “Get your college degree!”



EXAMPLE 4-8

To illustrate further the amazing effects of compound
interest, we consider the credibility of this statement: “If you
are 20 years of age and save $1.00 each day for the rest of
your life, you can become a millionaire.” Let’'s assume that
you live to age 80 and that the annual interest rate is 10% (i
= 10%). Under these specific conditions, we compute the
future compound amount (F) to be

F = $365/year (F/A, 10%, 60 years)
= $365 (3,034.81)
=$1,107,706.

Thus, the statement is true for the assumptions given! The
moral is to start saving early and let the “magic” of
compounding work on your behalf! 8



Uniform-Series, Present-Worth Factor
(Finding P when Given A)



From Equation , F = P(1 + i)N. Substituting for F into Equation F =
(1+i)N-1
A==

i

P14 DY =A[(1+i3N_1]

Dividing both sides by (1 + )", we get

b (1+)V -1
- i(1+ )N
The quantlty[( OV ]IS called the uniform series present worth
factor

_[a+d¥-1] 5 -
P=A TN ]—A( /4 »i%, N)




Example:

How much would be needed today to provide an annual
amount of $50,000 each year for 20 years, at 9% interest each

year?

Solution

P = $50,000(P/A, 9%, N) = $50,000(9.1285) = $456, 427




EXAMPLE 4-9

A micro-brewery is considering the installation of a newly designed boiler system that burns the
dried, spent malt and barley grains from the brewing process. The boiler will produce process
steam that powers the majority of the brewery’s energy operations, saving $450,000 per year
over the boiler’s expected life of 10 years. If the interest rate is 12% per year, how much money
can the brewery afford to invest in the new boiler system?

Solution

In the cash flow diagram below, notice that the affordable amount (i.e., the present equivalent, P)
occurs one time period (year) before the first end-of-year cash flow of $450,000.

NERENNNEE

End of Year

T

7

=
>

| o o e e e

~
v

"~

The increase in annual cash flow is $450,000, and it continues for 10 years at 12%
annual interest. The upper limit on what the brewery can afford to spend on the
new boiler is:

P = $450,000 (P/A, 12%, 10)
= $450,000 (5.6502)
= $2,542,590.

12



Example :

An engineer who is planning his retirement has decided that he
will have to withdraw $10,000 from his savings account at the
end of each year. How much money must the engineer have in
the bank at the start of his retirement, if his money earns 6%
per year, compounded annually, and he is planning a 12-year
retirement (i.e., 12 annual withdrawals)?

13



?il Chpge

Example 4-10 : How Much Is a

Lifetime Oil Change Offer Worth? el

“Make your best deal with us on a new automobile and we’ll change
your o1l for free for as long as you own the car!” If you purchase a
car from this dealership, you expect to have four free oil changes
per year during the five years you keep the car. Each oil change
would normally cost you $30. If you save your money in a mutual
fund earning 2% per quarter, how much are the oil changes worth to
you at the time you buy the car?

14



Uniform-Series, Sinking-Fund Factor
(Finding A when Given F)



Taking equation

F=A[(1+i?"’—1]

l
And solving for A, we find that

A:F[(1+i)N—1]

The quantlty[ ]IS called the sinking fund factor (the

+i)N-
reciprocal of the uniform-series, compound-amount factor).

i
(1+i)N-1

A=F| | =F*/k . i%, N



Example:

How much would you need to set aside each year for 25
years, at 10% interest, to have accumulated $1,000,000

at the end of the 25 years?

Solution
A = $1,000,000(A/F,10%,25) = $1,000,000(0.0102) = $10, 200

17



Uniform-Series, Capital-Recovery
Factor
(Finding A when Given P)



Taking equation

o Ja+dv -1
F=4 i(1+ )N ]

And solving for A, we find that

i(1+ )N
A:P[(1+i)N—1]

i(1+i)N
(1+i)N-1

The quantity [ ] Is called the capital recovery factor

i(1+)N
(1+i)N-1

A=P| =P(4/p ,i%, N)



Example:

Solution

A = $500,000(A/P,10%, 25) = $500, 000(0.1102) = $55, 100

20



Example 4-11: Computing Your Monthly Car
Payment

You borrow $15,000 from your credit union to purchase a used car. The interest rate on your
loan is 0.25% per month and you will make a total of 36 monthly payments. What is your
monthly payment?

Solution

The cash-flow diagram shown below is drawn from the viewpoint of the bank. Notice
that the present amount of $15,000 occurs one month (interest period) before the
first cash flow of the uniform repayment series.

A=7?

- - -

[N == we
R R
'JJ -

-

/\/

0 =
End of Month

—

P = $15.000

The amount of the car payment is easily calculated using Equation (4-15).
A = $15,000(A/P, 1/4%, 36)

= $15,000(0.0291)

= $436.50 per month




Example:

An engineer who is about to retire has accumulated $50,000 in
a savings account that that pays 6% per year, compounded
annually. Suppose that the engineer wishes to withdraw a fixed
sum of money at the end of each year for 10 years. What is the
maximum amount that can be withdrawn?

You Can Retire
But
You'l Always Be
An Enginger

M



Test Yourself

Acme Steamer purchased a new pump for $75,000. They
borrowed the money for the pump from their bank at an interest
rate of 0.5% per month and will make a total of 24 equal,

monthly payments. How much will Acme’s monthly payments
be?

23



It can be challenging to solve for N or 1.

* We may know P, A, and 1 and want to find N.

* We may know P, A, and N and want to find 1.

24



Example: (Finding N)

Acme borrowed $100,000 from a local bank, which charges
them an interest rate of 7% per year. If Acme pays the bank
$8,000 per year, now many years will it take to pay off the
loan?

Solution
LOAN
$100,000 = $8,000(P/A, 7%, N) “
So, [ &
$100, 000 (1.07’)1""r —1
(PIATAN) = "g5 000~ 125 = .07(1.07)N

This can be solved by using the interest tables and
Interpolation, but we generally resort to a computer solution.



EXAMPLE 4-12

Your company has a $100,000 loan for a new security system it just bought. The
annual payment is $8,880 and the interest rate is 8% per year for 30 years. Your
company decides that it can afford to pay $10,000 per year. After how many
payments (years) will the loan be paid off?

Solution

The original loan payment was found using Equation (4-15).

A =$100,000 (A/P, 8%, 30) = $100,000 (0.0888) = $8,800 per year

Now, instead of paying $8,880 per year, your company is going to pay $10,000
per year. Common sense tells us that less than 30 payments will be necessary to
pay off the $100,000 loan. Using Equation (4-11), we find

$100,000 = $10,000 (P/A, 8%,N)

(P/A, 8%,N) = 10.

We can now use the interest tables provided in Appendix C to find N. Looking
down the Present Worth Factor column (P/A) of Table C-11, we see that

(P/A, 8%, 20) = 9.8181

and

(P/A, 8%, 21) = 10.0168.

So, if $10,000 is paid per year, the loan will be paid off after 21 years instead of
30. The exact amount of the 21st payment will be slightly less than $10,000 (but
we’ll save that solution for another example). 26



Example:(Finding 1)
Jill invested $1,000 each year for five years in a local company
and sold her interest after five years for $8,000. What annual

rate of return did Jill earn?

Solution
$8,000 = $1,000(F'/ A, i%, )
So,
$8, 000 (1+ z')5 —1
(F/4,5%,5) = g7 500 = 8 i

Again, this can be solved using the interest
tables and interpolation, but we generally
resort to a computer solution.

‘M



Example 4-13: Finding the Interest Rate to
Meet an Investment Goal  Ze e oo
e Y

After years of being a poor, debt-encumbered college student, you
decide that you want to pay for your dream car in cash. Not
having enough money now, you decide to specifically put money
away each year in a “dream car” fund. The car you want to buy
will cost $60,000 in eight years. You are going to put aside $6,000
each year (for eight years) to save for this. At what interest rate
must you invest your money to achieve your goal of having
enough to purchase the car after eight years?



Example:

A 40-years old person wants to accumulate $500,000 by age of
65. how much will she need to save each month , starting one
month from now, If the interest rate is 0.5% per month ?




There are specific spreadsheet functions
to find N and 1.

The Excel function used to solve for N Is

NPER(rate, pmt, pv), which will compute the number of
payments of magnitude pmt required to pay off a
present amount (pv) at a fixed Interest rate (rate).

One Excel function used to solve for i 1s

RATE(nper, pmt, pv, fv), which returns a fixed interest
rate for an annuity of pmt that lasts for nper periods to
either its present value (pv) or future value (fv).



Summary of Interest Formulas
and Relationships
for Discrete Compounding



Discrete compounding, means that the interest Is
compounded at the end of each finite length
period, such as a month or a year.

32



Important

Factor by which Factor
to Multiply Functional
To Find:  Given: "Given"?@ Factor Name Symbol®
For single cash flows:
F P (1+ i)N Single payment compound (F/P,i%,N)
amount
P F ﬁw Single payment present (P/F,i%,N)
worth
For uniform series (annuities):
F A 0% Uniform series compound  (F/A,i%,N)
amount
P A ()71 Uniform series present (P/A, i%N)
| worth
i R -
A P i)Y Capitsl fecore (A/P,i%,N)
L P Ty V%,



1

(P/F,1%,N) =

(E/P,i%,N)’

. 1
(A/PII%IN): (P/A,I%,N)'
. 1
(A/FII%IN): (F/A,I%,N)’

(F/A,i%,N) = (P/A, 1% ,N)YE/P,i%,N);

N
(P/A,i%,N) = ) (P/F,i%,K);
k=1

N

(F/Ai%,N) =Y (F/P,i% N —k);
k=1

(A/F,i%,N) = (A/P,i%,N) — i.

34



Deferred Annuities
(Uniform Series)



We need to be able to handle cash flows that do
not occur until some time In the future.

 All annuities (uniform series) discussed to this point involve
the first cash flow being made at the end of the first period,
and they are called ordinary annuities.

 \We need to be able to handle cash flows that do not occur
until some time in the future.

« Deferred annuities are uniform series that do not begin until
some time in the future.

 If the annuity Is deferred J periods then the first payment
(cash flow) begins at the end of period J+1.



Time Present ——u| (P——— I I ‘ 1 T o I I
0 | J-1,J J+1J7J+2J7+3 N—-1 N

End of Period

General Cash-Flow Representation of a Deferred Annuity
(Uniform Series)

Finding the value at time 0 of a deferred annuity is a two-
step process.

1. Use (P/A, 1%, N-J) find the value of the deferred annuity at
the end of period J (where there are N-J cash flows in the

annuity).
2. Use (P/F, 1%, J) to find the value of the deferred annuity at

time zero.
Py = A(P/A,i%,N — ])(P/F,i%,)])



EXAMPLE 4-14

To illustrate the preceding discussion, suppose that a father,
on the day his son is born, wishes to determine what lump
amount would have to be paid into an account bearing interest
of 12% per year to provide withdrawals of $2,000 on each of
the son’s 18th, 19th, 20th, and 21st birthdays.

Solution

The problem is represented in the following cash-flow diagram.
One should first recognize that an ordinary annuity of four
withdrawals of $2,000 each is involved and that the present
equivalent of this annuity occurs at the 17th birthday when a
(P/A, 1%,N — J) factor is utilized. In this problem, N = 21 and J
= 17. It is often helpful to use a subscript with P or F to denote
the respective point in time.

38



Hence,

P17 = A(P/A,12%,4) = $2,000(3.0373) = $6,074.60.

A = $2.000
End of Year ' 1 1 I
0 | ey e I | | , ,
i 1 2 17, 18 19 20 21
t b i = 12% per Year

Py=1 Py; = Fy5

Note the dashed arrow in the cash-flow diagram denoting P17. Now that Pi7
is known, the next step is to calculate Py. With respect to Py, Py is a future
equivalent, and hence it could also be denoted F;7. Money at a given point in
time, such as the end of period 17, is the same regardless of whether it is called
a present equivalent or a future equivalent. Hence,

Py — Fi7(P/FE, 12%, 17) = $6,074.60(0.1456) — $884.46,

which is the amount that the father would have to deposit on the day his son is
born.

39



Example: Present Equivalent of a Deferred
Annuity

Suppose that a father, on the day his son is born, wishes to
determine what lump amount would have to be paid into an
account bearing interest of 12% per year to provide
withdrawals of $2,000 on each of the son’s 18th, 19th, 20th,
and 21st birthdays.

40



Example 4-15: Deferred Future Value of an
Annuity

When you take your first job, you decide to start saving right away
for your retirement. You put $5,000 per year into the company’s
401(k) plan, which averages 8% interest per year. Five years later,
you move to another job and start a new 401(k) plan. You never get
around to merging the funds in the two plans. If the first plan
continued to earn interest at the rate of 8% per year for 35 years
after you stopped making contributions, how much is the account
worth?

41



Test yourself

Irene just purchased a new sports car and wants to also set
aside cash for future maintenance expenses. The car has a
bumper-to-bumper warranty for the first five years. Irene
estimates that she will need approximately $2,000 per year in
maintenance expenses for years 6-10, at which time she will
sell the vehicle. How much money should Irene deposit into
an account today, at 8% per year, so that she will have
sufficient funds in that account to cover her projected
maintenance expenses?




Equivalence Calculations Involving
Multiple Interest Formulas



Example 4-16: Calculating Equivalent P, F, and A Values

Figure below depicts an example problem with a series of year-end cash flows extending
over eight years. The amounts are $100 for the first year, $200 for the second year, $500
for the third year, and $400 for each year from the fourth through the eighth. These could
represent something like the expected maintenance expenditures for a certain piece of
equipment or payments into a fund. Note that the payments are shown at the end of each
year. It is desired to find

(a) the present equivalent expenditure, PO;
(b) the future equivalent expenditure, F8;
(c) the annual equivalent expenditure, A

of these cash flows if the annual interest rate is 20%.

Solution

(a)To find the equivalent PO, we need to sum the equivalent values of all payments as of
the beginning of the first year (time zero). The required movements of money through
time are shown graphically in Figure 4-10(a).

Py = F1(P/F, 20%,1) = $100(0.8333) = $83.33
+F>(P/F,20%,2) + $200(0.6944) + 138.¢
+F3(P/F,20%,3) + $500(0.5787) +289.2

+A(P/A,20%,5) x (P/F,20%,3) + $400(2.9900) x (0.5787) +692.2

44



(b) To find the equivalent F8, we can sum the equivalent values of all payments as of the end

of the eighth year (time eight). Figure 4-10(b) indicates these

Endoncar

0 1 2 3 5 6 7 s
(a) I ' (|

1

: $100 1

i.< (PIF. 20%, 1) 5200

c _.——"’/

i % (P/F.20%.2)

o e S400  $400  $400 S0 3400

‘\_\ T —— S

SV >, cANen W W 2y o ¢
Py = $1.203.82 \w.‘(ﬁn.3) > %0'&..5)(}’. F.20%,3)

—

End of Year

0 I 2 3

‘\ T1T]

X (FFP.20%, 6) 5400 $400 3400 5400 §400

X (HP, A%, 5 X (FA.20%, 5, }

< (FFP,20'%.7) \ )
R p. = $5.176.1
End of Year
n I 2 3 - 5 6 7 8
(<) T T T T T T T T
1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 '
i 1 ' X ' ' 1 N
' 1 ' 1 ' ' 1 1
' 1 ' ' ' ' 1 '
1 1 I 1 ' 1 1 1
' 1 t T t T 1 T
A=831373 A A A A A A A
% (A/P,20%.8 20 X (A/F,20%, 8]
1 St il M2l = { )
P, 3
lfl’(\ﬂll, a) FoSES Fy {from b)
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End of Year

1 2 3 4 5 6 7 8
$100
$200
Y Y R v 1 4
Y $400  $400  $400  $400 $400

$500

movements of money through time. However, since the equivalent PO is already known to
be $1,203.82, we can directly calculate
F8 = PO(F/P, 20%, 8) = $1,203.82(4.2998) = $5,176.19.

(c) The equivalent A of the irregular cash flows can be calculated directly from
either PO or F8 as

A = PO(A/P, 20%, 8) = $1,203.82(0.2606) = $313.73

or

A = F8(A/F, 20%, 8) = $5,176.19(0.0606) = $313.73.

The computation of A from PO and F8 is shown in Figure 4-10(c). Thus, we find that the
irregular series of payments shown in Figure 4-10 is equivalent to $1,203.82 at time zero,
$5,176.19 at time eight, or a uniform series of $313.73 at the end of each of the eight years.



Example 4-17: How Much is that
Last Payment?

Your company has a $100,000 loan for a new security system it Just
bought. Your company decides that it can afford to pay $10,000 per
year and the interest rate is 8% per year. After how many payments
(years) will the loan be paid off?

We determined that the loan could be paid in full after 21 years if the
annual payment was $10,000.

As with most real-life loans, the final payment will be something
different (usually less) than the annuity amount. This is due to the
effect of rounding In the interest calculations—you can’t pay in
fractions of a cent! For this example, determine the amount of the
21st (and final) payment on the $100,000 loan when 20 payments of
$10,000 have already been made. The interest rate remains at 8% per
year.



Example 4-18: Crisis in the Gulf

How vividly do you remember the biggest man-made environmental
catastrophe in American history—millions of gallons of oil flowing
unchecked into the Gulf of Mexico from an undersea well? In
response to this tragedy, British Petroleum (BP) will make payments
Into a fund to pay for some of the damages to the Gulf Coast resulting
from their massive oil spill in April and following months of 2010. BP
will pay $3 billion at the end of the third quarter of 2010 and another
$2 billion in the fourth quarter of 2010. BP will then make payments
of $1.25 billion each quarter thereafter until a total of $20 billion has
been paid into the fund. If the opportunity cost of capital (interest
rate) is 3% per quarter, what is the equivalent value of this payment
stream at the beginning of the third quarter of 2010?
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Example 4-19: Determining an Unknown
Annuity Amount

Two receipts of $1,000 each are desired at the EOYs 10 and
11. To make these receipts possible, four EOY annuity
amounts will be deposited in a bank at EOYs 2, 3, 4, and 5.
The bank’s interest rate (i) IS 12% per year.

(a) Draw a cash-flow diagram for this situation.

(b) Determine the value of A that establishes equivalence in
your cash-flow diagram.

(c) Determine the lump-sum value at the end of year 11 of the
completed cash-flow diagram based on your answers to Parts

(a) and (b). ‘W

| .
| ANNUITY,
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Uniform (Arithmetic) Gradient
of Cash Flows



Sometimes cash flows change by a constant amount
each period.
« Agradient series iIs a series of annual payments in which

each payment is greater that the previous one by a constant
amount, G.

* We can model these situations as a uniform gradient of cash
flows. The table below shows such a gradient.

End of Period  Cash Flows
0
G
2G

N (N-1)G



(N-1)G

. ) (N -2)&
i = Effective Interest I\

Rate per Period (N —3)G

3G

et
A
SR S N I

0 1 2 3 4 N
End of Period

o
o
A

2

Cash-Flow Diagram for a Uniform Gradient Increasing by
G Dollars per Period
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Finding P when Given G
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* |t is easy to find the present value of a uniform
gradient series.

 Similar to the other types of cash flows, there
Is a formula (albeit quite complicated) we can
use to find the present value, and a set of
factors developed for interest tables.



Be sure to notice that (N -2)G
. ' = Effective Interest

the d_lrect use of | "™ Rate per Period ‘

gradient conversion

factors applies when

there is no cash flow T 1 f T
at the end of period o |
- ottt 1
0+ F * 4.1 ¢ 4
0 1 2 3 4 N-2 N-1 N
End of Period
G(1) G(2) G(3) G(N-2) . G(N-1)
= + I +
(1+)?2  (1+)3 (1+0)* (1+i)N-1 (140N

If we add in the dummy term G(0)/(1 + i)! to represent the “missing”
cash flow at time one, we can rewrite the above equation as:

N
B (n—1)
P_G;(1+i)"

1fa+p¥-1 N ]}
i L i(1+i)N (1+i)N

epza{



The quantity

11+ D)V-1 N
{?[ i(L+DN 1+ i)N]}

IS called the gradient to present equivalent conversion factor.

It can also be expressed as (1/1)[(P/A, 1%,N) — N(P/F, 1%,N)].

p=G[ [t NN =G (P/6G,i%, N)

il i@+dN  @A+)N



Example:

An engineer Is planning for a 15-year retirement. In order to
supplement his pension and offset the anticipated effects of
inflation, he intends to withdraw $5000 at the end of the first
year, and to increase the withdrawal by $1,000 at the end of
each successive year. How much money must the engineer
have in his savings account at the start of his retirement, if
money earns 6% per year, compounded annually?

=

1t

RETIREMENT

Z
1
A
-~
.
=l
=

i
b
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Example:

How much money must initially be deposited in a savings
account paying 5% per year, compounded annually, to provide
for ten annual withdrawals that start at $6,000 and decrease by

$500 each year?

m

’
‘\z
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Finding Awhen Given G




A= P(A/P,i%, N)
o (r[a+ DN -1

_G{i i(1+DF (@ +)N

AL N
B [7_(1+i)N—1]

]} (A/P,i%,N)

'~ ]
i  (1+i)N-1
series conversion factor.

is called the gradient to uniform

The quantity [

A=G(A/G,i%,N)



Example 4-20: Using the Gradient Conversion Factors to Find P and A

suppose that certain EOY cash flows are expected to be $1,000 for the second year, $2,000 for the
third year, and $3,000 for the fourth year and that, if interest is 15% per year, it is desired to find

(a) present equivalent value at the beginning of the first year,
(b) uniform annual equivalent value at the end of each of the four years.

: 3.000
Solution  $2.000
$1.000 T
i : 4 T .
0 1 2 3 4

End of Year

Observe that this schedule of cash flows fits the model of the arithmetic gradient
formulas with G = $1,000 and N = 4. Note that there is no cash flow at the end of the
first period.

(a)The present equivalent can be calculated as
PO = G(P/G, 15%, 4) = $1,000(3.79) = $3,790.

(b) The annual equivalent can be calculated from Equation (4-26) as
A = G(A/G, 15%, 4) = $1,000(1.3263) = $1,326.30.

Of course, once PO is known, the value of A can be calculated as
A = PO(A/P, 15%, 4) = $3,790(0.3503) = $1,326.30.
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Example 4-21: Present Equivalent of an Increasing Arithmetic Gradient Series

End of Cash
suppose that we have cash flows as follows: Year | Flows($)
1 5,000
2 6,000
3 7,000
4 8,000

Also, assume that we wish to calculate their present equivalent at i = 15% per year,
using gradient conversion factors.
Solution

The schedule of cash flows is depicted in the left-hand diagram of Figure 4-14. The
right two diagrams of Figure 4-14 show how the original schedule can be broken into
two separate sets of cash flows, an annuity series of $5,000 plus an arithmetic gradient
of $1,000 that fits the general gradient model for which factors are tabled. The summed
present equivalents of these two separate sets of cash flows equal the present equivalent
of the original problem. Thus, using the symbols shown in Figure 4-14, we have

Por = Poa + Pog
= A(PIA, 15%, 4) + G(P/G, 15%, 4)
= $5,000(2.8550) + $1,000(3.79) = $14,275 + 3,790 = $18,065.



The annual equivalent of the original cash flows could be calculated with
the aid of Equation (4-26) as follows:

A = A+ Ag = $5,000 + $1,000(A/G, 15%, 4) = $6,326.30.

A; is equivalent to P,; because $6,326.30(P/A, 15%, 4) = $18,061,
which is the same value obtained previously (subject to round-off error).

Py

1 6700 TS0 P, Pog

| s6000 3t ! !

( $5.000 ! $5.000 |

| | |

| | | -~ $3.000
: ' | $2,000

; ; i s1000 "y [

‘n @ Il 1 ! 'l | @ l | * 1 1

0 1 2 3 4 0o 1 2 3 4 0 1 2 3 4

End of Year End of Year End of Year
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Example 4-22: Present Equivalent of a Decreasing Arithmetic Gradient Series

suppose that we have cash flows as follows:

Calculate the present equivalent at i = 15%
using arithmetic gradient interest factors.
Solution

The right two diagrams of Figure 4-15 show how the uniform gradient can be
broken into two separate cash-flow diagrams. In this example, we are
subtracting an arithmetic gradient of $1,000 from an annuity series of

$8,000.

~

~
~

-

$8.000
y $6.000

- ¥

“
- - |
$7.000 ! "
I
|
|
|
|
|

per year,

$8.000

| $5.000
.

2 3 4 0 1
End of Year

-~
-
—

T
2

End of Year

Figure 4-15 Breakdown of Cash Flows for Example 4-22

So,

Por = Poa — Poc

= A(P/A,15%,4) — G(P/G,15%,4)
= $8,000(2.8550) — $1,000(3.79)
= $22,840 — $3,790 = $19,050.

Again, the annual equivalent of the original decreasing series of cash flows
can be calculated by the same rationale:

AT

= A— Ac

= $8,000 — $1,000(A/G, 15%,4)
= $6,673.70.

(™) g s = v v P

<

End of Year

End Cash
of Flows(
Year $)
1 8,000
2 7,000
3 6,000
4 5,000
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Example 1: A person borrowed one hundred thousand dollars,
which will be repaid at ten equal annual installments, at an
annual interest rate of 15%. Calculate the value of each
Installment if the first one is to be repaid after four years

'lv -\ V Don’t

w \ Borrow
N I0F

€D
L]
/r‘j

2
BCARR

Money

>
oW
MONEY
- " »
i 2%
L2
=
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Example 2: A person bought a machine which cost him thirty
thousand JD.

the following table summarized his income from the machine

End of Year | Cash Flows($)
1 5,000
2 7,000
3 8,000
4 7,000

If he wants to sell the machine at the end of the fourth year,
what Is the least amount he can accept to sell the machine?
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Example 3- Debt Rescheduling : A person borrowed JD50000
, which will be repaid at 20 successive equal annual
Installments, at an annual interest rate of 14%. If he paid the
first 12 istallments on time, and he didn’t paid the next three
Installments (13, 14, 15) on time, so as a penalty he have to
pay the remaining amount in the period (16-20). Calculate the
value of the new installment if he repaid the remaining amount

In the dates they agreed upon.




Example 4: A person bought a car for JD20,000 he payed
JD5,000 immediately while the remaining amount will be
repaid at 4 equal annual payments, at an annual interest rate of
12%, calculate:

1. The value of each installment.

2. If he paid the first two installments but he could not pay the
rest of the amount on time agreed upon, so his penalty was to
repay the remaining amount in four equal installments, starting
In the fifth years after the purchase of the car, find the value of
the new installment
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Example 5: For the shown cash flow
1. What is the value of the last payment

2. Find the present value of the shown cash flow diagram if
1=8%

G =500

2000




Example 6: For the shown cash flow . " ""

1. Find the present value of the shown cash flow diagram if
1=9%
2. What is the future value of this cash flow?
15,000

G =200

71
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DOUBLE
COUNTING

Example 7:Find the present value of the following cash flow
diagram if 1= 6%.

9,000 9,000

G = 1,000

3,000

O] 2 3 4 56 7 8 91011121314 1516 ]7



Example 8: A person deposited JD 500 annually for five
consecutive years, If his balance at the end of the fifth year
becomes JD 4,000. Find the interest rate for this balance



Example 9: Mr. Franklin wants to save for a new sports car
that he expects will cost $38,000 four and one-half years from
now. How much money will he have to save each year and
deposit in a savings account that pays 6%% per year,
compounded annually, to buy the car in four and one-half

years?
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Example 10: A person invested JD 50,000, after 4 years he
Invested an additional JD10,000, after how many years the
total amount will become JD 200,000. Knowing that the
Interest rate per year i1s 10%.




Example 11: A person invested JD 50,000, after 4 years he
Invested an additional JD10,000, if after 10 years the total
amount of these investments become JD 200,000. Find the
annual interest rate for this investment.




Interest Rates that Vary with
Time



Sometimes cash flows change by
a constant rate,f ,each period--this
IS a geometric gradient series.

This table presentsa End of Year Cash Flows ($)
geometric gradient series. It 1 1000
begins at the end of year 1 |
and has a rate of growth, [, 2 1,200
of 20%. 3 1,440
4 1,728
E;%/i\r/]iiiearg:%l.zgirl]l?vn;%, Eﬁgrﬁé \r/]\;?cllfglg(r)lrc]i C. Patrick Koelling COpySSg;r@SZQgglEYR?VGSTSI\?QV\F\?S:?;E;OS%Ln5cé

All rights reserved.
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We can find the present value of a
geometric series by using the appropriate
formula below.

If f+#i
Ai[l — (P/F,i%,N)(F/P, f%, N]
1—f

If 7

|
o,

A1N(P/F,i%,1)
Where A 1s the initial cash flow In the series.

Copyright ©2009 by Pearson Education, Inc. |
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BLUSSRN ) \viliam G. Sullivan, Elin M. Wicks, and C. Patrick Koelling Upper Saddie River, New Jersey 07458
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EXAMPLE 4-23

Consider the following EOY geometric sequence of cash flows and determine the P, A, and F
equivalent values. The rate of increase is 20% per year after the first year, and the interest rate
IS 25% per year.

ESI.OO?(I.?.)3 $1,000 | |
1 et [1 = (0.40%)(2.0736)]
$1,000(1.2)* ~ 0.05
§1.000(1.2)' =~ 1 = $20,000(0.15065)
$1.000 __--=f
-T ] = $3,013;
L 1 ; : ; A = $3,013(A/P, 25%,4) = $1,275.70;
End of Year F = $3,013(E/P,25%,4) = $7,355.94.

pe $1,000 [1 — (P/F,25%,4)(F/P,20%,4)]
B 0.25 — 0.20

Copyright ©2009 by Pearson Education, Inc.

Engineering Economy, Fourteenth Edition :
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EXAMPLE 4-24

Suppose that the geometric gradient in Example 4-23 begins with $1,000
at EOY one and decreases by 20% per year after the first year. Determine
P, A, and F under this condition.

Solution The value of f is —20% in this case. The desired quantities are as follows:
$1,000[1 — (P/F,25%,4)(F/P,—20%,4)]

P =
0.25 — (—0.20)
1,000
_ 3 [1 — (0.4096)(1 — 0.20) ]
0.45
= $2,222.22(0.83222)
= $1,849.38;
A:fi)lS 93q A/P 21;(/(, $7820)
F = $1,849.38(F/P,25%, 4) = $4,515.08.

Copyright ©2009 by Pearson Education, Inc.

Engineering Economy, Fourteenth Edition :
BB ) \viliam G. Sullivan, Elin M. Wicks, and C. Patrick Koelling Upper Saddie River, New Jersey 07458
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When the interest rate on a loan can vary with time, it is
necessary to take this into account when determining the
future equivalent value of the loan.

We often must resort to moving cash flows one period at a
time, reflecting the interest rate for that single period.




Example 4-27: Compounding with Changing
Interest Rates

Ashea Smith Is a 22-year-old senior who used the Stafford
loan program to borrow $4,000 four years ago when the
Interest rate was 4.06% per year. $5,000 was borrowed three
years ago at 3.42%. Two years ago, she borrowed $6,000 at
5.23%, and last year $7,000 was borrowed at 6.03% per year.
Now she would like to consolidate her debt into a single 20-
year loan with a 5% fixed annual interest rate. If Ashea makes
annual payments (starting in one year) to repay her total debt,
what is the amount of each payment?



=
-l
A

$75(m |
$6.000 |} |
$5.000  § '
$4.000 :
! i=5%
: NG
4.06% | 3.42% | 5.23% | 6.03% :r | , /\/ : ),
I 1 ] 1 1 ] |
—4 -3 -2 -1 0 1 2 19 20
End of Year l l l l

F_ = $9,162.40(F/P,3.42%,1) + $6,000 = $15,475.75
F_; = $15,475.75(F/P,5.23%,1) + $7,000 = $23,285.13
Fo = $23,285.13(F/P, 6.03%,1) = $24,689.22

A = $24,689.22(A/P,5%,20) = $24,689.22(0.0802) = $1,980.08 per year

11



Moral

Borrow as little as possible and repay as quickly
as possible to reduce interest expense

g N
L ‘L pA;N s ““\:,
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* The present equivalent of a cash flow occurring at the end
of period N can be computed with the equation below,
where i, is the interest rate for the k" period. (the symbol 11
means “the product of”):




Example:

If F, = $2,500 and i,=8%, i,=10%, and i;=11%, then
P = $2,500[(P/F, 8%, 1)(P/F, 10%, 1)(P/F, 11%, 1)]
= $2,500[(0.9259)(0.9091)(0.9009)] = $1,896.

14



Nominal and Effective Interest
Rates



 Many financial transactions requires that interest be
compounded more often than once a year (e.g., quarterly,
monthly, weekly, daily, etc.). In such situations, there are
two expressions for the interest rate. The nominal Interest
rate, r, 1S expressed on an annual basis; this Is the rate that
IS normally quoted when describing an interest-bearing
transaction. The effective Interest rate, I, IS the rate that
corresponds to the actual interest period.

* |t has become customary to quote interest rates on an
annual basis, followed by the compounding period if
different from one year in length.




The effective interest rate Is obtained by dividing the nominal

Interest rate, r, by the number of interest periods per year, M:
r

i = —

M

Example : a bank claims to pay interest to its depositors at the
rate of 6% per year, compounded quarterly. What are the
nominal and effective interest rates?




For example, If the interest rate Is 6% per interest period
and the Interest period Is six months, it Is customary to
speak of this rate as “12% compounded semiannually.”

The annual rate 1s known as a nominal rate.

A nominal interest rate Is represented by r. But the actual
(or effective) annual rate on the principal is not 12%, but
something greater, because compounding occurs twice
during the year.

The more frequent the compounding the greater the
effective interest

Semiannual

} g xA" - _? ev xh.' - _‘“ g l’\ )
P‘Q‘ PI\ hﬂ ’\
P i< }
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For instance, consider a principal amount of $1,000 to be
Invested for three years at a nominal rate of 12%
compounded semiannually. The interest earned during the
first six months would be $1,000 x (0.12/2) = $60.

Total principal and interest at the beginning of the second
six-month period is P + Pi = $1,000 + $60 = $1,060.

The interest earned during the second six months would be
$1,060 x (0.12/2) = $63.60.

Then total interest earned during the year is
$60.00 + $63.60 = $123.60.

Finally, the effective annual interest rate for the entire year
Is( $123.60/ $1,000) x 100 = 12.36%.



$418.52

$123.60

~ $1,000.00

Effective Annual Interest Rate
(100%) =12.36%

Cumulative Amount of Interest Earned (§)

l | l

|

l

o
NN
="

1%
End of Year

2

2Y%

$1,000 Compounded at a Semiannual Frequency

(r=12%, M =2)
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$430.77

$269.73

Effective Annual Interest Rate

- 312683 (155005 — 12,689
$1,000.00 \100%) = 12.68%

Cumulative Amount of Interest Earned (§)

TR Y T Y T R T — 1

0 1 2 3
End of Year

$1,000 Compounded at a Monthly Frequency
(r=12%, M = 12)
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TABLE 4-4

Number of Effective Rate (%) for Nominal Rate of

Com pounding Compounding Periods

Frequency per Year, M 6% B% 10% 12% 15% 24%
Annually 1 6.00 8.00 10.00 12.00 15.00 24.00
Semiannually pi 6.09 8.16 10.25 12.36 15.56 2544
Quarterly 4 6.14 8.24 10.38 12.55 15.87 26.25
Bimonthly ) 6.15 8.27 10.43 12.62 15.97 26.53
Monthly 12 6.17 8.30 10.47 12.68 16.08 26.82
Daily 365 6.18 8.33 10.52 12.75 16.18 27.11
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The actual or exact rate of interest earned on the principal for
one year Is known as the effective rate. It should be noted that
effective interest rates are always expressed on an annual
basis, unless specifically stated otherwise.




When Interest Periods Coincide with
Payment Periods

When the interest periods and the payment periods coincide, it
IS possible to make direct use both of the compound interest
formulas developed previously and the compound interest
tables presented in Appendix C, provided the interest rate, I, IS
taken to be the effective interest rate for that interest period.
Moreover, the number of years, n, must be replaced by the
total number of interest periods, Mn.



Example: An engineer plans to borrow $3,000 from his
company credit union, to be repaid in 24 equal monthly
Installments. The credit union charges interest at the rate of 1%
per month on the unpaid balance. How much money must the
engineer repay each month?

25



Example: An engineer wishes to purchase an $80,000
home by making a down payment of $20,000 and
borrowing the remaining $60,000 which he will repay on
a monthly basis over the next 30 years. If the bank
charges interest at the rate of 942 % per year,
compounded monthly, how much money must the
engineer repay each month?




When Interest Periods are Smaller than
Payment Periods

If the interest periods are smaller than the payment periods, then the
Interest may be compounded several times between payments.

One way to handle problems of this type is to determine the effective
Interest rate for the given interest period, and then treat each payment
separately.

Example: An engineer deposits $1,000 in a savings account at the
end of each year. If the bank pays interest at the rate of 6% per year,
compounded quarterly, how much money will have accumulated in
the account after 5 years?

27
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EFFECTIVE
INTEREST
RATE

—

Another procedure, which Is usually more convenient, is to calculate
an effective interest rate for the given payment period, and then to

proceed as though the interest periods and the payment periods
coincided.

This effective Interest rate can be determined as:
a

) r

L = (1 + E) —1
Where o represents the number of interest periods per payment
period and r is the nominal interest rate for that payment period. If

the payment period is one year, then oo = M, and we obtain the

following expression for the effective annual interest rate:
M

i=(1+%) —1

Rework previous example by using an effective annual interest rate

28




EXAMPLE 4-28

A credit card company charges an interest rate of 1.375% per month
on the unpaid balance of all accounts. The annual interest rate, they

claim, is 12(1.375%) = 16.5%. What is the effective rate of interest

per year being charged by the company?

Solution

Equation (4-32) is used to compute the effective rate of interest in this example:

e
=T T

= 0.1781, or 17.81%/year.

Note that » = 12(1.375%) = 16.5%, which is the APR. In general, it is true
that » = M(r/M), where r/M is the interest rate per period.
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When Interest Periods are < e w};ﬁ
Larger than Payment Periods i

If the Interest periods are larger than the payment periods, some of
the payments may not have been deposited for an entire interest
period. Such payments do not earn any interest during that interest
period. In other words, interest Is earned only by those payments
that have been deposited or invested for the entire interest period.

Situations of this type can be treated in the following manner:

1. Consider all deposits that were made during the interest period
to have been made at the end of the interest period (and
therefore to have earned no interest during that interest period).

2. Consider all withdrawals that were made during the interest
period to have been made at the beginning of the interest period
(again earning no interest).

3. Then proceed as though the interest periods and payment
periods coincided.



Example: A person has $4,000 in a savings account at the beginning of a
calendar year; the bank pays interest at 6% per year, compounded quarterly.
Table below shows the transactions carried out during the calendar year; the
second column gives the effective dates according to rules 1 and 2 above. Find
the balance in the account at the end of the calendar year.

Date | Effective Date | Deposit | Withdrawal
Jan. 10 Jan. 1 $175
Feb. 20 Mar. 31 $1,200
Apr. 12 Apr. 1 1,500
May 5 June 30 65
May 13 June 30 115
May 24 Apr. 1 50
June 21 Apr. 1 250
Aug.10 Sept. 30 1,600
Sept. 12 July 1 800
Nov. 27 Oct. 1 350
Dec. 17 Dec. 31 2,300
Dec. 29 Oct. 1 750




The APR is a nominal interest rate and does not account for
compounding that may occur, or be appropriate, during a year.

- APR: The nominal annual interest rate iIs also called the
Annual Percentage Rate, or (APR)

> APR = (/M) x M

(r/M) is the Interest rate per period
| o = /M

Ay
1l P>
N . 1 -,




Example: Finding effective annual interest
rates.

1. For an 18% nominal rate, compounded quarterly, the
effective annual interest Is.

0.18
i=(1+ )t —1=19.25%

2. For a 7% nominal rate, compounded monthly, the effective
annual interest is




Example 4-29: Future Equivalent when
Interest Is Compounded Quarterly

Suppose that a $100 lump-sum amount is invested for 10 years
at a nominal interest rate of 6% compounded quarterly. How
much is it worth at the end of the 10th year?

Solution

There are four compounding periods per year, or a total of 4 x 10 = 40 interest
periods. The interest rate per interest period is 6% /4 = 1.5%. When the values

are used in Equation (4-3), one finds that
F = P(F/P,1.5%,40) = $100.00(1.015)*° = $100.00(1.814) = $181.40.
Alternatively, the effective interest rate from Equation (4-32) is 6.14%. Therefore,

F = P(F/P, 6.14%, 10) = $100.00(1.0614)1° = $181.40.
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Example 4-30: Computing a Monthly Auto
Payment

Stan Moneymaker has a bank loan for $10,000 to pay for his
new truck. This loan is to be repaid in equal end-of-month
Installments for five years with a nominal interest rate of 12%
compounded monthly. What is the amount of each payment?

Solution

The number of installment payments is 5 x 12 = 60, and the interest rate per
month is 12% /12 = 1%. When these values are used in Equation (4-15), one
finds that

A = P(A/P,1%,60) = $10,000(0.0222) = $222.

Notice that there is a cash flow at the end of each month (interest period),
including month 60, in this example.
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Example 4-31: Uniform Gradient Series and Semiannual
Compounding

Certain operating savings are expected to be 0 at the end of the first six
months, to be $1,000 at the end of the second six months, and to
increase by $1,000 at the end of each six-month period thereafter, for a
total of four years. It is desired to find the equivalent uniform amount,
A, at the end of each of the eight six-month periods if the nominal
Interest rate i1s 20% compounded semiannually.

Solution
A cash-flow diagram is given below, and the solution is A = G(A/G, 10%,

8) = $1,000(3.0045) = $3,004.50.
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Example 4-32: Finding the Interest Rate on a
Loan

A loan of $15,000 requires monthly payments of $477
over a 36-month period of time. These payments
Include both principal and interest.

(a) What is the nominal interest rate (APR) for this
loan?

(b) What is the effective interest rate per year?

(c) Determine the amount of unpaid loan principal after
20 months.

BANK
INTEREST




Solution

(@)

(b)

(c)

We can set up an equivalence relationship to solve for the unknown interest
rate since we know that P = $15,000, A = $477, and N = 36 months.

$477 = $15,000(A/P, imo, 36)
(A/P, ino,36) = 0.0318

We can now look through Appendix C to find values of i that have an
(A/P, i, 36) value close to 0.0318. From Table C-3 (i = 3/1%), we find
(A/P,3/1%,36) = 0.0318. Therefore,

imo = 0.75% per month
and
r =12 x 0.75% = 9% per year, compounded monthly.
Using Equation (4-32),

. 0.09\"2
logf = |1+ T2 ) 1 = 0.0938 or 9.38% per year.
We can find the amount of the unpaid loan principal after 20 months by
finding the equivalent value of the remaining 16 monthly payments as of
month 20.

Pyg = $477(P/A, %1%, 16) = $477(15.0243) = $7,166.59

After 20 payments have been made, almost half of the original principal
amount remains. Notice that we used the monthly interest rate of 3/4% in
our calculation since the cash flows are occurring monthly.
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Interest can be compounded

continuously.

* Interest Is typically compounded at the end
of discrete periods.

 |n most company's cash Is always flowing,
and should be immediately put to use.

» \We can allow compounding to occur
continuously throughout the period.

» The effect of this compared to discrete
compounding is small in most cases.
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We can use the effective interest
formula to derive the interest
factors.

@:(1+%)M—1

As the number of compounding periods gets
larger (M gets larger), we find that

1 =€ —1
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Continuous compounding Interest
factors.

(P/F,;:%N) — e—rN

rN_l
(F/A,t7%, N) =

e’ — 1

e™ — 1

P A, ~O-)-. N S
( / 'L/C' ) e'rN(e'r - 1)

The other factors can be found from these.
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TABLE 4-5

Factor by which
To Find: Given: to Multiply “Given”

Factor Name

Factor
Functional Symbol

For single cash flows:
F P N
P F &
For uniform series (annuities):
eN-1
E 4 T
eN_1
P A e'N (e"—1)
&—1
A P N
eNe'—1)
A P — =

Continuous compounding compound
amount (single cash flow)

Continuous compounding present
equivalent (single cash flow)

Continuous compounding compound
amount (uniform series)

Continuous compounding present
equivalent (uniform series)

Continuous compounding sinking
fund

Continuous compounding capital
recovery

(F/P,r%,N)

(P/F,1%,N)

(F/A,r%,N)
(P/A,1%,N)
(A/F,r%,N)

(A/P,r%,N)

VIR Engineering Economy, Fourteenth Edition
= By William G. Sullivan, Elin M. Wicks, and C. Patrick Koelling
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EXAMPLE 4-33

You have $10,000 to invest for two years. Your bank offers
5% Interest, compounded continuously for funds in a money
market account. Assuming no additional deposits or
withdrawals, how much money will be in that account at the
end of two years?

Solution
F = $10,000 (F/P, r = 5%, 2) = $10,000 e(©%)® = $10,000
(1.1052) = $11,052

Comment

If the interest rate was 5% compounded annually, the account
would have been worth F = $10,000 (F/P, 5%, 2) = $10,000
(1.1025) = $11,025.
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EXAMPLE 4-34

Suppose that one has a present loan of $1,000 and desires to
determine what equivalent uniform EOY payments, A, could
be obtained from it for 10 years if the nominal interest rate is
20% compounded continuously (M =<).

Solution

Here we utilize the formulation A = P(A/P, r%,N).

Since the (A/P) factor is not tabled for continuous
compounding, we substitute its inverse (P/A), which is tabled
In Appendix D. Thus,

A=P X 1(P/A, 20%, 10) = $1,000 x 1 3.9054 = $256.
Note that the answer to the same problem, with discrete
annual compounding

(M=1),is A=P(A/P, 20%, 10) = $1,000(0.2385) = $2309.
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EXAMPLE 4-35

An individual needs $12,000 immediately as a down payment on a
new home. Suppose that he can borrow this money from his insurance
company. He must repay the loan in equal payments every six months
over the next eight years. The nominal interest rate being charged is
7% compounded continuously. What is the amount of each payment?

Solution

The nominal interest rate per six months is 3.5%. Thus, A each six months is
$12,000(A/P,r = 3.5%,16). By substituting terms in Equation (4-38) and then
using its inverse, we determine the value of A per six months to be $997:

1 $12,000
P/A,r =35%,16) |  12.038

A = 512,000 [( = $997.
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Example 1: A person borrowed $40,000 at an interest rate of
12% compounded monthly, the debt will be repaid at 20 equal
monthly installments.

1. Calculate the value of each installment if the first one Is to
be repaid after one month.

2. Calculate the value of each installment if the first one iIs to
be repaid after one year

ooy




Example 2: A person invested $10,000 at an interest rate of
15% compounded monthly, for 150 months. Calculate the
lump-sum value at the end of the period




Example 3: find the present worth (P) of the shown cash flow
If the interest i1s 12% compounded monthly.

End of Month
10 20 30 40 50 60 70 80 90 100 110 120

0

I

I

I

* 1000 1000 1000 1000 1000 1000 1000 1000 1000 1000 1000 1000
P



Example 4: A person borrowed $100,000 , which will be
repaid at 20 successive equal annual installments, at an annual
Interest rate of 15%. if the first one Is to be repaid after one
year. How much does he repaid from the capital after 15
years? (how much remain from the capital)

§ 7~
2 '@

CAPITAL

l,’
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Example 5: A man plans to buy a $150,000 house, he wants to
make a down payment of $30,000 and to take out a 30-years
mortgage for the remaining $120,000 at 10% per year,
compounded monthly. How much he repay each month?

| MIOiRLT:l,;jJ-A (G (e

51



Example 6: How much money must be deposited in a savings
account each month to accumulates $10,000 at the end of 5
years, If the bank pays iInterest at the rate of 6% per year,
compounded (a) monthly? (b) semiannually? (c) quarterly?
(d) daily?



Evaluating a Single Project



Introduction

A basic guestion that will be answered In this chapter is
whether a proposed capital investment and its associated
expenditures can be recovered by revenue (or savings) over
time in addition to a return on the capital that is sufficiently
attractive in view of the risks involved and the potential
alternative uses.

The objective of this chapter is to discuss and critigue
contemporary methods for determining project profitability.



Proposed capital projects can be evaluated In several ways:

* Present worth (PW)
 Future worth (FW)

* Annual worth (AW)

* Internal rate of return (IRR)
« External rate of return (ERR)

« Payback period (generally not appropriate as a primary
decision rule)

Marketing



Determining the Minimum Attractive
Rate of Return (MARR)



* To be attractive, a capital project must provide a return that
exceeds a minimum level established by the organization.

This minimum level is reflected in a firm’s Minimum
Attractive Rate of Return (MARR).

« Many elements contribute to determining the MARR.

1. The amount of money available for investment, and the
source and cost of these funds.

2. The number of good projects available for investment and
their purpose .

3. The amount of perceived risk associated with investment
opportunities available to the firm.

4. The type of organization involved.



The Present Worth Method



e It is the most-used method

« The present worth (PW) is found by discounting all cash
Inflows and outflows to the present time at an interest rate
that is generally the MARR.

« A positive PW for an investment project means that the
project is acceptable (it satisfies the MARR).

_DFci_slcing -
PW Decision Rule:

If PW (i= MARR) > 0, the project is economically justified.




PW(i%) = F,(1+ )%+ FF(A+ ) 1 +F,( + i)~
+ . HF A+ D)+ L+ Ey(+ )TN

=N _oFr(1+i)7k

Here:

| = effective interest rate, or MARR, per compounding period;
k = index for each compounding period (0 <k <N);

F, = future cash flow at the end of period k;

N = number of compounding periods in the planning horizon
(i.e., study period).

Assumption: constant interest rate throughout
the life of a particular project




It IS Important to
observe that the higher
the Interest rate and the
farther into

the future a cash flow
occurs, the lower its
PW is.

Present Worth (PW)in$

« $1,000

asi f,P'W‘
NG
e $612.00
\
i ) N PWof$1,000 Recaived
S00 - \ “ i=20% . atEndof Yearld
\\ N
\ \ N\
\ \‘ \\
403 & \
\ ‘" e $385.50
;=209 Y,
?ﬂje— \
\
\
20 - \
N\ <
p < " ~» $161.50
100 - .
e $72.50

e (L [, [, S L ) PO
o 1 2 3 4 5 6 7 8 9 10
Endof Year &

PW of $1,000 Received at the End of Year
k at an Interest Rate of 1% per Year



Present Worth Example

Example: Consider a project that has an
initial investment of $50,000 and that returns

$18,000 per year for the next four years. If
the MARR Is 12%, Is this a good
Investment?

PW = -50,000 + 18,000 (P/A, 12%, 4)
PW = -50,000 + 18,000 (3.0373)

PW = $4,671.40 = This is a good investment!
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Example 5-1: Evaluation of New =S
Equipment Purchase Using PW L

A piece of new equipment has been proposed by engineers to
Increase the productivity of a certain manual welding operation.
The investment cost is $25,000, and the equipment will have a
market value of $5,000 at the end of a study period of five years.
Increased productivity attributable to the equipment will amount to
$8,000 per year after extra operating costs have been subtracted
from the revenue generated by the additional production. If the

firm’s MARR 1s 20% per year, 1s this proposal a sound one? Use
the PW method.



$5.000

I

$8.000 $8.000 $8.000 $8.000 $8.000
1 2 3 4 s

End of Year

i = 209%/yr

A\
$25.000

PW =PW of cash inflows — PW of cash outflows,

Or

PW(20%) = $8,000(P/A, 20%, 5) + $5,000(P/F, 20%, 5) — $25,000 = $934.29

Because PW(20%) > 0, this equipment 1s economically justified.



Example 5-2 : Present Worth of a
Space-Heating System

........

A retrofitted space-heating system is being considered for a small
office building. The system can be purchased and installed for
$110,000, and it will save an estimated 300,000 kilowatt-hours
(KWh) of electric power each year over a six-year period. A
kilowatt-hour of electricity costs $0.10, and the company uses a
MARR of 15% per year in its economic evaluations of
refurbished systems. The market value of the system will be
$8,000 at the end of six years, and additional annual operating
and maintenance expenses are negligible. Use the PW method to
determine whether this system should be installed.



Solution

To find the PW of the proposed heating system, we need to find the
present equivalent of all associated cash flows. The estimated annual
savings in electrical power is worth 300,000 kWhx$0.10/kWh =
$30,000 per year. At a MARR of 15%, we get

PW(15%) = —$110,000 + $30,000 (P/A, 15%, 6) + $8,000 (P/F, 15%, 6)
— —$110,000 + $30,000(3.7845) + $8,000(0.4323) = $6,993.40.

Since PW(15%)> 0, we conclude that the retrofitted space-heating
system should be installed



There are several noteworthy assumptions that we make when
using PW to model the wealth-creating promise of a capital
Investment opportunity.

First, it is assumed that we know the future with certainty (we
don’t live 1n a certain world!).

Second, it i1s assumed we can borrow and lend money at the
same interest rate (i.e., capital markets are perfect).

MR. PERFECT '
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Bond Value



A bond is an IOU (I owe you) where you agree to lend the bond
Issuer money for a specified length of time (say, 10 years). In
return, you receive periodic interest payments (e.g., quarterly)
from the issuer plus a promise to return the face value of the
bond when it matures.

A bond provides an excellent example of commercial value as
being the PW of the future net cash flows that are expected to
be received through ownership of an interest-bearing certificate.

Date: 01/01/2015 Every 6 Months Date: 01/01/2020

Bond

Face Value: $1,000,000

Maturity: 01-01-2020 - O SR
# .) urity: ( 1-2020 “_*‘ ~.«- i ‘£-L v *’w' “—‘
= s -_— R E@ sy -
',v .- > h h
n s lBond "
$1,000,000 JE

lohn Corporation John Corporation lohn Corporation

Purchasing a bond Collecting interest At Maturity




The value of a bond, at any time, is the PW of future cash receipts.
For a bond, let

Z = face, or par, value;

C = redemption or disposal price (usually equal to 2);

r = bond rate (nominal interest) per interest period,;

N = number of periods before redemption;

| = bond yield rate per period,;

V = value (price) of the bond N interest periods prior to
redemption—this is a PW measure of merit.

vy
UNITED STATES)
OFAMERICA

FOR VALUE RECEIVED

870
TREASURY BOND
OF 1994
Dated October 18, 1979
Due November 15, 1994
& TENTHOUSAND) DOLLARS; "G
CIRCULAR No. 23-78

ON THE DUE DATE, AND TO PAY INTEREST ON THE PRINCI PAL SUM FROM THE DATE HEREOF, AT THE
RATE SPECIFIED HEREON. THIS BOND AND INTEREST COUPONS ARE PAYABLE AT THE DEPARTMENT OF
THE TREASURY, WASHINGTON, D.C., OR AT ANY FEDERA L RESERVE ‘BANK OR 'RAN?%&O\ND IS ONE




The owner of a bond is paid two types of payments by the
borrower.

The first consists of the series of periodic interest payments he
or she will receive until the bond is retired. There will be N
such payments, each amounting to rZ. These constitute an
annuity of N payments.

In addition, when the bond is retired or sold, the bondholder
will receive a single payment equal in amount to C.

The PW of the bond is the sum of PWs of these two types of
payments at the bond’s yield rate (1%):

Vy, = C(P/F, i%,N) + rZ(P/A, i%,N).



Bond example

What is the value of a 6%, 10-year bond with a

par (and redemption) value of $20,000 that pays
dividends semi-annually, If the purchaser
wishes to earn an 8% return?

V,, = $20,000 (P/F, 4%, 20) + (0.03)$20,000 (P/A, 4%, 20)
V,, = $20,000 (0.4564) + (0.03)$20,000 (13.5903)

Vy = $17,282.18
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Example 5-3: Stan
Moneymaker

Wants to Buy a Bond ‘ ‘ “

Stan Moneymaker has the opportunity to purchase a certain U.S.
Treasury bond that matures in eight years and has a face value of
$10,000. This means that Stan will receive $10,000 cash when the
bond’s maturity date 1s reached. The bond stipulates a fixed nominal
Interest rate of 8% per year, but interest payments are made to the
bondholder every three months; therefore, each payment amounts to
2% of the face value. Stan would like to earn 10% nominal interest
(compounded quarterly) per year on his investment, because interest
rates in the economy have risen since the bond was issued. How
much should Stan be willing to pay for the bond?



Solution

To establish the value of this bond, in view of the stated
conditions, the PW of future cash flows during the next eight
years (the study period) must be evaluated. Interest payments are
quarterly. Because Stan Moneymaker desires to obtain 10%
nominal interest per year on the investment, the PW is computed
at 1 = 10%/4 = 2.5% per quarter for the remaining 8(4) = 32
quarters of the bond’s life:

VN = $10,000(P/F, 2.5%, 32) + $10,000(0.02)(P/A, 2.5%, 32) =
$4,537.71 + $4,369.84 = $8,907.55.

Thus, Stan should pay no more than $8,907.55 when 10%
nominal interest per year Is desired.



Example5-4 : Current Price and Annual
Yield of Bond Calculations

A bond with a face value of $5,000 pays interest of 8% per
year. This bond will be redeemed at par value at the end of its

20-year life, and the first interest payment is due one year from
now.

(a) How much should be paid now for this bond in order to
receive a yield of 10% per year on the investment?

(b) If this bond is purchased now for $4,600, what annual yield
would the buyer receive?



Solution

(a) By using Equation (5-2), the value of VN can be
determined:

VN = $5,000(P/F, 10%, 20) + $5,000(0.08)(P/A, 10%, 20)
= $743.00 + $3,405.44 = $4,148.44.

(b) Here, we are given VN = $4,600, and we must find the
value of 1% Iin Equation (5-2):

$4,600 = $5,000(P/F, i'%, 20) + $5,000(0.08)(P/A, i'%, 20).

To solve for I'%, we can resort to an iterative trial-and-error
procedure (e.g., try 8.5%, 9.0%), to determine that 1'% = 8.9%
per yeatr.



The Capitalized-Worth Method

Capitalized worth is a special variation of present worth.

Capitalized worth is the present worth of all revenues or
expenses over an infinite length of time.

If only expenses are considered this is sometimes referred to
as capitalized cost.

The capita
problems i

1zed worth method is especially useful in
nvolving endowments and public projects with

Indefinite

IVes.



The CW of a perpetual series of end-of-period uniform payments A,
with interest at 1% per period, is A(P/A, 1%,%). From the interest
formulas, it can be seen that (P/A, 1%,N) — 1/1 as N becomes very
Iagge_. Thus, CW = A/i for such a series, as can also be seen from the
relation

CW(i%) = PWynoo = A(P/A, 1%, )

= A lim (“")N‘l] =4(3)

Nooo i(1+i)N i

Hence, the CW of a project with interest at 1% per year Is the annual
equivalent of the project over its useful life divided by 1 (as a
decimal).

The AW of a series of payments of amount $X at the end of each kth
period with interest at 1% per period is $X(A/F, 1%, k). The CW of
such a series can thus be calculated as $X(A/F, 1%, k)/i.



Example 5-5 : Determining the
Capitalized Worth of a Bridge

A new bridge across the Cumberland River is being planned
near a busy highway intersection in the commercial part of a
mid-western town. The construction (first) cost of the bridge is
$1,900,000 and annual upkeep is estimated to be $25,000. In
addition to annual upkeep, major maintenance work is
anticipated every eight years at a cost of $350,000 per
occurrence. The town government’s MARR 1s 8% per year.

(a) For this problem, what analysis period (N) is, practically
speaking, defined as forever?

(b) If the bridge has an expected life of 50 years, what is the
capitalized worth (CW) of the bridge over a 100-year study
period?



Solution

(a) A practical approximation of “forever” (infinity) is dependent on the
Interest rate. By examining the (A/P, 1%, N) factor as N increases In
the Appendix C tables, we observe that this factor approaches a
value of 1 as N becomes large.

For 1 = 8% (Table C-11), the (A/P, 8%, 100) factor is 0.08. So, N = 100

years 1s, for practical purposes, “forever” in this example.

(b) The CW is determined as follows:
CW(8%) =-%$1,900,000 — $1,900,000 (P/F, 8%, 50) —[$350,000 (A/F,
8%, 8)]/0.08 — $25,000/0.08.

The CW turns out to be —$2,664,220 over a 100-year study period,
assuming the bridge is replaced at the end of year 50 for $1,900,000.



The Future Worth Method



Future Worth (FW) method is an alternative to the PW
method.

Looking at FW Is appropriate since the primary objective Is
to maximize the futg re wealth of owners of the firm.

FW is based on the equivalent worth of all cash inflows and
outflows at the end of the study period at an interest rate that
IS generally the MARR.

Decisions made using FW and PW will be the same.

‘DFCEI?FE -
FW Decision Rule:

If FW (1 = MARR) > 0, the project is economically justified.




Future worth example.

A $45,000 investment in a new conveyor
system Is projected to improve throughput and
Increasing revenue by $14,000 per year for five
years. The conveyor will have an estimated
market value of $4,000 at the end of five years.
Using FW and a MARR of 12%, is this a good
Investment?

FW = -$45,000(F/P, 12%, 5)+$14,000(F/A, 12%, 5)+$4,000
FW = -$45,000(1.7623)+$14,000(6.3528)+$4,000

FW = $13,635.70 = This is a good investment!
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Compounding
Present Future

Example5-6: The Relationship between Value Value
FW and PW

Discounting

A piece of new equipment has been proposed by engineers to
Increase the productivity of a certain manual welding
operation. The investment cost is $25,000, and the equipment
will have a market value of $5,000 at the end of a study period
of five years. Increased productivity attributable to the
equipment will amount to $8,000 per year after extra operating
costs have been subtracted from the revenue generated by the
additional production. If the firm’s MARR 1s 20% per year.

- Evaluate the FW of the potential improvement project.

- Show the relationship between FW and PW for this
example.



Solution

FW(20%) = —$25,000(F/P, 20%, 5) + $8,000(F/A, 20%, 5) +
$5,000 = $2,324.80.

Again, the project 1s shown to be a good investment (FW > 0).
The PW is a multiple of the equivalent FW value:

PW(20%) = $2,324.80(P/F, 20%, 5) = $934.29.



The Annual Worth Method



Annual Worth (AW) Is another way to assess projects.

Annual worth is an equal periodic series of dollar amounts
that iIs equivalent to the cash inflows and outflows, at an
Interest rate that is generally the MARR.

The AW of a project is annual equivalent revenue or savings
R minus annual equivalent expenses E, less its annual

capital recovery (CR) amount.

AW (i%) = R — E — CR(i%)

the AW of a project is equivalent to its PW and FW. That is,
AW = PW(A/P, i1%,N), and AW = FW(A/F, i%,N).

.DFCI§I<3I~|§ -
AW Decision Rule:

If AW (I = MARR) > 0, the project is economically justified.




~BUDGET) ™ |
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Capital Recovery (CR) AR ﬁ)

FUND OUNTING
NEXPENSE =

2.
- Py

—

Capital recovery reflects the capital cost of the asset.

CR Is the annual equivalent cost of the capital invested.

The CR covers the following items.
— Loss in value of the asset.
— Interest on invested capital (at the MARR).

The CR distributes the initial investment cost for the project (1)
and the salvage (market) value at the end of the study period (S)
across the life of the asset (N).

CR(i%) = I(A/P,i%,N) — S(A/F,i%,N)



A project requires an initial investment of $45,000,
has a salvage value of $12,000 after six years, incurs
annual expenses of $6,000, and provides an annual
revenue of $18,000. Using a MARR of 10%,
determine the AW of this project.

AW (10%) = R — E — CR(10%)
CR(10%) = 45,000(A/P,10%, 6) — 12,000(A/F, 10%, 6)

CR(10%) = 8,777
AW (10%) = 18,000 — 6,000 — 8, 777 = $3,223

Since the AW is positive, it’s a good investment.

Engineering Economy, Fourteenth Edition Copyright ©2009 by Pearson Education, Inc. ‘
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Example5-8: Using AW to Evaluate the
Purchase of New Equipment

A piece of new equipment has been proposed by engineers to
Increase the productivity of a certain manual welding
operation. The investment cost is $25,000, and the equipment
will have a market value of $5,000 at the end of a study period
of five years. Increased productivity attributable to the
equipment will amount to $8,000 per year after extra operating
costs have been subtracted from the revenue generated by the
additional production. If the firm’s MARR 1s 20% per year.

Use the AW method to determine whether the equipment
should be recommended.



Solution
The AW Method applied to Example 5-1 yields the following:

R—E CR amount [Equation (5-5)]

e T A

AW (20%) = $8,000 — [$25,000(A/P,20%,5) — $5,000(A/F,20%,5)]
= $8,000 — $8,359.50 + $671.90
= $312.40.

Because its AW(20%) is positive, the equipment more than pays for itself over

a period of five years, while earning a 20% return per year on the unrecovered
investment. In fact, the annual equivalent “surplus” is $312.40, which means
that the equipment provided more than a 20% return on beginning-of-year
unrecovered investment. This piece of equipment should be recommended as

an attractive investment opportunity. Also, we can confirm that the AW(20%)

IS equivalent to PW(20%)=$934.29 in Example 5-1 and FW(20%)=$2,324.80 in
Example 5-6. That is,

AW(20%) = $934.29(A/P, 20%, 5) = $312.40, and also
AW(20%) = $2,324.80(A/F, 20%, 5) = $312.40.



When revenues are absent in Equation

AW (i%) = R — E — CR(i%)

We designate this metric as EUAC(1%) and call it “equivalent
uniform annual cost.” A low- valued EUAC(1%) Is preferred to
a high-valued EUAC(i1%).




Example 5-9: Equivalent Uniform - -
Annual Cost of a Corporate Jet w

A corporate jet costs $1,350,000 and will incur $200,000 per year in fixed
costs (maintenance, licenses, insurance, and hangar rental) and $277 per hour
In variable costs (fuel, pilot expense, etc.). The jet will be operated for 1,200
hours per year for five years and then sold for $650,000. The MARR is 15%
per year.

(a) Determine the capital recovery cost of the jet.
(b) What is the EUAC of the jet?

e Solution
(a) CR = $1,350,000 (A/P, 15%, 5) — $650,000 (A/F, 15%, 5) = $306,310.

(b) The total annual expense for the jet is the sum of the fixed costs and the
variable costs.

E = $200,000 + (1,200 hours)($277/hour) = $532,400
EUAC(15%) = $532,400 + $306,310 = $838,710



Example 5-10: Determination of
Annual Savings by Using the AW
Method

A retrofitted space-heating system is being considered for a
small office building. The system can be purchased and
Installed for $110,000. The market value of the system will be
$8,000 at the end of six years, and additional annual operating
and maintenance expenses are negligible. What is the
minimum annual electrical power savings (in kWh) required to
make this project economically acceptable? The MARR =
15% per year and electricity costs $0.10 per kWh.

pu— .z
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Solution

To make this project acceptable, the annual power savings must be at least as
great as the annual CR amount. Using Equation (5-5),

CR = $110,000(A/P, 15%, 6) — $8,000 (A/F, 15%, 6) = $28,148.40.

This value ($28,148.40) is the minimum annual dollar savings needed to justify
the space-heating system. This equates to

$28,148.40
$0.10/kWh

If the space-heating system can save 281,480 kWh per year, it is economically
justified (exactly 15% is earned on the beginning-of-year unrecovered invest-
ment). Any savings greater than 281,480 kWh per year (such as the original
estimate of 300,000 kWh per year) will serve to make this project even more
attractive.

= 281,480 kWh per year.



Example: Avoid Getting Fleeced on
an Auto Lease

| - =
_——— e ——

Automobile leases are built around three factors: negotiated sales
price, residual value, and interest rate. The residual value is what the
dealership expects the car’s value will be when the vehicle is returned
at the end of the lease period. The monthly cost of the lease is the
capital recovery amount determined by using these three factors.

(a) Determine the monthly lease payment for a car that has an agreed-
upon sales price of $34,995, an APR of 9% compounded monthly, and
an estimated residual value of $20,000 at the end of a 36-month lease.
An up-front payment of $3,000 is due when the lease agreement
(contract) is signed.

(b) If the estimated residual value is raised to $25,000 by the

dealership to get your business, how much will the monthly payment
be?



Solution

(a) The effective sales price is $31,995 ($34,995 less the $3,000 due at
signing). The monthly interest rate is 9%/12 = 0.75% per month. So, the
capital recovery amount is:

CR = $31,995(A/P, 0.75%, 36) — $20,000(A/F, 0.75%, 36) = $1,017.44 —
$486 = $531.44 per month.

(b) The capital recovery amount is now $1,017.44—$25,000 (A/F, 0.75%,
36) = $409.94 per month. But the customer might experience an actual
residual value of less than $25,000 and have to pay the difference in cash
when the car 1s returned after 36 months. This is the “trap” that many
experience when they lease a car, so be careful not to drive the car
excessively or to damage it in any way.



Internal § Rate of

The Internal Rate of Return
Method (IRR)



« The internal rate of return (IRR) method is the most widely
used rate of return method for performing engineering
economic analysis.

o ltis also called the investor s method, the discounted cash flow
method, and the profitability index.

 |f the IRR for a project is greater than the MARR, then the
project is acceptable.




" THE INTERNAL
How the IRR works RATE OF RETURN

This method solves for the interest rate that equates the
equivalent worth of an alternative’s cash inflows (receipts or
savings, R) to the equivalent worth of cash outflows
(expenditures, including investment costs, E). The resultant
Interest rate is termed the Internal Rate of Return (IRR).

The IRR Is sometimes referred to as the breakeven interest
rate.

P>

Met Present Worth - NPV




* IRR is positive for a single alternative only if:

— both receipts and expenses are present in the cash flow diagram
— the sum of inflows exceeds the sum of outflows

« Using a PW formulation, we see that the IRR is the 1'% at which

N N
z R (P/F,i'%, k) = Z E.(P/F,i'%, k)
k=0 k=0

where ; R, = net revenues or savings for the kth year;

E, = net expenditures, including any investment costs for the kth year;
N = project life (or study period).

Note: FW or AW can be used instead of PW

‘DFCEI?FE -
IRR Decision Rule:

[f IRR > MARR, the project is economically justified.




 Solving for the IRR Is a bit more complicated than PW, FW,
or AW

* The method of solving for the 1'% that equates revenues and
expenses normally involves trial-and-error calculations or
solving numerically using mathematical software.

« A popular variation of previous Equation for computing the
IRR for an alternative is to determine the I’ at which its net
PW is zero. In equation form, the IRR is the value of I’ at
which

N N
PW = Z Rk(P/F,i’%, k) — Z Ek(P/F,i'%, k) =0
k=0 k=0




For an alternative with a single investment cost at the present
time followed by a series of positive cash inflows over N, a
graph of PW versus the interest rate typically has the general
convex form shown in Figure below. The point at which PW =

0 defines 1'%, which is the project’s IRR.

The value of 1'% can also be determined as the interest rate at
which FW = 0 or AW= 0.

2 \
, V' %

PW(i%) 0 -

[ %o

Plot of PW versus Interest Rate



Example 5-12: Economic Desirability |
of a Project Using the IRR Method

AMT, Inc., Is considering the purchase of a digital camera for the
maintenance of design specifications by feeding digital pictures
directly into an engineering workstation where computer-aided
design files can be superimposed over the digital pictures.
Differences between the two images can be noted, and corrections, as
appropriate, can then be made by design engineers. The capital
Investment requirement is $345,000 and the estimated market value
of the system after a six-year study period is $115,000. Annual
revenues attributable to the new camera system will be $120,000,
whereas additional annual expenses will be $22,000. You have been
asked by management to determine the IRR of this project and to
make a recommendation. The corporation’s MARR is 20% per year.



Solution by Linear Interpolation

In this example, we can easily see that the sum of positive cash flows ($835,000) exceeds the sum of
negative cashflows($455,000). Thus, it is likely that a positive valued IRR can be determined. By writing
an equation for the PW of the project’s total net cash flow and setting it equal to zero, we can compute the
IRR:

PW =0=-$345,000 + ($120,000 — $22,000)(P/A, i'%, 6) + $115,000(P/F, i"%, 6)

1'% =?

To use linear interpolation, we first need to try a few values for i’. A good starting point is to use the
MARR.

Ati'=20%: PW =—-8345,000 + $98,000(3.3255) + $115,000(0.3349) = +$19,413

Since the PW is positive at 20%, we know that i’ > 20%.

Ati'=25%: PW =-$345,000 + $98,000(2.9514) + $115,000(0.2621)

=—§25,621

Now that we have both a positive and a negative PW, the answer is bracketed (20% < i'% < 25%). The
dashed curve in Figure 5-5 is what we are linearly approximating. The answer, 1'%, can be determined by
using the similar triangles represented by dashed lines in Figure 5-5.

line BA line dA
line BC _ line de
Here, BA is the line segment B — A = 25% — 20%. Thus,
25% — 20% i'% — 20%
$19,413 — (—$25,621) _ $19,413 — $0

i ~22.16%.

Because the IRR of the project (22.16%) is greater than the MARR, the project is
acceptable.



Example 5-13 *See the Book™* : Evaluation of New
Equipment Purchase, Using the Internal Rate of
Return Method

A piece of new equipment has been proposed by engineers to
Increase the productivity of a certain manual welding
operation. The investment cost is $25,000, and the equipment
will have a market (salvage) value of $5,000 at the end of its
expected life of five years. Increased productivity attributable
to the equipment will amount to $8,000 per year after extra
operating costs have been subtracted from the value of the
additional production. Determine the IRR of the proposed
equipment. Is the investment a good one? Recall that the
MARR is 20% per year.



Installment Financing



Example 5-14 (HW) : Do You Know What
Your Effective Interest Rate Is?

In 1915, Albert Epstein allegedly borrowed $7,000 from a
large New York bank on the condition that he would repay 7%
of the loan every three months, until a total of 50 payments
had been made. At the time of the 50th payment, the $7,000
loan would be completely repaid. Albert computed his annual
Interest rate to be [0.07($7,000) x 4]/$7,000 = 0.28 (28%).

(a) What true effective annual interest rate did Albert pay?
(b) What, if anything, was wrong with his calculation?

.." 7 "'om
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Solution

(a) The true interest rate per quarter is found by equating the equivalent value of the
amount borrowed to the equivalent value of the amounts repaid.
Equating the AW amounts per quarter, we find $7,000(A/P, 1'%/quarter, 50 quarters) =
0.07($7,000) per quarter, (A/P, i'%, 50) = 0.07.
Linearly interpolating to find i"%/quarter by using similar triangles is the next step:
(A/P, 6%, 50) = 0.0634,
(A/P, 7%, 50) = 0.0725.

0.0725 4

0.07

(AIP, %, 50)

0.0634 ¢

6%

line de _ line Cd

line BA line CB

7% — i'% 0.0725 — 0.07

7% — 6% _ 0.0725 — 0.0634"
0.0025

0.0091 ) ?

i'% = 7% — 1% (

or 1'% =~ 6.73% per quarter.

Now we can compute the effective i'% per year that
Albert was paying:
i'% = [(1.0673)* — 1]100% == 30% per year.

(b) Even though Albert’s answer of 28% is close to the
true value of 30%, his calculation is insensitive to how
long his payments were made. For instance, he would get
28% for an answer when 20, 50, or 70 quarterly
payments of $490 were made! For 20 quarterly payments,
the true effective interest rate is 14.5% per year, and for
70 quarterly payments, it is 31% per year. As more
payments are made, the true annual effective interest rate
being charged by the bank will increase, but Albert’s
method would not reveal by how much.



Example 5-15 (H.W): Be Careful with “Fly- FaNe™
by-Night” Financing! 77 et

The Fly-by-Night finance company advertises a “bargain 6% plan” for financing
the purchase of automobiles. To the amount of the loan being financed, 6% is
added for each year money is owed. This total is then divided by the number of
months over which the payments are to be made, and the result is the amount of
the monthly payments. For example, a woman purchases a $10,000 automobile
under this plan and makes an initial cash payment of $2,500. She wishes to pay the
$7,500 balance in 24 monthly payments:

Purchase price = $10,000
—Initial payment = 2,500

= Balance due, (P,) = 7,500
+6% finance charge = 0.06 x 2 years x $7,500 = 900

= Total to be paid = 8,400

=~ Monthly payments (A) = $8,400/24 = $350

&ZM% What effective annual rate of interest does she actually pay?
AF’PL!EJATION FORM
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Example 5-16: Effective Interest Rate
for Purchase of New Aircraft
Equipment

A small airline executive charter company needs to borrow
$160,000 to purchase a prototype synthetic vision system for one
of its business jets. The SVS is intended to improve the pilots’
situational awareness when visibility is impaired. The local (and
only) banker makes this statement: “We can loan you $160,000
at a very favorable rate of 12% per year for a five-year loan.
However, to secure this loan, you must agree to establish a
checking account (with no interest) in which the minimum
average balance is $32,000. In addition, your interest payments
are due at the end of each year, and the principal will be repaid In
a lump-sum amount at the end of year five.” What 1s the true
effective annual interest rate being charged?



Solution

The cash-flow diagram from the banker’s viewpoint appears below. When solving for
an unknown interest rate, it is good practice to draw a cashflow diagram prior to
writing an equivalence relationship. Notice that P, = $160,000 — $32,000 = $128,000.
Because the bank is requiring the company to open an account worth $32,000, the
bank is only $128,000 out of pocket. This same principal applies to F5 in that the
company only needs to repay $128,000 since the $32,000 on deposit can be used to
repay the original principal.

Fs=8128000  The interest rate (IRR) that establishes
[} . .-
equivalence between positive and
A = 0.12($160,000) = $19.200 negative cash flows can now easily be

‘ 1 [ \ computed:«

2 3 4 5 PO=F5(PIF,i%,5)+AP/A, %, 5),
End of Year $128,000 = $128,000(P/F, %, 5) +
$19,200(P/A, i'%, 5).

-

Py = $128.000 (= $160,000 — $32,000)
If we try i' = 15%, we discover that
$128,000 = $128,000. Therefore, the

true

I o Y Y Y Y Y. B o o Y A



Challenges in Applying the IRR
Method.



* Itis computationally difficult without proper tools.

* In rare instances multiple rates of return can be found. (See
Appendix 5-A))

* The IRR method must be carefully applied and interpreted
when comparing two more mutually exclusive alternatives
(e.g., do not directly compare internal rates of return).



Reinvesting Revenue—the
External Rate of Return (ERR)



* The IRR assumes revenues generated are reinvested at the
IRR—which may not be an accurate situation.

 The ERR takes into account the interest rate, €, external to a
project at which net cash flows generated (or required) by a
project over its life can be reinvested (or borrowed). This Is
usually the MARR.

* Ifthe ERR happens to equal the project’s IRR, then using
the ERR and IRR produce identical results.



The ERR procedure

Discount all the net cash outflows to time 0 at €% per
compounding period.

Compound all the net cash inflows to period N at at £%.

Solve for the ERR, the interest rate that establishes
equivalence between the two quantities



ERR 1s the 1'% at which

N N
z E.(P/F,e%, k)(F/P,i'%, N) = z R (F/P,e%,N — k)
k=0 k=0

Where:

R, =excess of receipts over expenses in period k,
E, =excess of expenses over receipts in period K,
N =project life or number of periods, and
¢ =external reinvestment rate per period.

_DFcElczlsrs -
ERR Decision Rule:

If ERR > MARR, the project 1s economically justified.




The ERR method has two basic advantages over the IRR
method:

1. It can usually be solved for directly, without needing to
resort to trial and error.

2. 1t I1s not subject to the possibility of multiple rates of return.



Applying the ERR method

For the cash flows given below, find the ERR when the
external reinvestment rate is ¢ = 12% (equal to the MARR).

Cash Flow -$15,000 -$7,000 $10,000 $10,000 $10,000
Expenses 15,000 + 7,000(P/F,12%,1) = 21,250

Revenue  10,000(F/A,12%,3) = 33, 744

Solving, we find
21,250(F/P,i'"%,4) = 33,744

i =16.67% > 12%
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Example 5-17: Calculation of the ERR

Referring to Example (Evaluation of New Equipment
Purchase, Using the Internal Rate of Return Method),
suppose that e =MARR = 20% per year. What is the project’s
ERR, and is the project acceptable?

Solution

By utilizing Equation (5-8), we have the following relationship to

solve for 1"
$25,000(F/P,i'%,5) = $8,000(F/A,20%,5) + $5,000,
%64 532.80 i
/%,5) = ——. = 25813 = (1+1)
(F/P,1%,5) 425,000 25813 =(1+1)",

i’ = 20.88%.

Because I' > MARR, the project is justified, but just barely.



Example 5-18: Determining the
Acceptability of a Project, Using ERR

When €=15% and MARR = 20% per year, determine whether
the project (whose net cash-flow diagram appears next) is
acceptable. Notice in this example that the use of an €%
different from the MARR is illustrated. This might occur if,
for some reason, part or all of the funds related to a project are
“handled” outside the firm’s normal capital structure.

$5,000




Solution

E0 = $10,000 (k = 0),
E1 = $5,000 (k = 1),
Rk = $5,000 fork=2,3, ..., 6,

[$10,000 + $5,000(P/F, 15%, 1)](F/P, i'%, 6) = $5,000(F/A,
15%, 5); i'% = 15.3%.

The 1'% is less than the MARR = 20%; therefore, this project
would be unacceptable according to the ERR method.



The Payback (Payout) Period
Method



The payback period method is simple, but possibly
misleading.

* The simple payback period Is the number of years required
for cash inflows to just equal cash outflows.

 Itis a measure of liquidity rather than a measure of
profitability.

* A low- valued pay back period is considered desirable

-

Initial Investment Made
Payback Period
Formula Net Annual Cash Inflow




Payback is simple to calculate.

« The payback period is the smallest value of 6 (6 <N) for
which the relationship below is satisfied.

)
E(Rk—Ek)—I >0
k=1

 [For discounted payback future cash flows are discounted
back to the present, so the relationship to satisfy becomes

9,
Z(Rk — E)(P/F,i% k) —1 =0
k=1



Problems with the payback period method:

* [t doesn’t reflect any cash flows occurring after 6, or 6.

* It doesn’t indicate anything about project desirability except
the speed with which the initial investment is recovered.

« Recommendation: use the payback period only as
supplemental information in conjunction with one or more
of the other methods in this chapter.



Example: Finding the simple and discounted payback period
for a set of cash flows.

End of
Year

Net Cash

Elow $-42,000 | $12,000 | $11,000 | $10,000 | $10,000 | $9,000




The cumulative cash
flows In the table were
calculated using the 0 -$42,000  -$42,000  -$42,000
formulas for simple
and discounted

1 $12.000 -$30,000 -$30.679
payback.
2 $11,000 -$19.000 -$20.889
From the calculations
— | A—
0 =4 years and 0'= 5 3 $10,000 -$9.000 -$12,493
years.
4 $10,000 $1,000 -$4 572
5 $9,000 $2.153
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Col.3: == ey Net Present | Cumulati |§
Cash worth at | ve PW at
= ear | Flow i=6% 6%
EOF2 : 11,000-30,000=-19,000

EOF3 : 10,000-19,000=-9,000 0 -S$42,000 -$42.000 -$42.000 -$42.000
EOF4 : 10,000-9,000=1,000>0

= 1 §12,000 -$30.000 113208 -$30,679

12,000 (p/F,6%,1) =
12,000* 0.9434= 113,208
11,000 (p/F,6%,2) = 11,000%0.8900=

[

$11,000 -$19.000 9790  -$20.889

0,790 3 $10,000 -$9.000 8396  -$12.493
10,000*(P/F,6%,3) =

10,000%0.8396= 8,396 4 S10,000 $1000 7921  -$4572
10,000*(P/F,6%,4) =

10,000%0.7921 =7,921 S 80,000 67257  $2.153

9,000*(P/F,6%,5) =

9,000%0.7473 = 6,725.7 8 =4, because cumulative balance

turns positive at EOY 4
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: e | End Net | Cumnlat| Present | Cummlati |
ICol.5:— = of Cash ive PW | worth at | ve PW at
il Year Flow at 0% i=6% 6%
EOF1:
42,000 + 11,320.8 = -30,679.2 O -$42.000 -$42000 -$42000 -$42.000

EOF2 :
$12.000 -$30.000 113208 -$30.679
9,790 -30,679.2 = -20,889.2
EOF3 :
2 $11.000 -$19.000 0790  -$20.880
8,396 -20,889.2 = -12,493.2
EOF4 : 3 $10000 -$9.000 8396  -$12.493
7,921-12,493.2 = -4,572.2 <0
EOFS : 4 $10000 $1.000 7921  -$4572
6,725.7 -4,572.2 = 2,153.5 >0
5 $9.000 67257  $2.153

8’ =5 . because cumulative discounted balance turns
positive at EOY §
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Example 5-19: Determining the
Simple Payback Period

A public school is being renovated for $13.5 million. The
building has geothermal heating and cooling, high-efficiency
windows, and a solar array that permits the school to sell
electricity back to the local electric utility. The annual value of
these benefits is estimated to be $2.7 million. In addition, the
residual value of the school at the end of its 40-year life is
negligible. What is the simple payback period and internal rate
of return for the renovated school?



Solution
The simple payback period is
$13.5 million
$2.7 million/year

This is fairly good for a publically sponsored project. The IRR can be computed
using the equation

0 = —$13.5 million + $2.7 million (P/A, i’ %, 40),

yielding i % (the IRR) = 20% per year. The IRR indicates the project is profitable
for a MARR of 20% per year or less.

= 5 years.



