Calculus Il

Study concepts, example questions & explanations

Question #1: 3D Space

Describe in words the region of R3 represented by the equations or
inequalities.

(@ x2+y%2+2z2<4.

(b) x2 + 2% < 9.

(c) x =1z

d)y*+2z2=4, x=1.

Correct Answer:

(a) All points on or inside a sphere with radius 2 and center (0,0,0).

(b) All points on or inside a circular cylinder of radius 3 centered on
the y-axis.

(c) All points on the plane z = x.

(d) All points on a circle with radius 2 with center on the x-axis.

Explanation:

(a) All points on or inside a sphere with radius 2 and center (0,0,0).

(b) All points on or inside a circular cylinder of radius 3 centered on
the y-axis.

(c) All points on the plane z = x.

(d) All points on a circle with radius 2 with center on the x-axis.
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Question #2: Vectors in Space

Given the space vectors u = (2,1,2), v =(0,3,4) and w = (3,-2,5). Find
(a) the projection of u onto v,
(b) the vector component of u orthogonal to D,
(c) the scalar component of U in the direction of .
(d) avector in the direction of u with length 3.
(e) the area of the parallelogram determined by u and v.
(f) the volume of the parallelepiped determined by u, ¥ and w.

Correct Answer:

o033 H
()projud = (0,5

= 5 —(2 8 &
(b)u — projzv 1—1 (2, pylee
() [projzv| = - =22
8 4 8

@ Zu=C20.

3 3 3
(e) Area = |u X v| = V104,
(f) Volume = 40

).
).

Explanation:

2)0)+(1)B)+(2)4) =11, uxv=(-2—-86),

u-v

17l =/(0)2+ (3)2+ ()2 =5, [ul=(2)?%+ (1% + (2)?=3.

s (B, 1L _ (03
a) projgv = (lﬁlz)v 25 (0,3,4) = <0’25’25
= 2 B ¥ _ 86
b) u-— pT'Ojﬁ‘v - (2,1,2) (01 25;25 - (27 25;25>'
A 2 4 (32 4 A2 11 _
o) Iprojitl = (02 + 2+ &2 =L =22
d) The required vector is %ii = (233)
e) Area= |t x | = [u x v| = /(=2)2 + (—8)2 + (6)2 = V104.
2 1 2
f) Volume= |u-(vxw)|=[0 3 4|=40.
3 =2 5




Question #3: Vectors in Space

Find the angle (in degrees) between the two vectorsu =1 — 3] + 7k
and v = —21+j + 4k.

Correct Answer:

0 ~ 49.2°

Explanation:

The angle between any two vectorsw and v is 6 = cos™! (I;I.Iél) .

For this problem, u-v = (1)(-2) + (-3)(1) + (7)(4) = 23,
[ul = V(1)? + (=3)* + (D = V59,
Wl =(=2)? + (1) + (4)? = V21.

Substituting, we have

23
V5921

0 = cos'l( ) ~ 49.2°.

Question #4: Vector Functions

Find a parametric representation of the curve of intersection of the
cylinder 9x* + y2=9 and the plane x +y +z=7.

Correct Answer:

r(t) = (cost, 3sint, 7 — cost — 3sint)

Explanation:

We can begin by rewriting the expression for the cylinder as follows



x+y2=9 = x2+ (y/3):2=1.

This tells us that x = cost, y = 3sint. Plugging this back into the
equation for the plane x +y+z=7to find z=7 — X — y = 7—cost—3sint.

This gives us the representation of the curve of intersection as

r(t) = (cost, 3sint, 7 — cost — 3sint).

Question #5: Vectors in Space

Given that u = (3,2,—1) and v = (6, k, —2) are orthogonal. Find the
value of k.

Correct Answer:

k=-10

Explanation:
If u and v are orthogonal, then v v = 0. In this case
v-v=18+4+2k+2=0.

So, k =-10.

Report an Error

Question #6: Vectors in Space

The angle (in degrees) between the two unit vectors # and v is 65 .
Find |[uxwv|.

Correct Answer:

[uxv| = 0.906.
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Explanation:
To find [uxv| we apply the formula |[uxv| = |ul|[v|sin8.
Asu and v are unit vectors we have |u|=1 and |v|=1.

So, [ux¥| = 1)(1)sin(65 ) = 0.906.

Question #7: Lines in Space

Write the vector equation of the line that passes through the
points P(—3, 4, 14) and Q(2, 10, —6).

Correct answer:

r(t) = (2 + 5t, 10 + 6t, —6 — 20t)

Explanation:
Remember the general equation of a line in vector form:

T(t) = ro + tv = (X, Yo, Zo) + t(a, b, C), where (X, Y., Z,) is the starting
point, and w is a vector in the direction of the line. We can take
v=PQ=(2-(-3),10 —4,—6 — 14) = (5,6, —20).

Let's apply this to our problem.
r(t) = (2, 10, —6) +t (5, 6, —20).
This can be written as

7(t) = (2 + 5t, 10 + 6t, —6 — 20t).



Question #8: Planes

Find the approximate angle (in radians) between the planes 4x—3y—2z=1,
and 12x+2y—7z=16.

Correct Answer:

0.736

Explanation:

Finding the angle between two planes requires us to find the angle
between their normal vectors.

To obtain normal vectors, we simply take the coefficients in front
of XY,z

_ﬁ; = (4'; _3J_2)! _ﬁ; = (12121 _7)

The (acute) angle between any two vectors is
0 = cos™? (f—{) .
all]

Here, ny - n; = (4)(12) + (—3)(2) + (—2)(=7) = 56,
ngl = V(4?2 + (=3)% + (=2)? = V29,
;| =/ (12)% + (2)% + (=7)% = V197.

Substituting, we have

56
V29v197

0 = cos™! ~ 0.736.
(=)

Question #9: Equations Of Lines And Planes

Find the point of intersection of the plane 2x+y+2z=9 and the line
described by 7(t) = (2t + 4,t — 1, —t).

Correct Answer:

(5,-12,-12)



Explanation:

Substituting the components of the line into those of the plane, we
have

22t +4)+(t—1)+(-1)=9 >4t+8+t-1-t=9 > t=12.

Substituting this value of t back into the components of the line gives
us (5, —12, —12).

Question #10: Planes

Show that the two planes are parallel x+y+z=2, x+y+z=0.
Correct Answer:

Two planes are parallel if their normal vectors are parallel.

Explanation:
Two planes are parallel if their normal vectors are parallel.
A vector normal to the first plane is n; = (1,1,1)

A vector normal to the second plane is n; = (1,1,1).

We can verify that m; x n, = 0 and so n; and n, are parallel.

Another way to solve this problem is to find the angle between the
normal vectors, we have

_ n;: n; _ 3 _
9 — 1 —_ 1( ) — 1 1) = 0.
e <| nql| "2|> o0 V33 cos (1)

This means that the two planes are parallel.



Question #11: Planes

Determine the equation of the plane that contains the points 0(0,0,0),
P(5,4,0), and Q(-3,-7,0).

Correct Answer:

z=0

Explanation:
The equation of a plane is defined as
Alx —xy) + B(x —yy) + C(x —z5) =0

where n = (4, B, C) is the normal vector of the plane and
(x0, Yo, Zo) IS @ point on the plane.

To find the normal vector, we first get two vectors on the plane
OP = (54,0)and 0Q = (—3,—7,0) and find their cross product.
So,n = OP x 0Q = —23k = (0,0, —23).

Using the point O and the normal vector to find the equation of the
plane yields

0(x — 0) + 0(y — 0) — 23(z — 0) = 0.

Simplified gives the equation of the plane z =0.

Question #12: Planes

Find the equation of the plane containing the point (3, —2, 1), and is
parallel to the plane with the equation 2x + 5y + z = 20.

Correct Answer:

2X+5y+z=-3



Explanation:

We were given a point on the plane, and we need the normal vector
to the plane. It is known that two planes that are parallel to each
other have the same normal vector, so in this case n = (2,5,1) (given
by the equation of the other plane). To complete the problem, we use
the equation

A(x —x9) + B(x —yy) + C(x — z5) = 0.

Using the information we have, we get:
2(x—=3)+5(y+2)+(z—-1)=0.
Through algebraic manipulation, we then get:

2X + 5y +z=-3.

Question #13: Equations Of Lines And Planes

Write the equation of the plane passing through (2, 4, 2) and orthogonal
to the line through (3, -1, 2) and (4, 6, 1).

Correct Answer:

—13x+5y+22z=40

Explanation:

The vector v = @ = (1,7,—1) is in the direction of the line

through A(3, -1, 2) and Q(4, 6, 1) which in turn is normal to the plane
in question. The equation of the plane is found by taking the point

(2, 4, 2), and the normal vector n = (1,7, —1) and plugging them into
the equation

A(x —xy) + B(x —y,) + C(x — z5) = 0.
Weget, x—2)+7(y—4)—(z—2) =0,

which simplified becomes —13x + 5y + 22z = 40.



Question #14: Lines in Space

Give the parametric equations of the line through the point (-7, 2, 4) and
parallel to the line given by x =5-8t,y =6 +t, z=-12t.

Correct Answer:

x = -7 — 8t, y=2+t¢, z=4—12t.

Explanation:

We know that the coefficients of the t’s in the equation of the line
forms a vector parallel to the line. So, v = (—8,1, —12) is a vector
parallel to the given line. Now, if v is parallel to the given line and the
requested line must be parallel to the given line then ¥ must also be
parallel to the requested line.

Using the point (-7, 2, 4) and the directional vector v = (—8,1, —12)
we can write the parametric equations of the new line as

x=—7-8t y=2+¢t z=4—-12t

Question #15: Lines in Space

Is the line through the points P(2, 0, 9) and Q(-4, 1, —5) parallel,
orthogonal or skew to the line given by 7(t) = (5,1 — 9t, —8 — 4t).

Correct Answer:

The two lines are skew.



Explanation:

A directional vector to the first line is dj = TQ =(—6,1,—14) and a
directional vector to the second line is d, = (0, -9, —4).

Now, E{ X E; + 0. This in turn means that the two lines can’t
possibly be parallel. Next, d; - d, = —47. The dot product

d, -d, # 0 and so these vectors aren’t orthogonal and this in turn
means that the two lines are not orthogonal. We arrive to the
conclusion that the two lines are skew.

Question #16: Planes

Show that the two planes are orthogonal

P1:4x—9y—z=2, px+2y—14z=-6

Correct Answer:

The two planes are orthogonal.

Explanation:
Two planes are orthogonal if their normal vectors are orthogonal.

A normal vector to the first plane is n; = (4,—9, —1) and a normal
vector to the second plane is n, = (1,2, —14).

Now, n; -n, = (4)(1) + (-9)(2) + (—1)(—14) = 0 and so these
vectors are orthogonal and this in turn means that the two planes
are orthogonal.



Question #17: Lines in Space

Find the distance from the point (1, -3, 2) to the line

x=1+t,y=2-t, z=-1+2t.

Correct Answer:

_ |Psxw| _ V83 _
D = = e 3.719.
Explanation:

Distance from a point S to a line through P parallel to v is

D= |ﬁ:<17|.
[v]
Here, S(1, -3, 2), P(1,2,-1), o = (1,—1,2), PS = (0,—5,3), PS X ¥ =

(—=7,3,5), |PS x 5| = /(=7)% + (3) + (5)2 = V83, || = V6.

Then plugging into the formula, we get

_|ﬁxﬁ|_\/@_3719
W Ve T

Question #18: Planes

Find the distance between the given parallel planes

p1:2x -3y +z=4, prdx-6y+2z=3.

Correct Answer:

D = 0.668.



Explanation:

Distance from a point P(xs, y1, z1) to the plane ax + by + cz+d =0'is

__laxq+by +czy+d]|

Ja2+b2+c?

First we find a point on the first plane by letting x =0 and y = 0 in the
plane equation to get z = 4 and so (0, 0, 4) is a point on the first
plane. Next, we find the distance from P(0, 0, 4) to the second plane
4x - 6y + 2z — 3 = 0. Finally, plugging into the formula, we get

D

_|4(0)-6(0) + 2(4)—- 3] 5

= \/(4)2 ot = e = 0.668.

Question #19: Vector Functions

Find the unit tangent vector for the curve at (e, 1, 1)
7(t) = (teD)T + (t2)] + (t3)k.
Possible Answer:

(et+tel)i+(2t)j+(3t?)k.

T(t) - Je2t(1+2t+t2)+4t249t4
Explanation:

To find the unit tangent vector T(t) for a given curve, we use that

Fi(t) _ (et+tet)i+(20)j+(3t?)k.
I71(0)]  Je2t(1+2t+t2)+4t2+9t*

T(t) =

At the point (e, 1, 1) we have t = 1. So,

Sl Ve it Ve




Question #20: Arc Length

Find the length of the curve 7(t) = (e?)1 + (e ?Y)j + (Z\Et)ﬁ,
from t=0to t=5.

Correct Answer:

10 -10

e’ —e
Explanation:

The formula for the length of a parametric curve in 3-dimensional
spaceis L = fflf’(t)ldt.

Taking derivatives, we have
7'(t) = (2e29I + (—2e 2] + (2V2)k.

So,

7(0)] = J (2202 + (—2e726)% + (2VZ)" = Vae™ + 4e 7 + 8.

Substituting leads to

5 5
L= f\/4e4t +4e~4t 48 dt = f\/4(e4t +e4 4 2) dt
0 0

5
= ZI\/(eZt + e=2t)2 dt
0

; 1 1 >
— Zf(eZt + e—Zt) dt = 2 (_eZt _ _e—Zt)] — 10 _ p-10
J 2 2 0



Question #21 : Curvature

Determine the curvature of the vector 7(t) = (3t2,5¢t,0) at t = 0.

Correct Answer:

30
K = .
(36t2% + 25)2
Explanation:
To find the curvature, we use the formula x = —'r'(l?,:)'lg(t)'

We compute 7'(t) = (6t,5,0), 7''(t) = (6,0,0),
() x7r"(t) =(0,0,—30), |7'(t) xr"(t)| = 30, and

|7’ ()| = V36t2 + 25. Then plugging into the formula, we get

K=—32 _ Att=0, k= 65=0.24.

2 3 2
(36t2+25)2

Question #22: Curvature

2 2
X
L2

Determine the curvature of the ellipse > 1

= 1 at the point (3, 0, 0).

Correct Answer:

3
“~ 16
Explanation:

Parametrizing the ellipse in space gives



x = 3cost, y=4sint, z=0, 0<t<2m.
The vector function can be written as 7 (t) = (3cost, 4sint, 0).

|Fr(e)xrr(t)|

To find the curvature, we use the formula k = PO

We compute 7'(t) = (—3sint, 4cost, 0), r''(t) = (—3cost, —4sint, 0),

-

F(6) x 7 (t) = (0,0,12), |7(t) x 7'(t)| = 12, and

|7'(£)| = V9sin?t + 16cos?t. Then plugging into the formula, we get

12
k(t) = 3
(9sin?t+16cos?t)2

The point (3, 0, 0) can be achieved when t = 0 and so

3
K(O) = E

Question #23: Normal Vectors

Find the unit normal vector of 7(t) = (5cost)t + (5sint)j + (2)k.

Correct Answer:

N(t) = (—cost)l + (—sint)j

Explanation:

To find the unit normal vector, you must first find the unit tangent

vector. The equation for the unit tangent vector, is T(t) = I;:Egl




Then, the equation for the unit normal vector, is N(t) = %

For this problem

r(t) = (:55int)i+ (5cost)j + 0k, |7'(t)| = V25sint + 25cos?t = 5.
T(t) = % = (—sint)i + (cost)j + (0)k,

T'(t) = (—cost)t + (—sint)] + (0)k, IT'(t)| = Vcos?t + sin?t = 1.

T'(t)

T (—cost)t + (—sint)j + (0)k.

N(t) =

Question #24: Normal Vectors

1

7 (0] QONNG

It 7(t) # 0, show that Z[F(1)| =

Explanation:
We know that |7(t)|? =7(t) - T(t).

Differentiate both sides with respect to t to get
d d
— ()2 = —(7() - T
— FOP = —(F©) - 7(©)
~ d _ ~ _, _, _
2@l lr@Ol =7@® - O +7®) - 7()
But r(t) - ¥® = 7¥'(¢t) - 7(¢t), so
- d - - = - =!
2@l lr@Ol=7@ - O+ 7@ - ')

., a _ ~
2lr®@] = Ir(®)] = 2 F©® - 7©)

1
|7 (t)]

d . - =
Z[FO)] = === 7() - F(©



Question 1 (6 points): Let i =(2,0,-3) and ¥ =(1,4,~1). Find
a. [2i-37]

_

—
AR =Y = LYoyt f - RBI%G—3 7

- <‘) "‘2')’7>

2% —23) = | "+ ) + (-~ = (159 =124

b. proju = XV ) ;\7
5
UV = Y+ (o)(q)ag-("?)(—-\) = B

Wl s 1 a9 #60) = 16
2 5 26 ==
?ra')ﬁ = %<U"’J"l7 - <7?’ TR >
—
i

¢. aunit vector W in the direction opposite to the direction of i .

8l = {Taceer =413

-1 ﬁ = 4'—;"’,—» Ei ;S - U\v\{«‘”
— = Dy —
Vi R 7

pg. 2
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Question 2 (3 points): Find the angle @ in the accompanying figure.
5

e BB = <—.?)5-) 17 ‘a-'\?rz—?‘f'fO—’L
TR =<y -
"\_;\ L= Jz__j)‘lv‘f S_'\—_f_z\. = rgg »
Aoy« @
—
lU\ b \Hﬁ-‘f‘sq—'f*(—l)" =y 38
5‘( w-v = b oaw 0
= S L = G . p—
o [l \(?l) (33 = Y4.¢

(0835 1In hwuq“’)

Question 3 (3 points): Find parametric equations for the line through P(—- 1,3,—4) and
Q(79_296)-

A( A Pa\rn+ oin X\m{ ,Zh w {’Mi{:{ P(’"‘}’s/."’>

A o A;Rcfﬁtm«( Uecl'nf we fale (\)@

1 = TPE = L&, ~F2 |8 2

Qtraw&’hfic E?J’ ﬁ‘( }/Lz 'ﬁ’u ars

=\ £
Jz 3 -5

..o<3<6<00

2 = —Y + /ot



Question 6 (4 points): Find an equation of the plane containing the points P(1,~1,7),
0(3,2,-5) and R(0,2,1).

Ae @ Pa;n" we  falle P(l/"lj ;f)

A l/eckr ﬁ V\mrvwaj {; h‘-& ?b“’\ﬂ @ \94_

——
—
7= Pg x PR W
T
2 L2, 0,180 5 LAyF, =52 A

= = =

= ( J i

2 3 ke

- 3 —€

= e ?_

= g7 t24 0+ 1

~Tow uwhum ﬁ A ptam | ¢

1§(x~1) + '),t/('(j-;-i) t+49(2-3) =zo

—



Question 7 (3 points): Find the distance from the point P(2,2,3) to the plane
2x+y+2z=4.

J=(’§?-i)
\3)

o find & it § on Me Plne we st x2y=e

we g N pial S(00)
F?-?S‘ - <-'2/ "'?’/ '”\>

3 2
&\M FL(. C?U\-J?W] -P fHﬂ{ ?Lﬂ\b\.ﬂ wil ﬁy\,ﬂ h :<2/l/’l>
W = {4y =7

g A 2 al = |—Y B e q’k
= g
=
Question 8 (2 points): Show that the line
x=3451, y=14t, z=1-2¢
is parallel to the plane x+3y +4z =35.
= —
" d
A -~

Tt is enongh G show tha k

-—

4 = <5/l',—-’l.> 9\\.00 ﬁ-:.<l/3/xf7

Awe ] #\NBW\Q/Q “Ts o r\u)( we E,\GQ
-
R 2T Fmo.
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Question 1. (2+1+2+2=7 marks)

Tf i=r+2), v=1+3/—2k and W =1 4] - 3k. Find

2&—3\21 :} ;(z—k)df)‘g(z'—%’%&»&f{)} | @
i[;l‘fqgi“gi”\lf}fﬁ}f<[ @

:['“];“8} +aK|

= \} S YA ey :/} { @
(i) weu

(o gg3%)- (Lty +ok) @
= (n Q) + W 1’(3)@5 @

= | +8 =

0

(iii) A vector orthogonal to boTh v dnd w 5

. — , LD - % L-/-C/
A Vectov ovlkg%md s both ( amnd W0 VX

> ' K |
Lo Txw=| ' sl k]! |

l jgu—l.ﬁl
L_{

g v &kl

=1(-9+8) ~§(-2+8)+ K (4-3)/~
(v) prraf“,:f = _‘% 2 Td @

() 6
Q+MK) @H@ A ) @

Q D@ b’%)




— @C’) FCICH) +<‘>ﬂ)c~z> L+ 3K @
e ( )

[

+yj-1k) = a2
56

—

T

Question 2. (3 marks)

Find the volume of the parallelepiped determined by the vectors "= (1.0,6), v =(2.5.-8) and

1w = (8.~3,6).

/ (e
Vol 2 1 g @

1§ -5 £

e O

L—S{d
@ g

= Qg.- Lfo) -0 +6 (—-tb—"l‘ﬂ
= —2.72, - aol = - 226 @

Volume v alweyy prsitite L‘L“’Vh’L7 S 224) le/é

(ubic

Question 3. (3 marks)

Find parametric equations for the line through P(l,—2,3) and parallel to the y -axis.

x= 1ot Y=-2+% t ond zz3+0E



Question 4. (4 marks)
Find an equation of the plane passing through the points A(2,4,5), 5(1.5.7) and C(- 1.6.8)

o<

I
Al =<3,2,37 @
< S 3

Lo o mal vedor = ARAKE

| 1 3!4'
SRR



L/’f@(# /Co/ - (j, 5'.0/ 2 & kZ;FZh) j

_LAIQ/‘Z 2/ _fg(c',] v {/CZS :_Q' @

= A+ 219 (L LR =0 =S L
s, ommy 0 S A3g+r==F

Find the angle between the planes x+:-=2 and 2x -3y +2z=4.

2

//‘/o ra ?’I Hein /7/&1,%3 5 whe o “7 A 0(::»
Y e B h u‘é,% 7, arA Ny /ﬁef:s ety \/&/Q‘T

[ E ;,7 Ny= <2, ,3?,?@
Aﬂ% befween Lhe /NEW\% L, w\ﬁa% G

%ﬁi/ﬁfa@h Hhoes riavimel \/@Jw

Q< G (M @
97,/
2 Q < Ceﬂ' Q 7 K32
\{d) ) ) (}) +63)—:;) @

2 & ‘-’C@ 2= 01T > I

-

2

Neelies
ool W

= 6= (a7 e

j @;: L’é(i% oS



Problem 1. (3 marks) Find a vector of magnitude 2 in the direction opposite to the direction of the vector
T=2t427-k

\ﬁ\: JQ‘?)%*Qz)m-'rQ-OL = v 9 = 3

~, g " -—
A uvl”‘ vechr Wi M di‘\re_c,trun ¢¥ W, ¥ ,__\__, W

B veckey "'? mﬁﬂ%:{m& 2 :V\ {7 Muiﬂ o’?@_ofi—f‘« 't/ M\‘L
divichion , b B s

oY) ;
U= =8l 0o “Rueelr &S5 ywe ) 2

Problem 2. (3 marks) For the given points A(2,0,—2), B(—1,2,—3) and €(1,5, —4), are the vectors
ABand AC orthogonal? Justify your answer.

—rL\L GM@,&‘\A@-W{;; oﬁ P"'ﬁ V‘-C'EY —)Z;E B fg - <—-.'3/ Z[ —V
The C»W\-‘];V\-utb uf’ B vectsy 75;?, S Tﬁfz - <,._\/ 7 ,_..1>
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Problem 3. (4 marks) Find the area of the shaded tringle in the accompanying figure.
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Problem 1. (3 marks) Find a vector of magnitude 3 in the direction opposite to the direction of the vector
T=7+47-2k

R = o= = 2l
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Problem 2. (3 marks) For the given points A(1,1,0), B(1,-2,3) and €(0,—5,1), are the vectors
ABand AC parallel? Justify your answer.
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Problem 3. (4 marks) Find the area of the shaded tringle in the accompanying figure.
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Lesson 1.2
Vectors in Space

In this lesson we will look at vectors in a thremensional space. So far we
looked at vectors in the x-y plane defined by x grackes. A space is
defined by three axes, x, y and z. In a right hdredestem, the three axes

will look like the diagram below.

yA
y-z plane
e .
7,9\3(\ y| 2
i -——-——!r(x,y.Z) y
:Z
x-y plane

The x and y axes define the x-y plane, the y aaxles define the y-z plane

and the x and z axes define the x-z plane. A gointspace is determined
by an ordered triple (x,y,z) where x is the dirdatiestance of P from the y-z



plane, y is the directed distance of P from theptane and z is the directed
distance of P from the x-y plane.

The three planes namely x-y plane, y-z plane aadh plane divide the
space into eight octants. In the first octanttlake coordinates are positive.
The distance between two point BYx,z;) and Q(%,Y»,2,) in space is given

by

d =% =x)* +(y, = ¥)* +(2,-2)°
A sphere in space with centeg,{%,z,) has the standard equation

(X=%)+(y-y,) +(z=2) =r"

V3

Vi s
___________ J//
X

A vector in space has three components, an x coemid@n), a y
component\;) and a z component4). A vector v in the component form
can be written as

V=(V,Vo,Va) =Vii+ V] + V3K
wherel, j, k are unit vectors in the x, y and z directions essipely.
The magnitude of vector v is given by:

V=V, +v,” +v,”

The unit vector in the direction #fis given by:

Y=
=

AR VAAA

MWy

Example 1



Plot the point (a) (3, -2, 5) and (b) (3/2, 4, e®)the same three dimensional
coordinate system.

Solution:

(6

! (312, 4, -2)

Example 2
Find the coordinates of the point located on tleepyane, three units to the
right of the x-z plane and two units above theplane.

Solution:

Example 3

Find the lengths of the sides of the triangle Wi vertices P(5, 3, 4), Q(7,
1, 3), R(3, 5, 3) and determine whether the triamgla right triangle, an
isosceles or neither.

Solution:



—Z

P(5, 3, 4)

R(3, 5, 3)

\
N

P S S ——
N
\

ol

PQ=./(7-5¢ + (1- 3} + (3~ 4§ =</ =3
QR=/(3-7) +(5- 1f + (3- 3] =+/32
PR=./(3-5) + (5- 3f +(3-4)* =/9=3

Since the lengths of two sides are equal, this is@sceles triangle.

Example 4
Find the midpoint of the line segment joining R§4;6) and Q(8, 8, 20).

Solution:
Midpoint is given by:

(Xﬁxz Y.+t Y, 21+sz

2 2 2

:(8+4, 5+ 0 20 6j=(6,4,7)
2 2 2

Example 5

Find the general form of the equation of the sphetle its center at (4, -1,
1) and radius r = 5 units.

Solution:
The standard equation of the circle is:



(X=%) +(y-y,) +(z-2)* =r"
(x=4)y +(y+1y+(z-1y=5

X =8x+16+ Yy’ + 2y+ 1+ 2" —2z+1=25
X*+y?+27"-8x+2y—-2z-7=0

Example G
Find the center and the radius of the sphere dwyeihe general equation
A% + A + 47 - 4x -32y+8z+33=0

Solution:

A% + A + 47 - 4x -32y+82+33=0

4X% - 4x + 4y - 32y + 472 + 82 = -33

4(x° - X) + 4(Y - 8y) + 4(Z + 2z) = -33

We complete square on this

A0C - X +(1I2Y) + 4(Y -8y + H) + 4(Z +2z+ ) =-33+ 1+ 64 + 4
A(x - oY + 4(y - 4F + 4(z + 15 =36

(X-Yef +(y-4f+(z+1f=9

The center i1$1/2, 4, -1)andr = 3 units.

Example 7

The initial point of a vector is (2, -1, -2) and terminal point is (-4, 3, 5).
(a) Sketch the directed line segment, (b) findabponent form of the
vector, and (c) sketch the vector with its inipaint at the origin.

Solution:

(@)



(b) VvVi=X%-%=-4-2=-6
Vo=Yo-y1=3-(-1)=4
V3=2%-2=5-(-2)=7
The component form of the vectorvs= (-6, 4, 3

(c)
4
1
63
4
2
I y
7
X
Example 8

Find the terminal point of the vector «&, 2, -1/3 having an initial point
(3,0, -2/3)

Solution:
Let (X, Yo, 2o) be the terminal point.
O0=x%-3 or, =3

Yo=y%-0 or, y =%




-1/3 =2 - (-2/3), or,z=-1
The terminal point i$3, %2, -1)

Example 9
If z=u-v+2wandu=(1, 2, 3,v=(2, 2, - andw ={4, 0, -4, find the
vectorz.

Solution:

u={1,2,3
-v=(2,-2,0, Ww=(8,0,-8
Zz=u-v+2w=7,0,-4

Example 10
Which of the following vectors is parallel to:

Solution:

If a vector is parallel to z, then it must be ala@cenultiple of z. If the ratio of
all three components is the same, then the veaterscalar multiples of
each other, and hence parallel. So we take thesrafithe components of
each of the vectors with the components of z ardrserhich case all three
ratios are the same.

i i 1. 2. 3
a) 6-4j+%K z=(=i——j+—k
(a) j <2 3] 4>
6 -4 9

—=12; = 6; =12
1/2 -2/3 3/4

This is not parallel to z.



4. 3 1. 2

B) -i+Ti-2k z=(i-2jr K
1_ ., 43, -3/2]
1/2 7 =213 7 3/4
z=-2b

-2

This is parallel to z

: 1. 2. 3
c) 12+% z=(=i—-—]+-=k
(c) Gi=31+,k

This is not parallel to z since it has no y compune
3. .9 1. 2. 3

d —i—-j+=k z=(=i—-—j+-=Kk

(d) -0+ (Sr=31+,0
3/4_3 -1 _3 9/8 3

This vector is parallel to z

Example 11
Use vectors to determine whether the points P(15);1Q(0, -1, 6) and R(3,
-1, 3) lie in a straight line.

Solution:

If points P, Q and R lie on a straight line, thetorsPQ, PR,QR will be

scalar multiples of each other.
P(1, -1, 5), Q(0, -1, 6) and R(3, -1, 3)

PQ=(0-1-1- 1),6- 5=(- 1,01
PR=(3-1-1- 1),3 5=( 2,0 2=—- & 1,0
QR=(3-0,-1- 1),3- 6=( 3,0; 3=~ @& 1,0

These vectors are scalar multiples of each otimersa they are collinear.

Example 12



Find the magnitude of the vector= -4i + 3 + 7k

Solution:
M =W v, +v,” = (-4) + 3+ 70 =74
Example 13

Find a unit vector (a) in the direction wf (b) in the direction opposite to
whereu =(6, 0, 8

Solution:
:i: <6’0’8 :<6’0’8:<§ 0£>
@ T Vers vim 1505
3 4
® (g0
Example 14

Determine the value of ¢ such that the vecteri + 2j + 3k satisfies the
relation|jcv| =3

Solution:

cv=ci+2cj +3ck
lov] =+/c? +4c? + 9c? =14
J14c=3

+3@
T 14

Example 15
Find the vector with a magnitude/sand in the direction af = (-4, 6, 2
Solution:
The unit vector in the direction afis given by
u (-4,6,2 1 1
n=—= = -4,6,2 =—(-2,3,
U~ Vieraera a7 T




v=1/5n =\/§<—2,3,1;=*/1T<—2,3,1>

Example 16
The lights in an auditorium are 24 N discs of radi8 cm. Each disc is
supported by three equally spaced wires that ama long.
(@) Write the tension T in each wire as a funcbbh.
Determine the domain of the function.
(b) Complete the following table.

L 20 25 30 35 40 45 50

T

(c) Graph the model in part (a) and determieeasymptotes of the graph.

(d) Confirm the asymptotes analytically.

(e) Determine the minimum length of each cabkedhble is designed to
carry a maximum load of 10 N.

Solution:
Q(0, 0, h)
T
L h
46,0,0) P(0, 18, 0)
18 €m
B

The tensions on all three cables are the same.
If T is the tension on one of the cables as showreifiglure above, it will
be a scalar multiple of the vector PQ

PQ =(0,-18)
T=c(0,-18,h where h=+L*-18

The total tension on the three cablesT==33c(0, -18, h ....(i)



This total tension balances the downward forcedoiN2vhich is the weight

of the disc. The vector form of this weight is

W =(0, 0, -24 .....(ii)
Since 3T =W, we have 3ch =-24
Or,
-8
c=—
h
T =c(0,-18h) =%3< 0;- 18h)
8
T —\/182 +h’=———=__J18+L°- 18
Imi= =T
_ 8L
NE=r3
(b)
L 20 25 30 35 40 45 50
T 18.4 11.5 10 9.3 8.9 8.7 8.5
(C)
Few FEr Fe« |FF
{—TEI:u:-m Tr*at:e EeEr*aph Mat.h IIIr'“.Eu-LITF Fj?T ]

asymptotey =8

MAIM FAD AUTO FUMC

. 8L
d Lim———=8
( ) L-oo /L2_182

(e) Fromthe table in (b) above, when T = 10 N, 80cm




10.

11.

12.

Homework:;

Find the lengths of the sides of the triangléhwertices (0,0,0),
(2,2,1), (2, -4,4) and determine whether is rigiaingle, isosceles or
neither.

Find the standard form of the equation of theesp with end points
of its diameter (2,0,0) and (0,6,0)

Find the center and radius of the sphérey¢ + 7 —2x + 6y + 8z + 1
=0

Find the center and radius of the sphefet9y + 97 — 6x + 18y +
1=0

Given thav =(1,2,2, sketch (a) 2, (b) v, (c) (3/2y, (d) Ov

Given that =(1,2,3,v =(2,2,-1), andw =(4,0,-4, find the vector
Z=20+4v—w

Determine which of the following vectors is phalao z =(3,2,-57?
(@ <(6,-4,10 (b) (2,4/3,-10/3
(C) <6 14 ’10 (d) <1’ '4’ 3

If vectorz has the initial point (1, -1, 3) and terminal gai2, 3, 5),
which of the following vectors is parallel to z?
(@) -6+8 +4& (b) 4 +X

Use vectors to find whether the points (1,22)5,0), (0,1,5) are
collinear.

Ifv=i-23 — 3, find the magnitude of

Ifu=¢(2,-1,2, find a unit vector (a) in the direction ofand (b) in the
direction opposite ta.

Find the vector v which has a magnitude 3/2iamd the direction of
u=(2,-2,2



Lesson 1.3
The Dot Product of Two Vectors

1. Dot Product

The dot product of two vectotsandv is the product of
the magnitude afl and the component gfin the
direction ofu. If 8 is the angle betweanandv, then the
component o¥ in the direction oli is

0

Ifu =(uy, b, Uy andv =(vy, Vo, V3)

U LV =tV + Vs + Vs

The dot product of vectors is a scalar quantity iahds the following
properties:
If u, v, w are vectors in a plane or in space, then

. ulv=vlu (commutative property)
. uQv+w)=uly+uliv (Distributive property)
. culy) =cully =u kv

.0y =0

From equation (i) above, it also follows that:

If vectors u and v are at right angles to eachrothe
ulv =0

This is a test we can use to test whether two veeie
orthogonal (perpendicular to each other).

Equation (i) above can also be used to find théedngtween two vectors
andv

cosf=1Y . (ii)
Jullivi



Examplel: fu=2+j-2% andv=i-3 + X, find
(@) u O, (b) (b)u [, (c) U B)v and (d)u [2v

Solution:
u=2+j-2k andv=i-3 +X

@ ulv=uwvi+tWwV,+Wwvz3=2(1)+1(-3)+(-2)2=2-3-45
(b) ullu =2(2)+1(1)+(-2)(-2)=4+1+4%
(c) @DOvv=-5(-3 +2k)=-5+15 - 10k
(d 2v=2-6 +4k
ulRv=22)+1(-6) +(-2)(4) =4 -6 -840

Using TI-86:

[221, =21+ clot (L. LD

[Z2.080 1,808 -2.80d] 2.4
[1,-3221=+LU clot (L WL

[l.08@0 -3.080 2.808] -S.8 15.8 -16.48]
ot (L. LD oot (L. 2L00

-5. 0Eg -18.8
|

Example 2:

|u| =40, |v|= 25 and the angle between u and57if6.

Findu [V.
Solution:

ulv =|ul|v|cosd = 40« 25 cosB /6- 8¢

Example 3:
Find the angl® between the vectortsandv given that:

JT. . JT .

U=C0S—i+ sin— |
6 6
37T . 3T .

V=C0S—I + Sin— |
4 4

Solution:



T 3T JT .37 .
ulV =cos— cos—+ sin- si—=- 0.z
6 4 6 4
| = /sin? 7T/ 6)+ sirt 7 /6)= 1

V=1

cosd="Y —_0.6

|ulM

6@ =cos’ 0.26F 1.83 105
Using TI-86:

[cos Cm-Bl.zin Cm-52l] cos"1 Cdot U U Chorm
=+ Lrorm L

[.27 .5A] 1.533
[cos (3mesdr.sin (3m~d 185, 88

a1+l
[-.71 .71]

Example 4:

Find the angl® between the vectors:
u=2-3+k and v=i-2 +k

Solution:

u=2-3+k and v=i-2 +k
ulv=2(1)+(-3)(-2) + 1(1) = 9
Ju=y2* +(-3y + T =14

HVH =J1+4+1=6
ulv 9
sS4 = = = 0.9¢
UM Viaxe

g =cos” (0.984=10.89




[Z2: —3.11=U
[Z.88 -3.868 1.66]
[1: -2.1]1-=+l)
[1.88 -2.80 1.60]
cos"1 (oot Cls LA Chorm
*rorm L
16, 89
N
Example5:

Determine whethan =(2, 18) andv =(3/2, -1/6 are orthogonal.

Solution:

If uandv are orthogonal, them [y = 0.

uw=2x§+18x(——1j: 0
2 6

u andv are orthogonal.

Example 6:
Determine whethen = -2 + 3 —k andv = 2 +] —k are orthogonal.

Solution:

ulv=(-22+3(1) +(-1)(-1)=0
u andv are orthogonal.

2. Direction Cosines of a Vector



Example 7:
If u=(2,1,2) and v = (0,3,4), find

(a) the projection of & onto v,
(b) the vector component of u orthogonal to v,
(c) the scalar component of u in the direction of .

Solution:
u-v=(2)(0)+ DA+ (21 =11,
1] =/(0)2 + (3)2 + (4)2 =5, and so |v|? = 25.

s (B o1 _ 0B #

(a) projfiv - (|§|2)v - 25 (013;4> - <0; 25;25>'
o 5 0B M _ 86
(b) T — projzb = (2,1,2) = (0,52,53) = (2,72, 22)

- 2 E 2 ﬂ 2 — E —
(c) [projzv| = \/(0) + (25) t (25) 5 2.2



Lesson 1.4
The Cross Product of Two Vectorsin Space

If u=wi+ W) + Lk andv = wi + v, + vk are two vector
in space, then the cross product of these vec@wvector

given by
U XV = (Vs - WVo)i -(LhVs - WeVa)j + (V2 - VK

If u=2,-3,5andv =(1, 2, 4, we use the following method to finox v
Complete the 3 x 3 matrix withj, k as the first rowy, u,, uz as the
second rowy,, Vo, V3 as the third row.

i j kK
uxv=2 -3 5[=i(3)4 5 (x 4 & 5k ( 2 H .

1 2 4

= 22 - 3j + 7K

To obtain the x component of the cross producssout the row and
column containing and multiply the remaining 2 x 2 matrix diagonadiyd
subtract as (-3)4 - 2 x 5 = -22. The x componenhefcross product is -R2
To find the y component, cross out the row androoleontaining, then
multiply diagonally the remaining 2 x 2 matrix asabtractas 2 x4 -1 x5 =
3. Remember, we takeositive,j negative and positive. Therefore, the y
component of the cross product F.-Bo find the z component of the cross
product, cross out the row and column contairkiragnd multiply and
subtract the remaining 2 x 2 matrix. as 2 x 2 }X(37. The z component of
the cross product ik7 Thus

uxv=-24 -3 + 7k as shown above.

Unlike the dot product, the cross product of twoteesu andv is a vector
orthogonal to botln andv. The direction ofi x v can be found using the
right hand rule. Hold the four fingers of your rdtand at right angles to
your thumb. If these four fingers are moved frono v, the thumb will
point in the direction of the cross product.

The following are some of the properties of crasxlpct of vectors.
If u, v, w are vectors in space and c is a sc#ian

l.uxv=-vxu



.uxu=vxv=0
. U x v is orthogonal to both andv
. The magnitude af x v is given by
whereb is the angle between

the vectors

. uxv=0Iifuandv are parallel

. U xv = area of the parallelogram havingndv
as adjacent sides.

uXv uXv=uvsin®

\Y
Vv sin@®

u

/ /

Example 1:
Find the cross product (aX j, (b)k xj and (c)k x i and sketch the result.

Solution
i Xj=k
T | T kxi=-i g
L . k X = |
/ / / ’ /
/ / /

CY) (b) (©)
Example 2:

Given thatu =j + 6k andv =i — 3 +k, find u x v and show that it is
orthogonal to bothi andv.

Solution:




i ] ok
uxv=l0 1 6|=(1- C12))- (0-6)j+ (0- 1K
1-21
=13 +6j -k

If uandu x v are orthogonal , them[{(u xv) =0
u={0,1,6,v={1,-2,banduxv=(13, 6, -2
uuxv)=0+6-6=0
v{uxv)=13-12-1=0

Therefore, ¢ x v) is orthogonal to both andv

Example 3:
Given thatu =(-8, -6, 4 andv =(10, -12, -2, use a graphing utility to find
u x v and a unit vector orthogonal ticandv.

Solution:
[-2. "&.4]1= [6H.24, 156]+A
[-2.88 -5.6808 4,.868] [6A.88 24,8080 155,881
(1A, -12, -2]1=l) A-rorm H
[18.88 -12.868 -Z.684] [.36 .14 .92]

crossi U, L
.[EE.EE 24.868 1556.H8]

The figure above shows the calculator outputferv. Since this vector is
orthogonal to botli andv, a unit vector orthogonal toandv is a unit
vector in the direction afl x v. In the figure on the right | storedx v as A

and obtaineﬁ which is the required unit vector.

Example 4.

Find the area of the parallelogram with the vectors
u=i+j+kandv=j+k as adjacent sides. Verify your result using the
calculator.

Solution:

The area of the parallelogram is given by the mtageiof u x v




0O 1
\wva=V1+l=J§
[1.1.11-=U
[1.88 1.88 1.84]
[B.1.1]1-=l)
[A.88 1.88 1.84]
crossi U, LI
[B.86 -1.86 1.0840]
Example5:

Find the area of the triangle with vertices P(243 Q(0, 1, 2) and R(-1, 2,
0).

Solution:

PQ=u=(-2,4-2

PR=v=(-3,5-4

Area of the triangle witlu andv as adjacent sides is given by:

A= Sluxy]
2

R T
uxv=|-2 4 -=-2|=-6-2+ X

=3 5 -4 v TN ;‘/;
Jluxv| =/(-6) + (—2) + 22 =+/44= 2/ 1 /\

The area of the triangle 411

2. TheTriple Scalar Product

If u="{(uy, W, W, V={Vy, Vs, V3, andw = (W, W», Wg), then



the quantityu [ (v x w) is called the triple scalar of v andw.
The magnitude ofi [{v x w) gives the volume of a

parallelepiped withu, v, w as adjacent sides.

ul u2 u3
ulivx w5 v, v, Vv, W
Wl W2 W3
u
Example 6:
If u=¢2,0,0,v=(1,1,2andw =(0, 2, 2,
find u v x w)
Solution:
2 0 0
ulfvxw)=|1 1 1 |=2(2- 2F 0(2 0y 0(2 OF
0 2 2
Example 7:

Find the volume of the parallelepiped having adpeglges given by the
vectorsu =(1, 3, ,v ={(0, 5, 5 andw ={4, 0, 4.

Solution:
The volume of the parallelepiped is given by thgmiude of the triple

scalar producti [{v x w)

ul(vxw)=
1 3 1 w
0 5 5[=1(20- 0> 3(6- 20y 16 20) ¢
4 0 4




Lesson 1.5
Linesand Planesin Space

1. Linesin Space

In order to write a set of parametric equationsaftine in space, we need a
point P(X, Y1, 1) through which the line passes and a veetexa, b, ¢
parallel to the line.

Parametric equationsfor aline passing through P(xy, Y1, Z1)

and parallel to thevector v =(a, b, c) are given by

X=X, +at
y =y +Dbt
Zz=z7,+ct

A symmetric equation for the line is obtained hynghating the parameter t
from the above equations which gives:

X=X _ Y=Y _272
a b C

Example 1:
Find a set of parametric equations and a set ofr@tnic equations for a line
passing through P(0, 0, 0) and parallel to theoreet=(-2, 5/2, 2

Solution:

We have x=0, w=0 z2=0
v=(2,5/2,2= (-4,5, 2
a=-4 b=5 c=2

The parametric equations are:
x=0-4t orx=-4t
y=0+5t ory=>5t
z=0+2t orz=2t

The symmetric equation is:



o<
NN

S
—4
Example 2:

Find a set of parametric equations and a set ofr@tnic equations for a line
passing through P(-2, 0, 3) and parallel to theorac= 6 + 3

Solution:

We have: x=-2, W

=0, Z
a==6 b=

3

o |l
[ w

The parametric equations are:
X=-2+6t
y =3t
z=3
The symmetric equations are:
X+2 'y
6 3
X+2
2
z=3

Example 3:
Find a set of parametric equations and a set ofr@tnic equations for a line
passing through P(-3, 5, 4) and parallel to the:lin

Solution:

The general form of the symmetric equation of a timat is parallel to
v={(a,b,¢is:
X=X _Y~¥%_2-72
a b c

Since the line we are looking for is parallel to



the vector v <3, -2, 1 is parallel to the line. We are now looking foe th
equation of a line that passes through P(-3, &nd)parallel to v £3, -2, D.
So we have:

The parametric equations are:
X=-3+3t

y=5-2t

z=4+t

The symmetric equations are:

X+3_ y—5:z_4
3 -2
Example 4:

Find a set of parametric equations and a set ofr@tnic equations for a line
that passes through P(1, 0, 1) and Q(1, 3, -2).

Solution:

The vectorPQ is given by:

PQ=(0,3-3

Now we are looking for the equation of the linetthasses through

P(1, 0, 1) (we choose one of the points), and |ghtal the vectotO, 3, -3.
We have:

X1 =1, v =0, 2=1
a=0 b=3 c=-3
The parametric equations are:
x=1

y =3t

z=1-3t



The symmetric equations are:

x=1 andX:Z—_1 or, y=%xz
3 3

2. Planesin space

A plane in space is defined using a point;P¥x z) in it and a vector
n =(a, b, ¢ normal to it.

The stadard equation of the plane containing the poir
P(%, Y1, z1) and a normal vector n@®, b, ¢ is

a(x-x) +b(y-w)+c(z-2)=0
The general equation of the plane is
ax+by+cz+d=0

The plane ax + d = 0 is parallel to the yz planettl = 0 is parallel to the
xz plane and cz + d = 0 is parallel to the xy plane

4
yz plane

xz plang

ax+d=0 y by +d=0

/ X ~_ Y

X

Example5:
Find a set of parametric equations for the ling fl@esses through the point
P(2, 3, 4) and perpendicular to the plane 3x + 2y= 6.

Solution:

The vector normal to the plane 3x + 2y —z =B #&(3, 2, -1

Since we are looking for the equation of a lind thgerpendicular to this
plane, the vectan =(3, 2, -2 is parallel to the line. We need the equation of
the line that passes through (2, 3, 4) and patallgde vector n £3, 2, -1

We have: x=2, Vi =3, 2=4



a=3, b=2, c=-1
The parametric equations are:

X=2+3t
y=3+2t
z=4-1

Example 6:

Two lines in space are given by:

x=-3t+1, y=4t+1, z=2t+4

Xx=3s+1l, y=2s+4, z=-s+1

Determine whether these two lines intersect. Iy e, find the point of
intersection and the cosine of the angle of intdise.

Solution:

If the lines intersect, at the point of intersectiove have:

(i) -3t+1=3s+1,

(i) 4t+1=2s+4

(i) 2t+4=-s+1

From (i) we have s = -t. Using this in (ii), we get+ 1 = -2t + 4, or, t = %%.
Using s = -t in (iii) we have 2t + 4 =t + 1, o5 t3. Since t should be the
same at the point of intersectidhgese lines do not inter sect.

Example 7:

Two lines in space are given by:
X-2_y-2
-3 6
X—3 z+2

T - +5:_
2 y 4

=z-3

Determine whether these two lines intersect. Iy tthe, find the point of
intersection and the cosine of the angle of intdige.




Solution:

Writing the equations in the parametric form, weédéor line 1

XxX=2-3t, y=2+6t, z=3+t

For line 2 we have:

x=3+2s, y=-5+s, z=-2+4s

If they intersect, at the point of intersection nave,

i) 2-3t=3+2s or, 2s+3t=-1

(i) 2+6t=-5+s or, s -6t=7

(i) 3+t=-2+4s or, 4s-t =5

Solving (i) and (ii) above gives s = 1 and t =Flhese solutions also satisfy
the third equation. Therefore, these two linesrsdet whent=-1 and s = 1.
The point of intersection B(5, -4, 2)

To find the cosine of the angle of intersection,use the dot product of the
two vectorsu andv that are parallel to these lines.

The vectowu parallel to line 1 isu =¢{-3, 6, D

The vectow parallel to line 2isv =(2, 1, 4

uv=-6+6+4=4

lu| =9+ 36+ 1= 46
IV|=v4+1+16=+21

uv 4

cosf = = =0.1
|ulM| - Va6v21

0=825°

Example 8:

Find an equation of the plane containing the pBiit 0, -3) and
perpendicular to the vectar=k

Solution:

We have x=1, y=0,
a=0, b=0 c=1

The standard equation is:

N
I
&

a(x-x)+b(y-w+c(z-2)=0
O(x-1)+0(y-0)+1(z-(-3) =0 or,=-3



Example 9:
Find an equation of the plane containing the pB(&, 2, 2) and
perpendicular to the line:

x—1 z+3
T =y4+2=——
Y -3
Solution:
The vector perpendicular to the plane is¢@ =1, -3
We have  x=3, W=2, z2=2
a=4, b=1, c=-3

The standard equation of the plane is:
4x-3)+1(y-2)+(-3)(z-2)=0
4x-12+y-2-32+6=0
4x+y-32=8

4x+y-8

The planez= is plotted below usinghathematica.
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Example 10:
Find an equation of the plane that passes thro(@h?R-3), Q(2, 3, 1) and
R(O, -2, -1).

Solution:

Using the points P, Q and R, we can define twoorech and PR on
the plane. The cross product of these two vectdirdanormal to the plane.

PQ=u=(1,1,4

PR=v=(-1,-4,2
ik

uxv=(1 1  4|=18-6- &= 3(6- 2-k
-1 -4 2

The normal vector n €, -2, -2 and the plane contains the point P(1, 2, -3)
The equation of the plane is a(xy) * b(y -y) +c(z-2) =0

6(x-1)+(-2)(y-2)+(-1)(z-(-3))=0
6x-6-2y+4-z2-3=0
6Xx-2y-z=5

Example 11:
Find an equation of the plane that contains thatge(l, 2, 3) and is parallel

to the yz plane.



Solution:

yz plane

n=(1,0,0
The equation of the plane is 1(x- 1) + Oy - (- 3) =0
Or, x=1

Example 12
Find an equation for the plane that contains thetd@, 2, 1) and contains
the line:

xX_y-4_,
2 -1
Solution:

The direction vector of the line is K2, -1, 1. A point on the line can be
obtained by assigning arbitrary values to x andd solving for y. When

x =z =0, y=4. Thus the point (0, 4, 0) is be tine. The vector joining
point (2, 2, 1) to (0, 4, 0) isv&2, 2, -1. Now we have two vectors on the
plane and the cross product of these gives thealarector to the plane.

[ ] k

n=uxv=2 -1 1 |=-i+0j+ X
-2 2 -1

We have: x=2, V=2, z2=1
a=-1 b=0 c=2

The equation of the plane is a(x) * b(y - y) +c(z-2) =0
-1(x-2)+0+2(z-1)=0

X+2+22-2=0

x-2z=0



Example 13;
Find an equation of the plane that passes throughr(4, 2, 1) and Q(-3, 5,
7) and is parallel to the z axis.

Solution:

A vectoru on the plane is given by = (-7, 3, 6. Since the plane is parallel
to the z axis, it is parallel to the vector (0, 0, 2. The normal vector to the
plane is given by:

[ ] k
n=uxv=|-7 3 6|=3+7
0 0 1
We have X=4, W=2, z2=1
a=3, b=7, c=0

The equation of the plane is:
3(x-4)+7(y-2)+0=0
3x-12+7y-14=0

33X+ 7y =26

Example 14:

Determine whether the planes 3x + 2y —z =7 andly + 2z =0 are
parallel, orthogonal or neither. If they are neitharallel nor orthogonal,
find the angle of intersection.

Solution:



The normal vector to plane 1ns=(3, 2, -1

The normal vector to plane 2ng=(1, -4, 2

If the two planes are parallel, thepwill be a scalar multiple af,. Since in
this casen, is not a scalar multiple of,, the two planes are not parallel.
If the two planes are orthogonal, theyih, = 0

ni(h, =3 -8-2 =-7. The planes are not orthogonal.

If 6 is the angle between the two planes, then

cosd = | _ 7 1

Infin.] viav21 e
6 =cos'(1//6)=65.9

Example 15;
Sketch a graph of the plane 3x + 6y + 22 = 6

Solution:

The intersection of a plane on the xy plane isecaihe xy trace. The xy
trace is obtained by setting z = 0 in the equatittine plane.

The xy trace of this plane is 3x + 6y = 6, or, y+= 2

The yz traceis6y +2z=6, or, 3y+z=3

The xztraceis3x +2z=6

The figure on the left below shows how these tracesused to sketch the
graph of the plane. The figure on the right isrtteghematica generated
graph of the plane.

4

3x+22=6 3y+z=3

X+2y=2

«

Example 16:




Find a set of parametric equations for the linentdrsection of the planes x
-3y+6z=4and5x+y-z=4

Solution:
The normal vectors of these planes are:
n, =(1, -3, 6 and n =(5, 1, -2. The line of intersection of these planes is
orthogonal to both these vectors and is given by m
i j k
nxn,={1 -3 6 |=-3+3]+ 1&
5 1 -1

Now we find a point of intersection of the plangseiimination method.
X -3y+6z=4
15x+3y- 3z=12

16x + 3z =16

If we let z =0, then x = 1. Using these two valureg - 3y + 6z =4,y =-1.
Therefore, a point of intersection of the planed.js1, 0). We are looking
for the parametric equations of the line with tivection vectok-3, 31, 16

and passing through the point (1, -1, 0)

We have x=1, w=-1, 2=0
a=-3, b=31 c=16

x=1-3t

y=-1+31t

z =16t

Example 17:

Find the point of intersection of the plane 2x +=3y6 and the line

x“1_y =Z;3. Does the line lie on the plane?
4 2 6

Solution:

Writing the line in the parametric form, we have

X=1+4t, y=2t, z=3+6t

Using these values in the equation for the plaivesg
2(1 + 4t) + 3(2t) =-5
2+8t+6t=-5 or, t=-1/2



Using this value of t in the parametric equationgg

x=1-2=-1, y=-1, z=3-3=0

The point of intersection i1, -1, 0)

Since there is only one point of intersection,lthe does not lie on the
plane.

Example 18:
Find the distance between the point (1, 2, 3) aehtane 2x -y + z = 4.

Solution:

The normal vector to the plane is 2 -1, D

A point on the plane can be obtained by settingzy=0 and solving for x.
This gives (2, 0, 0) a point on the plane

P(2, 0, 0) is a point on the plane and Q(1, 2, 3)iat outside it.
VectorPQ =¢(-1, 2, 3

The distance D between the point and the plarteeiseihgth of the
projection of vector PQ along the normal vector n.

Pdm‘:‘—2—2+3:\/6
I V6 6

Homework:

.-

1. Find a set of parametric equations and a sggrametric equations
for a line that passes through (-2, 0, 3) and feral the vector
v = 2i + 4j - 2k.



10.

11.

Find a set of parametric equations and a sgfrafmetric equations
for a line that passes through (1, 0, 1) and pertlthe line given by
x=3+3t, y=5-2t, z=-7+1t

Find a set of parametric equations and a sgfrafmetric equations
for a line that passes through (5, -3, -2) and3(-2/3, 1)

Determine whether the following lines intersectd if so, find the
point of intersection and the cosine of the andlatersection.
) x=4t+2,y=3, z=-t+1

X=2s+2,y=2s+3, z=s+1

_ y_2=z+1, X_1=y+2= z+3

0 -1 4 -3

w | x

Find an equation of the plane:

(i) passing through (3, 2, 2) and perpendicudar £ 2i + 3] — Kk

(i) passing through (0, 0, 6) and perpendictdahe line given by
XxX=1-t,y=2+t,z=4-2t

Find the equation of the plane passing throGgh@), (1,2,3) and
(-2,3,3)

Find an equation of the plane that passes thrthepoint (1,2,3) and
parallel to the xy plane.

Find an equation of the plane that passes thrthegpoints (2,2,1)
and (-1,1,-1) and perpendicular to the plane 2y + 3 =3

Determine whether the following planes are aytral, parallel or
neither. If they are neither parallel nor orthodofiad the angle of
intersection.

X—3y+6z=4

Sx+y-z=1

Sketch the graph of the plane 4x + 2y + 6z = 12

Find the distance between the point (0,0,0)thagplane
2X+3y+z=12



L esson 1.6
Surfacesin Space

1. Cylindrical Surfaces.

A cylindrical surface in space is constructed usiggnerating curve called
the directrix and a set of parallel lines interserthe generating curve at
right angles. These parallel lines are catlelngs.

o i |
generating cyrve / genegating curve
Y X/ x/’x
/ /\ . B
rulings rulings —_|
TA
Rulings intersect the generating
curve at right angles. ] 1

If the rulings of a cylinder are parallel to onetloé coordinate axes, the
equation of this cylinder will contain only variasl containing the other two

axes.
For example z =3describes a cylinder which has the generatingecar=

y? and rulings that are parallel to the x axis as\shbelow.




The equation z = sin x describes a cylinder withszn x as the generating
curve and the rulings parallel to the y axis.

Example 1:
Describe and sketch the surfaéerx? = 16

Solution:
Here the y coordinate is missing. This is a cylmdgh rulings parallel to
the y axis and the generating curve is the cirdlergby X + Z = 16.

/\ // II/
7 {
/ \
// \\j
X
Example 2:

Describe and sketch the surfaéery = 4

Solution:
This can be written as z = 4% yThis is a cylinder with the generating curve
given by the parabola z = 4 2 gnd the rulings parallel to the x axis.



Example 3:
Describe and sketch the surfaée ¥ = 4.

Solution:
This is a cylinder with the generating curve givsrthe hyperbola

2 2
y_z =1 and the rulings parallel to the x axis.

4

Example 4:
Describe and sketch the surface 2=6

Solution:
This is a cylinder with the generating curve givsrthe exponential curve

z = € and the rulings parallel to the x axis.




Example 5:
Sketch a view of the cylindef y Z = 4 from each of the following points.
(@ (10,0,0) (b) (0, 10, 0) (c) (10, 10, 10)
Solution:
Z Z
0,10,10)
o v
X
) X X
©, 0, 0)

2. Quadric Surfaces

Quadric surfaces are the three dimensional anasogiueonic sections. For
example, an ellipse is a conic, and revolving dwthan axis produces an
ellipsoid. The trace of an ellipsoid in each of theee planes is an ellipse.
Similarly, revolving a parabola about its axis gates a quadric surface
called the paraboloid. There are six basic typeguafiric surfaces. We will
consider the standard equation of each of these.

(i) Ellipsoid:
Standard equation is:
X_ +L +Z_ =1

a> b*> ¢



Foa=Db=c&0, the surface will be a sphere.

2 2
The xy trace isX—2 +L2 =1 which is an ellipse
a~ b

2 2

X Z o :
The xz trace is— +— =1 which is an ellipse
a~ c

2 2
The yz trace is.y—2+z—2 =1 which is an ellipse.
b° ¢

(i) Hyperboloid of One Sheet

2 2
L—Z_Z:l

The standard equation is:
X2
—+

2

a® b® c

y trace

2 2
The xy trace isX—2 +L2 =1 which is an ellipse.
a~ b




2 2

The xz trace isx—2 —2—2 =1 which is a hyperbola.
a~ c
2 2
The yz trace isE)L2 —% =1 which is a hyperbola.

The axis of the hyperboloid corresponds to thealdei with negative

2

2 2

coefficient. The axis 012(—2 +§ —2—2 =1 is the z axis. The hyperboloid
a C

XZ 2

z° . . :
= —§ +§ =1 has its axis along the y axis.

(ili) Hyperboloid of Two Sheets

The standard equation is:
ZZ

2 2

Xy _
¢ @ b

The axis of the hyperboloid corresponds to thealdei that is positive. This
Is parallel to the z axis.

"
S

2

2

The xy trace iS:_Z +§ =1 which is an ellipse.
z X
The xz trace isC—2 e =1 which is a hyperbola.

2 2

the yz trace is(Z:—2 —é =1 which is a hyperbola.

(iv) Elliptic Cone



The standard equation is:
2 2 2
LZ +Y _Z _

a> b* ¢

The axis of the elliptic cone corresponds to theatde with the negative
coefficient. In this case the axis is the z axis.

2 2

The xy trace is:l—2 +§ =1 which is an ellipse.

2 2

The xz trace isx—2 —2—2 =0 which is a hyperbola.
a~ c

The yz trace is;/—2 —% =0 which is a hyperbola.

(v) Elliptic paraboloid
The standard equation is:

2 2
X
z=2 47

a® b’

The axis of the paraboloid corresponds to the b&ieaised to the first
power. The axis of this paraboloid is the z axis.



The xy trace is an ellipse
The xz trace is a parabola
The yz trace is a parabola

Example 6:
Identify and sketch the quadric surface

Solution:

2 2

This is an ellipsoid with the eIIips)(é—+%=1 as the xy trace, the ellipse

X 7 .
. +E3=1 as the xz trace, and the circfetyZ = 4 as the yz trace

9
/

<4——yz trace

z

Xz trac
y

Xy trace
X/ ‘

Example 7:
Identify and sketch the quadric surface z Z 4y~.

Solution:



This is an elliptic paraboloid with its axis alotige z axis.

{100
xy trace: (0, 0,0)

150

Xz trace: z=4x 2

yz trace: z =y?2

Example 8:
Identify and sketch the graph of x 2y + 27.

Solution:
y* + Z -x*/2 = 0. This is an elliptic cone with its axis afpthe x axis.

The xy trace isx = i\/ay

The xz trace ix = +2/z
the yz trace is the point (0,0, 0)

Example 9:
Identify and sketch the quadric surface:
A + Y -47-16x-6y-16z+9=0

Solution:
4% - 16X + -6y -47-16z =-9



AX*-4X+4)+y-6y+9-4(Z+4z+4)=-9+16+9-16
A(x-2F + (y-3f-4(z+2F=0

(x—2)2+@—(2+ 2)=0

This is an elliptic cone with center at (2, 3, -BYlaaxis parallel to the z axis.

Example 10:
Use a graphing utility to graph the surface+x/ = &~

Solution:
First we solve for z before we can use it on a lgirag utility.
1

X2+y2

03y
z—In22
X +y

The following graph is generated on mathematica.

Z

Lo
oo o1
A

3. Surfaces of Revolution:



If a generating curve y = r(z) is revolved abow thaxis, the surface
produced will be as shown in the figure below. Tiaeds taken parallel to
the xy plane will be circles given by x y* = [r(2)]?

X +y? =[r@2)1§

y=r()

X +7° = [1(y)]?

/X =r(y)

y

X

Similarly if the generating curve x = r(y) is revet about the y axis, the
surface generated will have the equatidnt £ = [r(y)]?

The graph of a radiusfunction revolved about one of the
coor dinate axes, the equation of the resulting surface has one of
the following forms:

1. Revolved about thex axis; y?+ Z% = [r(x)]?
2. Revolved about they axis: x* + Zz* = [r(y)]?
3. Revolved about thez axis: x*+y*=[r(2)]?

Example 11:
Find an equation of the surface of revolution byofeing the curve z = 2y
in the yz plane about the y axis.

Solution:



We have the generating curve given by z = r(y) = 2y
The equation of the surface of revolution is givgnxb+ Z = [r(y)]?
Or X°+Z7Z°=4y°

Example 12
Find an equation for the surface of revolution gatesl by revolving the

curve2z=+/4-x’ in the xz plane about the x axis.

Solution:

The radius function must a function of x
[h 2

r(x)=z= 42X :

The equation of the surface generated is:
4-x?

y2+22=

4y +472=4-X°
X*+4y*+4z7° =4
Example 13:

Find an equation for the surface of revolution gatesl by revolving the
curve z = In y in the yz plane about the z axis.

Solution:

Since the axis of revolution is the z axis, thauadunction is r(z)
z = Iny. solving for y we get,

y=¢

The equation for the surfacexs+ y* = e

Example 14:
Find an equation of the generating curve which ggre the surface given

by X¢ + Z = sirfy
Solution:

X = siny is the equation of the generating curve in thelaye.



z=4diny is the equation of the generating curve in thelgne.
Homework:

1. Describe and sketch the following surfaces:

i) y+7Z=9
iy 4x°+y =4
2. Identify and sketch the following quadric sudac

() 16X¢ -y +167=4
(i) x*—y+z=0
(i) 16x*+ 9y + 167 — 32x — 36y + 36 =0

3. Find an equation for the surface of revolutiengrated by the
following curve about the given axis.

() Z%=4y inthe yz plane about the y axis
(i) z =2y inthe yz plane about the z axis.

4. Find an equation of a generating curve for tiréase of revolution
given by X + y*—2z=0



Practice 1, Exam 2
Calculus IIT

Question 1 (4 points): Consider the function f(x,y) =y — 2.

(a) Find and describe the domain of f.

(b) Sketch the level curves k = 1, and k = 2 dll on one coordinate grid. What kind of curves
are they?

. . -
Question 2 (4 points): Evaluate the limit  lim Va1
xy)~(4,3) x—y-1

Xyz

Question 3 (4 points): Let f(x,y) = {x2+y*’ (x,y) # (0,0)
0 (x,y) # (0,0).
Show that £,(0,0) exists.
Question 4 (4 points): Use a chain rule to find the value of Z—Z I if

z = xye"/y, x =rcosf, y=rsinf.

Question 5 (4 points): Let f(x,y) = y—ﬁ

(a) Find the directional derivative of f at the point (2, 0) in the direction of the vector

v = (—1,V/3).
(b) Find the equation of the tangent plane of the surface z = f(x, y) at the point (1, 1, 1).

Question 6 (4 points): Find the shortest distance from the point (-6, 4, 0) to the cone

2= JZ Y.

Question 7 (6 points): Find all the local maxima, local minima, and saddle points of the
function f(x,y) = x3 —y3 —2xy + 6.

pg. 1



Practice 2, Exam 2
Calculus IIT

Question 1 (4 points): Consider the function f(x,y) = In(4 — x? — y?).

(a) Determine and sketch the domain of f.

(b) Sketch the level curves k = 0, k = 1, and k = 2 dll on one coordinate grid. What kind of
curves are they?

Question 2 (4 points): Determine the set of points at which the function is continuous.

1+ x% 4+ y°
f(x,y) =m

Question 3 (4 points): By considering different paths of approach, show that the limit
lim 22
(1)~(0,0) ¥*+y?

does not exist.

Question 4 (4 points): Suppose that

w=+x2+y2+2z2, x=cosO, x=sinf, z=tanl

Use the chain rule to find ';—‘;' when 6 = E.

Question 5 (4 points): Find an equation for the tangent plane and parametric equations for
the normal line to the surface x?y — 4z* = —7 at the point (-3,1.-2).

Question 6 (4 points): The temperature (in degrees Celsius) at a point (x, y) on a metal
plate in the xy-plane is T(x,y) = —=

a) Find the rate of change of temperature at (1, 1) in the direction of v = 21 —j.
b) An ant at (1, 1) wants to walk in the direction in which the temperature drops most
rapidly. Find a unit vector in that direction.

Question 7 (4 points): Consider the function f(x,y) =2+ x% — y*> —y.

(a) Find the critical points of f and classify each one as a local maximum, local minimum, or
saddle point.
(b) Find the absolute maximum and minimum values of f on the disk
{xy)x? +y* <1}
and the points where these extreme values occur.

pg. 1



Calculus Il

Study concepts, example qu

estions & explanations

Question #1: Domain of a Function

Let f(x,y) = In(9 — x* — 9y?). Evaluate f(2,0) and find and sketch the

domain of f.

Answer:

£(2,0) = In(9 — 22 — 9 x 02) = In(5).

. 0 2
In(9 — x* - 9y?) is defined whenever 9 —x* - 9y* > 0 or - +y*<1.

Thus the domain of fis D = {(x, y) | §+ y: < 1}, the points inside the

. 2
ellipse % +y* = 1.

________
e
-

.....
-
——
-
=
-
-

______
-------

Question #2: Domain and Range of a Function

Let f(x,y) =+/36 —9x2 — 4y2,
(a) Evaluate f(2,0).
(b) Find and sketch the domain of f.
(c) Find the range of f.
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Answer:

f(1,2) =/36 —9(1)% — 4(2)? = V11.

2
For the square root to be defined, we need 36 — 9x? — 4y* > 0 or x: +

y? . . x? y? .
i 1. Thus the domain of fis D = {(x, y) | S 1}, the points on

2 2
or inside the ellipse x: + % =1.

Since 0 < /36 —9x2 —4y2 < 6, therangeis {z| 0 < z < 6} = [0,6].

Question #3: Domain and Range of a Function

Find the domain and range of the function f(x,y) = \/;—

x2+y2-1
Answer:
Jx% + y%2 —1 is defined whenever x* + y> —1 > 0 and since it is in the
denominator we consider only x> + y? —1 >0 or x> + y> > 1.. Thus
the domain of fis D = {(x,y) |x* + y* > 1}, the points outside the unit

circle x? +y? =1.

Since /x% + y2 — 1 > 0, the range of fis (0, ).

Question #4: Domain of a Function

Find and sketch the domain of the function f(x,y) =,y + 1+ In(x? —y).

Answer:



We note that .,/y + 1 is defined only when y+1 >0 ory > —1, while
In(x? — y) is defined only when x2 —y > 0 or y < x2. Thus the domain
of fis D = {(x,y) |-1 < y < x?}. The natural domain of f is then the
region lying above or on the line y = -1 and below the parabola

y = x%.

A

y=x

[}
I
I
\ 1
1 [}
1 I
\ [}
\ I
1 I
1 I
1 ]
\ I
) I
\ ]
1 I
\ )
\ 1
\ 1
\ 1
\ 1
A\ [}
\ 1

Y

y=-1

Question #5: Domain of a Function

Find the domain of the function f(x,y) = —“9;‘:;}'2.

Answer:

V9 — x%2 —y? is defined whenever 9 —x? —y%2 > 0 or x2 + y* <9 and
the denominator x + 2y # 0. So, the domain of fis D = {(x,y) |x? + y? <
9 and x # —2y }.

Question #6: Graph of a Function

In each part, describe the graph of the function in the xyz-coordinate
system.

(@) flxy)=1-x-3y.

(0) fGx,y) = V1 - 22— 57



() f(x,y) = —/x% + y?

Answer:

(a) The graph of the given function is the graph of the equation
z=1—x- %y which is a plane. A triangular portion of the plane can

be sketched by plotting the intersections with the coordinate axes
and joining them with line segments.

(0,0,1)A °

(0,2,0)

/ (1,0,0)

r X

(b) The graph of the given function is the graph of the equation

z = /1 — x% — yZ_ After squaring both sides, this can be rewritten as
x* + y? + z* = 1. which represents a sphere of radius 1, centered at

the origin. Since z = \/1 — x2 — y2 imposes the extra condition that z
= 0, the graph is just the upper hemisphere.

A

(c) The graph of the given function is the graph of the equation
z = —/x%? + y?. After squaring both sides, this can be rewritten as
z? = x* + y%, which is the equation of a circular cone. Since z =

—/x2 + y% imposes the extra condition that z < 0, the graph is just
the lower nappe of the cone.



Question #7: Level curves

Let f(x,y) =+/x? + y2

(a) Sketch the graph of the function.
(b) Identify the level curves of f.
(c) Sketch the level curves fork =1,2,3,4,5.

Answer:

z = f(x,y) = /x% + y%. Recall from the Quadric Surfaces section that
this the upper portion of the cone z? = x? + y2.

The level curves are


http://tutorial.math.lamar.edu/Classes/CalcIII/QuadricSurfaces.aspx

JZ+yr=k or 2 +y2=k°

This is a family of circles with center (0, 0) and radius k. The cases
k = 1,2,3,4,5 are shown in the figure below.

Question #8: Level Curves

Identify and sketch the level curves (or contours) for the following
function y? = 2x% + z.

Answer:

We know that level curves or contours are given by setting z = k.
Doing this in our equation gives,

y:=2x*+k

If k = 0, the equation will be y? = 2x2 or y = +/2x. So, in this case the
level curve(s) will be two lines through the origin.

Next, if k > 0, the level curves will be

Z =1
k  k/2



which are hyperbolas symmetric about the y-axis and open up and
down.

Finally, if k < O the level curves are in the form

2 2

X _ y _
(—k/2) (k)

This is a family of hyperbolas that are symmetric about the x-axis and
open right and left.

1.

Question #9: Level Surfaces

1

Let fY) = iy

(a) Find the domain of f.
(b) Find the level surfaces of f.

Answer:

Jx% +y? + 22 — 4 is defined whenever x? + y* + z2 — 4 > 0 or x* +
y* + z% > 4 and to avoid division by zero we need that x* + y? + z% >



4. Thus the domain of fis D = {(x,y,z) |x* + y* + z* > 4}, the points
outside the sphere of center (0, 0, 0) and radius 2.

1

Syt ir2-4
family of concentric spheres with center (0, 0, 0) and radius /4 +ki2

The level surfaces are = k, where k > 0. These form a

1
x2+y2+zz=4+ﬁ.



Calculus Il

Study concepts, example questions & explanations

Question #1: Limits

Find the limit in the following:

( ) x2—xy
(x, y)a(o 0) Vx—\fy

( lim eYsinx
(xy)—(0,0) x

2_ .2
(c) lim =
(xy)-(11) x=y
- x—y
() (x,yl)ly(lom xt-yt
im -2t
(e) (x,y)llr(l%,—ﬂ x2y—xy+4x2-4ax
. sin(x%+y?)
) (x,yl)l—>(o,0) e

Answer:
. Z_ . . VE—[y) Vx+[y) im
a lim === lim X@oy) _ lim Xy tyy) _ X + =0.
(@) EDOO) VE—T | (2900 VE—Y | 00 () (xy) %.0) Wx+y)
Vei .
(b) ESIMY —  lim e?E-1x0=0.
(xy)~(00) X (xy)-(00) x
2_ —
(©) lim 22 iy GDE x+y =2
G- X=Y -1 (x-Y) (xy)—»(l 1)
d) 1im <2 - lim —%Y ___ |im (=)
( )(x,y)~(2,2)x;—y4 ()22 Py Y (ey)me2) =) @hy) (YD)

. 1
(x,yl)lln(z,Z) (1) (Z+y?) 32

(e) y+4 _ y+4 _ y+4

(xy)l%z -4) x2y—xy+4x2—4x (xy)l->(z -4) yx(x—1)+4x(x—1) (xy)l->(2 -y x(x-D(y+4)
1

(x,y)l-»(z,—4) x(x-1) 2’

(f) Let w = x% + 2, then lim SmC00 _ fjy S _ g

(xy)~(0,0) x%+y? wo0t W
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Question #2: Limits

By considering different paths of approach, show that the limits do not
exist.

4 2
i x*—y
(@) (x,y)lf(lom xt+y?

2_

(b) lim 2=t
(xy)~11) y-1
. x2y

) (x)2(0,0) 472
d) lim 22

(xy)-(1,-1) ¥*-y?

(c

Answer:

(a) We examine the values of f along curves that end at (0, 0).
Along the x-axis, y = 0, the limit is

xt—y? g x4

im T = lim i 1.
@y)~>00 x5+y°  (xy)—(0,0) X
Along x—axis

Along the y-axis, x = 0, the limit is

x4 _y2 . —y2

lim =———= lim Z
(xy)-(0,0) x*+y xy)—-y) ¥

Along y—axis

Since f has two different limits along two different curves, the
given limit does not exist.

(b) First let's approach (1, 1) along the line x = 1. Then

xy?—1 21 -y +1
lim 4 :limy :1imw:limy+1=2.
G y=1  yty-1 -yt y-1

We now approach along the line y = x, Then

) xt—-y? ox3-1 | (x—-1DE*+x+1)
lim —— =1im =lim

@~an xt+ 92 x>1 x—1  x-o1 x—1

Along y=x

=lim(x* +x+1) = 3.
X—1

Since f has two different limits along two different curves, the
given limit does not exist.

(c) First let's approach (0, 0) along the x-axis, y = 0. Then



. Xy .0
lim 3.2 = lll'll—2
Along xoamis© TYT Y20V
Next, we approach (1, 1) along the curve y = x?, Then
x%y ] x* oxt

lim = lim =lim ==,
®»)-00 x* +y2  x-0x* +xt* x-02x% 2
Along y=x2

=0.

Since we have obtained different limits along different paths, the
given limit does not exist.

(d) We examine the values of f along curves that end at (1, -1).

Along the vertical line x = 1, the limit is
xy+1_l_ y+1 y+1 1 1

e R L LY € T¢ Y R Ve Ty R

Along x=1

Along the line y = -1, the limit is

xy+1_l_ —x+1_l_ —-(x—1) o -1 1
fﬁﬁg(?;__?xz —y2 T 21 A x-DE+1D) i+l 2

Since f has two different limits along two different curves, the
given limit does not exist.

Question #3: Continuity

Where is the function f(x,y) =x2x_yy2 continuous?

Answer:

The function f is not defined when x? —y? = 0 and so when y = x or
y = —x. Since f is a rational function, it is continuous on its domain,
which isthe set D = {(x,y) |y # x and y # —x }.

Question #4: Continuity

Discuss the continuity of the function



f(x,y) ={x2+i§+yz if (x,y)# (0,0)
| 0 if (x,y)=(0,0)

Answer:

The function f is defined everywhere. For (x,y) # (0,0), fis a rational
function and x% + xy + y? # 0. Thus f is continuous throughout (x,y) #
(0,0). To examine the continuity of f at (0, 0) we need to find

: l)irr%o » f(x,y). By considering different paths of approach, we show
xX,y)—(0,

that the limit does not exist. First, we approach (0, 0) along the x-
axis, y =0, to get

Xy .0

A Bo T rayryE oM
x,y)—(0, —
Along x—axis x xy y J x

0.

If we approach (0, 0) along the line y = x, we get

. xy . x? X

M g p vz Mo =limom =
@y-00) x& + xy + y* x>0 x“ + x*+x°  x-03x
Along y=x

1
3

Thus lim f(x,y) doesn'’t exist, so f is not continuous at (0, 0)
(x,)—(0,0)

and the largest set on which f is continuous is {(x,y) | (x,y) # (0,0)}.

Question #5: Continuity

xyz

Discuss the continuity of the function f(x,y,z) = P

Answer:
The function f is a rational function and thus is continuous on its

domain {(x,y,2z) | x> + y> — 2> = 0} = {(x,y,2) |z*> # x* + y?}. Sofis
continuous on R3 except on the cone z2 = a2 + y2.



Question #6: Differentiability

Show that f is not differentiable at (O, 0).
2

flx,y) = {#yw if (x,y)=#(0,0)
0 if (x,y)=(0,0)

Answer:

Recall that If a function f(x, y) is differentiable at (xo,yo0), then f is
continuous at (Xo,yo). Thus, if f is not continuous at (xo,yo) then it is
not differentiable at (xo,Yyo).

We will show that f is not continuous at (0, 0) and so is differentiable

at (0, 0). To do that, we firstfind ~lim =~ f(x,y).

By considering different paths of approach, we show that the limit
does not exist. If we approach (0, 0) along the x-axis, y = 0, to get

xy? 0
lim  ———=1im— =0.
(xy)*(OO) x2+yt y-ox

Along x—axis

If we approach (0, 0) along the curve x = y?2, we get

y4—

. X, . =

lim —2— =lim->— =lim2, =-.
@y)~00) x+yt y-s0 ¥yt y-02yt 2
Along x=y

Thus( l)m%00 f(x,y) doesn't exist, so f is not continuous at (0, 0)
x,y)—

and as a result f is not differentiable at (0, 0).



Calculus Il

Study concepts, example questions & explanations

Question #1: Partial Derivatives

Find the first partial derivatives of the function f(x,y) = yIn(x3 + y?).

Answer:
d ur d ’ '
Recallthat —lnu=— and —(u-v)=u-v' +u'-v
dx u dx

_9f _ 3x2 _ 3yx?

fx—ax_yx3+y2_x3+y2
of 2y 3, g2y 2V 3, 2
fy_@_ m+(1)ln(x +y)—x3+y2+ln(x + %)

Question #2: Partial Derivatives

Find the first partial derivatives of the function f(x,y) = x2sin (x:—y)

Answer:
Recall that = sin(w) = cos(w) -’ and i(_) —
dx - dx -

vu' —uvr

v2

fo= a—ﬁ = x?cos (L) (M) + 2xsin (L) = ¥ os (L) + 2xsin (ﬁ)

x+y (x+y)2 x+y)  (x+y)? x+y
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_of x (x+y)-0—x-1\ —x3 x
fy—@—xzcos(x_l_y)( (x + y)2 >_(x+y)zcos<x+y>

Question #3: Partial Derivatives

Find the first partial derivatives of the function
f(x,y) = e”sin(3x)cos(2y).

Answer:
d d .
Recall that —e* =e*-u’ and —-cos(u) = —sin(u) - u"

fx = % = exy(3cos(3x))cos(2y) + (ye*)sin(3x)cos(2y)

= e cos(2y)[3cos(3x) + ysin(3x)]

fy = % = esin(3x)(~2sin(2y)) + (xe™)sin(3x)cos(2y)
= e"sin(3x)[xcos(2y) — 2sin(2y)]

Question #4: Partial Derivatives

Find the first partial derivatives of the function
f(x,y,2) = e*sin(xyz*)cos(y).

Answer:

fe = % =e* (yzzcos(xyzz)) cos(y) + (e¥)sin(xyz?*)cos(y)

= e*cos(y)[yz*cos(xyz?) + sin(xyz?)]



f, = o _ e*sin(xyz?)(—sin(y)) + e* (xzzcos(xyzz)) cos(y)

dy
= e*[—sin(xyz?)sin(y) + xz*cos(xyz*)cos(y)]
af
fo=5,=€" (szycos(xyzz)) cos(y) = 2xyze*cos(xyz?)cos(y)

Question #5: Partial Derivatives

Use the limit definition of partial derivative to compute the partial
derivatives f,(0,0) and £,(0,0) of the function

sin(x3+y%) .

0 if (x,y)=1(0,0)

Answer:
Using the limit definition of partial derivative we get

sin(h3
£:00,0) = lim LOHOTO0 _ yypp JRD0 _ yypy B g S0
x Yy h—0 h h—0 h ho0 h ho0 h3
sin(h*)
AN " ho0 h T h30 h T ho0 K3
CimpSD oy 2
= hl_l;I(l) h4' = =

Question #6: Implicit Differentiation

Find % if z is defined implicitly as a function of x and y by the equation
xyz +cos(x +2y+5z) =9.



Answer:
To find % we differentiate implicitly with respect to x, being careful to
treat y as a constant

9 )
ox [xyz + cos(x + 2y + 52)] = o [9]

N+ (Wyz - sin(x+ 2y +52) (140 +592) =0
320 yz — sin(x + 2y + 5z — =

0z . . 0z
(xy)a + yz — sin(x + 2y + 5z) — 5sin(x + 2y + SZ)a =0

. 0z _ .
(xy — 5sin(x + 2y + 52))5 =sin(x+ 2y +5z) —yz

0z sin(x + 2y + 5z) — yz
dx  (xy — 5sin(x + 2y + 52))

Question #7: Implicit Differentiation

. 0z
Find oy

and y by the equation

at the point (2, 0, 1) if z is defined implicitly as a function of x

xz+In(z) =x+y.

Answer:
We differentiate both sides of the equation with respect to y, holding
X constant and treating z as a differentiable function of y:

ad ad
a_y [xz + In(z)] = 0_y [x + y]

0z
az oy
x 219 g4
dy z

( +1)az_1
Ty dy



az_ 1 _z
a_y_(x+%)_zx+1

1 1

dz
So, % l2,01) = Do

Question #8: Implicit Differentiation

If resistors of R|, Rz, and Rz ohms are connected in parallel to make an

R-ohm resistor, the value of R can be found from the equation
1 1 1 1

R Ry Ry, ' R3
Find the value of ;TRwhen R, =30, R, = 45, and Rs = 90 ohms
2

Answer:

To find :TR we treat R; and Rs as constants and, using implicit
2

differentiation, differentiate both sides of the equation with respect to

Ro2:
a(1>_ a(1+1+1)
dR,\R/ 0R,\R, R, R;

—1or _ 1 .,
R? 0R, R,*
R  R? _<R)2
aRz_RZ B RZ

So, R =15 and



Question #9: Higher Derivatives

Find the second partial derivatives for f(x,y) = x2y* + y'/x + 4y.

Answer:

0 1 1
fe = o _ 2xy*+y—+0=2xy* +§yx‘1/Z

dx 2Vx
0
fy=£=4xzy3+\/§+4

9%f @ 1 1,1 1
Yy v 42 1/2| gt oo (20 -3/2) _ gy _ —ya-3/2
fex = 552 ax[zxy tyx ] 2y +zy< 2* ) 2y’ — %

foy = o°f _9 [4x%y3 + Vx + 4] = 12x2y? + 1x‘l/2
yy ayz ay 2

0} @
fxy‘ayax‘ay

1 1
2xy* + ny‘l/z = 8xy3 + ix‘l/z

_0f 0
fy"‘axay‘ax

1
[4x%y3 + Vx + 4] = 8xy3 + ix‘l/z



Calculus Il

Study concepts, example questions & explanations

Question #1: Differentiability

Show that f(x,y) = ye* is differentiable at (0, 1).

Answer:
Recall that if the partial derivatives f, and f, exist near (a, b) and are
continuous at (a, b), then f is differentiable at (a, b).

The partial derivatives are
=y, f01=1
fy =yxe?¥ +e, f,(01) =1

Both £, and f, are continuous functions, so is f differentiable at (0, 1).

Question #2: Differentiability

Show that f is not differentiable at (0, 0).
2

flx,y) = {% if (x,y)+(0,0)
0 if (x,y) = (0,0)

Answer:
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Recall that If a function f(X, y) is differentiable at (xo,Yo0), then f is
continuous at (Xo,yo). Thus, if f is not continuous at (xo,yo) then it is
not differentiable at (xo,Yyo).

We will show that f is not continuous at (0, 0) and so is differentiable

at (0, 0). To do that, we first find - 1m%00)f( ).

By considering different paths of approach, we show that the limit
does not exist. If we approach (0, 0) along the x-axis, y = 0, to get

2
Xy . 0
lim A = llll‘l—2 =0.
(xy)—>(0 0 x<+ y y—-0 X
Along x—axis

If we approach (0, 0) along the curve x = y?, we get

2 4 4

. X,

lim -2 =lim->— =lim2, =-.
(x,y)—>(0,0)2 x“+y y—-0 Yy +y y—0 2y 2
Along x=y

Thus( l)m%00 f(x,y) doesn’t exist, so f is not continuous at (0, 0)
xy)—

and as a result f is not differentiable at (0, 0).

Question #3: Tangent Plane

Find an equation of the tangent plane to the given surface at the
specified point.
flx,y) = xsin(x +y), (-1,1,0).

Answer:
Recall that if f has continuous partial derivatives, then nn equation of
the tangent plane to the surface at the point (x,, o, Zo) IS

z— 7y = fr(X0,Yo) (X — xp) + fy(xO» Vo) (Y — Yo)
The partial derivatives are

fr = xcos(x +y) +sin(x+y), f.(-1,1)=-1,



fy =xcos(x+y), f,(—=1,1)=-1.
Thus an equation of the tangent plane at (—1,1,0) is

z — 2y = f (%0, ¥0) (X — %) + f5, (X0, ¥0) (¥ — ¥o)
z=0=fC1LDE-CED))+ (LD -1
2= (D +1)+ (~1)(y - 1)
Z=—Xx—-Yy

Question #4: Tangent Plane

Find an equation of the tangent plane to the given surface at the
specified point.
f(x,y) = In(x — 2y), (3,1,0).

Answer:
Recall that if f has continuous partial derivatives, then nn equation of
the tangent plane to the surface at the point (x,, o, Zo) IS

z— 7y = fr(X0,Y0) (X — x0) + f,(x0, Y0) (Y — Yo)

The partial derivatives are

1
x—2y

fx = , fGB1) =1,

-2
= HBD=-2

xX—

];:=
Thus an equation of the tangent plane at (3,1,0) is

z — 7y = fx (X0, ¥0) (X — Xo) + f5,(X0, Y0 ) (Y — ¥o)
z-0=£BDE-3)+,BDF-1)

z=DE+D+ (2 -1
z=x—2y+3






Calculus Il

Study concepts, example questions & explanations

Question #1: Chain Rule

. .0
Use the Chain Rule to find a—: where z = cos(x +4y), x=5t*, y=1/t.

Answer:
To remember the Chain Rule, it’'s helpful to draw the tree diagram.
With the help of the tree diagram, we have the Chain Rule

Oz_azdx+azdy
at dxdt dydt

Applying the above Chain Rule, we get

% = (= sin(x + 4y)) (20¢%) + (—4sin(x + 4y)) (_ tlz)

9 16
a—i = 206 sin(5¢* + 4/¢) +— sin(5t* + 4/¢)

0z 16
_—= —_ 3 _— i 4
5t ( 20t +t2>sm(5t +4/t)

Question #2: Chain Rule

Use the Chain Rule to find % where

z=,/x—-3y, x=s*+1t3 y =1— 2st.
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Answer:
To remember the Chain Rule, it's helpful to draw the tree diagram.
With the help of the tree diagram, we have the Chain Rule

az_azax+azay
ds O0xds 0dyos

Applying the above Chain Rule, we get
1 —
9z _ (—) (2s) + (—3> (—2t)
ds  \2,/x -3y 2./x — 3y

dz s+3t
ds x — 3y

Question #3: Chain Rule

. . a
Use the Chain Rule to find a—: whenr=2and 6 = /2.
W=Xxy+XxZ+Yyz, X =1cos0, y = rsind, zZ=r10.

Answer:
To remember the Chain Rule, it's helpful to draw the tree diagram.
With the help of the tree diagram, we have the Chain Rule

0z _6W6x+6way+0waz
00 0x 00 09y o6 0z 06

Applying the above Chain Rule, we get

S—Z = (y + 2)(=Tsind) + (x + 2)(rcosd) + (x + y)(r)

0z
39 = (rsin@ + r@)(—rsin) + (rcos + r0)(rcos) + (rcosb + rsinb)(r)



O ez = 2+ D=2+ 0 +m)(O) + 0+ () = ~2m

Question #4: Chain Rule

. . ar
Use the Chain Rule to find P whenp=4,9q=1 and r=09.
T = 3u?v? + uwv + v, u = pqvr, v = q,/pr.

Answer:
To remember the Chain Rule, it’'s helpful to draw the tree diagram.
With the help of the tree diagram, we have the Chain Rule

aT B dT du N dT dv
dp oOudp Odvap
Applying the above Chain Rule, we get

O _ g2,z 3 3 (ﬂ)
o (9u?v? + v + 4v3)(qVr) + (6uv) 2

Whenp=4,g=1 and r =9, we have that
u=pqVr =12 and v =gq,/pr=18.
Thus

aT
% |p =4,q=1r=9 = 1749654



Question #5: Chain Rule

If z = f(x,y) has continuous second-order partial derivatives and

%z

— 2 4 2 — ing 272
x=1r°+s* and y=2rs. Find 9z

Answer:
The Chain Rule gives

az_azax+azay_2 az+2 0z
ar _axor ayor “ox ' oy

Applying the Product Rule to the last expression, we

0%z 0 0z 0z
— 2r—+ 2s—
x y

arz _ or

0 (07), 02, 0 (02
~ “Tor\ox ox ' “or\ay
But, using the Chain Rule again, we have
d (0z\ 0 (0z 6x+6 0z 6y_2 0%z > 0%z
or\ox) o0x\dx)dr dy\dx)or iy S ayox
a (0z\ 0 (0z 6x+0 0z ay_z 622+2 0%z
ar\ay) ~ ax\ay)ar T ay\ay)ar ~ “"axay T “*oy2

Putting these expressions into the equation of % and using the

equality of the mixed second-order derivatives, aizazy = ;’y% we obtain
622_2 0 [0z +262+2 0 [0z
arz ~ “"or\ox ox " “Sor dy
N G PR O (MU i
=T\ T k2 Sayax ox " °° raxay Sayz
0z 0%z 0%z 0%z

_ 2% 2% 4 2”7 2
—26x+4r ax2+8r56xay+4s 3y2




Question #6: Chain Rule

Let W(s,t) = F(u(s, t),v(s,t)) where are differentiable, and
u(1.0) =2, u,(1,0) = -2, u,(1,0) =6,
v(1.0) =3, v,(1,0) =5, v,(1,0) =4,
F,(2,3) =-1, F,(2,3) =10

Find W,(1,0).

Answer:
With the help of the tree diagram, we have the Chain Rule

OW_OFOu OF ov
ds Oduds 0vads

Applying the above Chain Rule, we get

aa—VIS/ l(1,0) = F(u(1,0),v(1,0))us(1,0) + F,(u(1,0),v(1,0))v,(1,0)

9
a_VsV oy = Fu(2,3)(=2) + F,(2,3)(5)

ow

55 lao = (-1)(=2) + (10)(5) = 52

Question #7: Chain Rule

: ., @
Use the Chain Rule to find a—: when x=+3, y=2, z=1.
|

pr p=x+y+z, q=x-y+z r=x+y-z.

Answer:
With the help of the tree diagram, we have the Chain Rule



6u_6u6p+6u6q+6u8r
0z 0pdz 0qoz Oroz

Applying the above Chain Rule, we get

ou (1 (q-—rED--p@) pP—4
9z (q—r) (1)+< (q—17)2 >(1)+ ((q—r)z) =D

Ju 1 N r—p qgq-p 1 r+q—2p
az_q—r (q—17)2 (q—r)z_q—r (q—17)2

When x =+3, y =2, z=1, we have
p=x+y+z=+3+3, q=+3-1, r=+3+1.
Thus,

u 1 —6

E |x=\/§,y:2,z:1 = 2 + (_2)2 =




Calculus Il

Study concepts, example questions & explanations

Question #1: Directional Derivative

Find the directional derivative of the function f(x,y) = ysin(xy) at the
point (g, 1) in the direction of the vector v = (1, 3).

Answer:
The directional derivative of f at (x,,y,) in the direction of the unit
vector u = {(a, b) is

Dif =Vf-u
We first compute the gradient vector at (g, 1):
f = y?cos(xy), fy = xy cos(xy),
T T
fx(gll) = 1/2' E(E!l) = T[/6
V= (fu fy)

T Y[ w

v (3.1) = 4 (3.1).4 (5.1)) = (/2.7/6)

Note that ¥ is not a unit vector, but since |v| = /10, the unit vector in
. . R q = 1 -~ 1 3

the direction v of isu = Y= <ﬁ'ﬁ :

Therefore, we have

. (51)—v (E 1).“_&5).(1 3)_ 1 N mn 1+m
i (3.1)=V{5.1)u=473 VI0'VI0© 2V10 2VI0 2v10
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Question #2: Directional Derivative

If f(x,y) = In(x® — 3xy + y), (a) find the gradient of f and (b) find the
directional derivative of f at (5, 1) in the direction of 1+ 2j.

Answer:

The gradient vector of fis at (g, 1):

2x — 3y o —3x+1
¥ x2-3xy+y 7V x2-3xy+y
2x — 3y —3x+1
Vi = {fofy) =

x2—-3xy+y'x2—-3xy+y

The directional derivative of f at (x,,y,) in the direction of the unit
vector u = (a, b) is

Dif =Vf-u

At (5,1) we have

VF(5,1) = (£(5, 10, (5, 1) = (=, ~14/11)

Note that = i + 2j is not a unit vector, but since || = /5, the unit
. . . . o = 1 — 1 2
vector in the direction v = of isu = V= (ﬁ'ﬁ .
Therefore, we have
14 1 2 7 28 -21

7
Daf (5, 1) =V U=~ 2 B = 1 11ve ~ 11v8




Question #3: Directional Derivative

If f(x,y) = xe¥ + cos(xy), find the rate of change of f at the point P(2, 0)
in the direction from P to Q(5,-4).

Answer:
We first compute the gradient vector:

Vf = {fu fy) = (&¥ — ysin(xy), xe¥ — xsin(xy))
The gradient of f at (2, 0) is

Vf(2,0) = {£(2,0), ,(2,0)) = (1, 2)

The directional derivative of f at (x,,y,) in the direction of the unit
vector u = {(a, b) is

Dif =Vf-u
1

The unit vector in the direction of ﬁ =(3,—4)isu = ﬁﬁ = (Z,?).

Therefore, we have

— -4 3 8
Dyzf(2,0) = Vf(2,0) -u=(1,2)-( ,?) =z < —1.

Ul w



Question #4: Directional Derivative

Find the derivative of f(x,y) = x3 — xy? — z at Po(1, 1, 0) in the
direction of B = 2i — 3j + 6k.

Answer:
We first compute the gradient vector:
Vf =Afofy f2) = 3x% — y%, —2xy,—1)
The gradient of fat (1, 1, 0) is
V£(1,1,0) = (£,(1,1,0), £,(1,1,0), £,(1,1,0)) = (2, -2, —1)

The directional derivative of f at (x,,Y,, Z,) in the direction of the unit
vector u = (a, b, c) is

Dyf =Vf-u
The unit vector in the direction of % = 2i — 3j + 6k is
i=—7p=(32=2%
Bl V777

Therefore, we have



Question #5: Directional Derivative

2 2
Find the maximum rate of change of f(x,y) = J‘7+y?at the point (1, 1)
and the direction in which it occurs.

Answer:
The maximum value of the directional derivative D;f(x) is |Vf(x)| and
it occurs when u has the same direction as the gradient vector V£ (x).

We first compute the gradient vector:
Vi ={fufy)=(x,y)
and so
VF(1,1) =(1,1)

The maximum rate of change of f at the point (1, 1) is

IVFALDI = (L 1) = (1°+ 12 =2

and it occurs in the direction of the gradient vector

VE(LL) = (1,1).



Question #6: Directional Derivative

Suppose that the temperature at a point (x,y,z) in space is given by
80 . : .
T(x,y,z) = Tzt ra where T is measured in degrees Celsius and
X, Y, z in meters. In which direction does the temperature increase
fastest at the point (1,1,—-2)? What is the maximum rate of increase?

Answer:
The maximum value of the directional derivative D;f(x) is |Vf(x)| and
it occurs when u has the same direction as the gradient vector Vf(x).

The gradient of T is:
VT =(Ty, Ty, T,)

_ —160x —320y —480z
(1 4+ x2 +2y2+322)2" (1 + x2 + 2y2 + 322)2" (1 + x2 + 2y2 + 322)2

)

At the point (1,1, —2) the gradient is

VI(1,1,-2) = 5 10 30)
)y L - 8; 8'8

The temperature increases fastest in the direction of the gradient
vector VT(1,1,—2). The maximum rate of increase is the length of
the gradient vector:

IVT(1,1,-2)| = [{(1,1)| = gM_ ~ 4 C/m.



Question #7: Directional Derivative

Find the directions in which the function increase and decrease most
rapidly at Po. Then find the derivatives of the function in these
directions.

f(x,y) =x*y + e¥siny, Py(1,0).

Answer:
The gradient of f is:
Vf = (fu. fy) = (2xy + yesiny, x* + e”cosy + xe*? siny).
At the point (1,0) the gradient is
Vf(1,0) =(0,2).

The function increases most rapidly in the direction of
Vf(1,0) = (0,2) and the rate of change in this direction is

IVF(1,0)| = [(0,2)| = 2.

The function decreases most rapidly in the direction of —Vf(1,0) =
(0,—2) and the rate of change in this direction is

—IVf(1,0)| = —0,2)| = —2.



Question #8: Directional Derivative

Find the directions in which the directional derivative of f(x,y) = ye™>
at the point (0, 2) has the value 1.

Answer:
The directional derivative of f at (x,,y,) in the direction of the unit
vector u = (a, b) is

Dgzf =Vf-u
The gradient of fis:
VE ={fu fy) = (—y?e™, —xye ™ + e™).
At the point (0,2) the gradient is
Vf(0,2) = (—4,1).

The directional derivative of f at (0,2) in the direction of the unit
vector u = {a, b), is

Dif =Vf-u=(-411)-(a,b) = —4a+b.
Thus D3 f has the value 1 in the direction of
Dif =—4a+b=1=2b=1+4a.

Since u = (a, b) is a unit vector we have that vVa? + b2 = 1 or a? +
b? = 1.

In this case we have
a’+b* =1
a’+ (1+4a)? =1
a’+1+8a+16a*>=1
17a* +8a =0

a(17a+8) =0



a=0 or a=-8/17.
Then

a=0=b=1and a=—— 5b=1+4(_£)=_5,
17 17

17
The directions in which D f = 1 are

15

8
(011}; (_1_7;_1_7>



Question #9: Tangent Plane and Normal Line

Find the equations of the tangent plane and normal line at the point
(0, 1,1) to the surface
x+y+z=2e"

Answer:

The tangent plane at the point P(x,, y,, 2,) to the surface
F(X, y, Z) = k has normal vector n = VF(x,, Vo, Zo)-

The normal line at the point P(x,,y,, Z,) to the surface
F(X, Yy, z) = kis in the direction of the vector v = VF(x,, Yo, Zo)-

First we rewrite the equation of the surface in the form F(x, y, z) = k
as:

xX+y+z—2e*=0
and so
F(x,y,2)=x+y+z—e"~
Therefore we have
F,=1-2yze™?, FE,=1-2xze"? F, = 1-2xye™?,
F.(0,1,1) = -1, F,(0,1,1) =1, F,(0,1,1) = 1,
VF(0,1,1) = (F,.(0,1,1),F,(0,1,1),F,(0,1,1)) = (-1,1,1)

The tangent plane at the point (0,1,1) to the surface has normal
vector n = VF(0,1,1) = (—1,1,1). Therefore the equation of the
tangent plane is

EDE-0+ M -D+M(E-1)=0
which simplifiesto —x +y +z = 2.

The normal line at the point (0,1,1) to the surface is in the direction of
the vector v = VF(0,1,1) = (—1,1,1). Parametric equations of the
normal line are

x=0—t y=1+4+t z=1+t.



Question #10: Tangent Plane and Normal Line

Find the equations of the tangent plane and normal line at the point
(1, 2, 4) to the surface
x> +y2+z=09,

Answer:

The tangent plane at the point P(x,, y,, 2,) to the surface
F(X, y, Z) = k has normal vector n = VF(x,, Vo, Zo)-

The normal line at the point P(x,, y,, Z,) to the surface
F(X, y, z) =k is in the direction of the vector v = VF(x,, Vo, Zo).

The equation of the surface is already written in the form
F(X, Yy, Z) =k, and so

F(x,y,z) = x* +y* +
The gradient is
E, = 2x, E, = 2y, E, =1,
VF(1,2,4) =(F.(1,24),E,(1,2/4),E,(1,2,4)) = (2,4,1)

The tangent plane at the point (1,2,4) to the surface has normal
vector n = VF(1,2,4) = (2,4,1). The tangent plane is therefore the
plane

2x—1D)+4(y—-2)+1(z—4) =0
which simplifies to 2x + 4y + z = 14.

The normal line at the point (1,2,4) to the surface is in the direction of
the vector v = VF(1,2,4) = (2,4,1). Parametric equations of the
normal line are

x=1+2t, y=2+4t, z=4+t



Question #11: Tangent Plane and Normal Line

Find the tangent plane to the surface z = xcos(y) —ye* at (0, 0, 0).

Answer:

The tangent plane at the point P(x,, y,, 2,) to the surface
F(X, y, Z) = k has normal vector n = VF(x,, Vo, Zo)-

First we rewrite the equation of the surface in the form F(x, y, z) = k
as:

xcos(y) —ye*—z=0
and so
F(x,y,z) = xcos(y) — ye* — z.

We first calculate the partial derivatives of F

FE, =cos(y) —ye*, FE,=—xsin(y)—e”*, E, =-1,

F.(0,0,0) = 1, F,(0,0,0) = -1, F,(0,1,1) = —1,
Then,

VF(0,0,0) = (F,(0,0,0), F,(0,0,0),E,(0,0,0)) = (1,—1, —1).

The tangent plane at the point (0,0,0) to the surface has normal
vector n = VF(0,0,0) = (1, —1,—1). Therefore the equation of the
tangent plane is

DE-0)+EEDY-0+(=D(E-0)=0

which simplifiesto x —y—z=0.



Question #12: Tangent Plane

At what point on the paraboloid y = x? + z? is the tangent plane parallel
to theplane x + 2y + 3z =17

Answer:

The tangent plane at the point P(x,, y,, z,) to the surface
F(X, Y, z) = k has normal vector n = VF(xy, Vo, Zo)-

The normal line at the point P(x,, y,, Z,) to the surface
F(x, y, Z) = k is in the direction of the vector v = VF(x,, Vo, Zo).

First we rewrite the equation of the paraboloid in the form F(x, y, z) =
k as:

x*+z2-y=0
and so
F(x,y,z) = x*+ z* — y.
Therefore we have
E, = 2x, E, = -1, E, =2z,
VF (x0, Yo, 20) = (2x9, —1,22,).
The tangent plzﬂe at the point (x,, y,, z,) to the paraboloid has
normal vector n, = VF(x,, ¥y, Zo) =Qx0,—1,2z0). The given plane
x + 2y + 3z = 1 has normal vector n, = (1,2,3). The two planes are

parallel if their normal vectors are parallel, n; //n, . Thus,

1 k
So,k=—5, XO=E=——' ZO=7=__'

|

The point (x,,V,,2,) iS a point on the paraboloid if y, = xy% + z,% =

Therefore, the point on the paraboloid y = x* + z% where the tange
plane is parallel to the plane x + 2y + 3z =11is

t

2

15 3)

(X0, Y0, Z0) = (—Z;g,—z :



Question #13: The Gradient

The cylinder x? + y?2 = 2 and the plane x+ z =4 meetin an ellipse E.
Find parametric equations for the line tangent to E at the point Po(l, 1, 3).

Answer:

First we rewrite the equations of the two surfaces in the form
F(x,y, z) =k as:

F(x,y,z) = x* + y?, G(x,y,z)=x+2

The tangent line is orthogonal to both VF and VG at Po, and therefore
parallel to v = VF x VG. We have

VF(1,1,3) = (2,2,0), VG(1,1,3) = (1,0,1),

b =VF X VG = = 21— 2] — 2k.

_ N o~
O N~y
_ o X

The tangent line is

x=1+2t y=1-2t z=3-2t
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14.7: Maximum and Minimum Values

Study concepts, example questions & explanations

In almost all the problems in this sheet, we will use the Second
Derivative Test for functions of two variable to maximize and
minimize the given function.

@ Second Derivatives Test Suppose the second partial derivatives of f are contin-
uous on a disk with center (a, b), and suppose that f;(a, b) = 0 and fi(a, b) = 0
[that is, (a, b) is a critical point of f]. Let

D = D(a, b) = fi(a, b) f,y(a. b) — [ fiy(a, b)]?
(a) If D > 0 and f..(a, b) > 0, then f(a, b) is a local minimum.
(b) If D > 0 and f..(a, b) < 0, then f(a, b) is a local maximum.

(¢c) If D <0, then f(a, b) is not a local maximum or minimum.

NOTE 1: In case (c) the point (a, b) is called a saddle point of f and the
graph of f crosses its tangent plane at (a, b).

NOTE 2: If D = 0, the test gives no information (The Test Fails): could
have a local maximum or local minimum at (a, b), or could be a
saddle point of (a, b). In this case, we must find some other way to
determine the behavior of f at (a, b).

NOTE 3: We cannot apply this test if the partial derivatives of f are not
exist.
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Question #1: Maximum and Minimum Values

Locate and classify the critical points of
fy)=(x-57%+(+8)>%

Answer:
First compute the partial derivatives of f:
fx = 2(x —5), fy =2(y +8).

The critical points satisfy the equations f, =0 and f,, = 0
simultaneously. Hence

2x—5)=0 = «x=5
20+8)=0 = y=-8
So, (5,—8) is the only critical point for f.
We now need to find D defined as
D=f.fy,— (fxy)z'
To do so, we find the second partial derivatives

fex = 2 fyy = 2, fxy = 0.
Thus,

DG,~8) = 1,,6.-8)f,,6.-8) - (£,,5.-9)) = @@ - (07 =4

Since D > 0 and f,,(2,—1) = 4 > 0, f has a local minimum at (5, —8)
and so f(5,—8) = 0 is a local minimum.



z=(x - 5)> + (y + 8)°
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Question #2: Maximum and Minimum Values

Find the local maximum and minimum values and saddle point(s) of the
function

f(x,y) = 2x* + 2xy + 2y* — 6x.

Answer:
We first compute the partial derivatives of f:
fi=4x+2y—6, f,=2x+4y.

The critical points satisfy the equations £, =0 and f, =0
simultaneously. Hence

4x+2y—-6=0 = 4x+2y=6
2x+4y =20

The above system of equations has one solution at the point
(2, -1). So, (2, -1) is the only critical point for f.



We now need to find D defined as
2
D :fxxfyy_(fxy) )

To do so, we find the second partial derivatives

fix =4, fyy = 4, fxy = 2.
Thus,

D@-1) = £,,@-Df,,-1 - (£,E-D) =@®® - @7 =12

Since D > 0 and f,,(2,—1) = 4 > 0, f has a local minimum at (2, —1)
and so f(2,—1) = —6 is a local minimum.




Question #3: Maximum and Minimum Values

Determine the critical points and locate any local minima, maxima and
saddle points of the function
f(x,y) =2x* —4xy + y* + 2

Answer:
We first compute the partial derivatives of f:
fx =4x — 4y, f, = —4x + 4y°.

The critical points satisfy the equations £, =0 and f, =0
simultaneously. Hence

4x —4y=0=> x=y
—4x +4y* =0
Substituting the first equation in the second equation gives
—4y +4y3 =0
4y(y*-1) =0
y(y-Dy+1)=0
y=0 y=1 y=-L

We now use the equation x =y to find the critical points:
(OJO)J (111)1 (_1, _1).

We now need to find D defined as
2
D zfxxfyy_(fxy)

To do so, we find the second partial derivatives

fxx = 41 fyy = 12}’2, fxy = —4.

Thus,
fxx(a: b) 4 4 4
fyy(a, b) 0 0 0
fey(a,b) —4 —4 —4
D —16 32 32
Saddle point local minimum local minimum




(-1,-1.1)

i (1

TR
(0,02

saddle point

Question #4: Maximum and Minimum Values

Find and classify the critical points of the function
1
fxy) = el 37

Answer:

The partial derivatives of f are

fo=01- xz)e(_%xS"’x_yz) fy = —Zye(_%x3+x_y2).

)

The critical points satisfy the equations £, =0 and f, =0
simultaneously. Hence

1
A-xe(F* )2 = a-x1)=0
1
—Zye(_§x3+x_y2) =0 = y=0



The first equation gives x =1 or x = —1 and the second equation
gives y = 0. Thus, the critical points are
(1;0); (_170)

We now need to find D defined as
2
= =fxxfyy—(fxy) '

To do so, we find the second partial derivatives
1 3 2 14 )
fie = (C2x + (1 - 2223, p = (224 ay2)ela ),

fxy =—2y(1- xz)e(—§x3+x—y2)_

Thus,
fix(a, b) —2e?/3 2e7%/3
fyy(a,b) —2e?/3 —2e72/3
f;cy(a: b) 0 0
D 4.34/3 _46_4/3
local maximum Saddle point




Question #5: Maximum and Minimum Values

Find and classify the critical points for
f(x,y) =3x%y +y3 —3x* —3y* + 2

Answer:
We will first need to get all the first partial derivatives
f = 6xy — 62, fy = 3x* + 3y* — 6.

The critical points satisfy the equations £, =0 and f, =0
simultaneously. Hence

6xy—6x=0 = 6x(y—1)=0
3x2+3y2—6y =0

The first equation gives x = 0 or y = 1. We plug these values in the
second equation to get

x=0 = 3y’—-6y=3y(y—-2)=0 = y=0, y=2
y=1 = 3x?2-3=3x-Dx+1)=0 = x=1, x=-1
Thus, the critical points are
(0,0, (0,2), (1,1), (—11).
We now need to find D defined as
2
szxxfyy_(fxy)'
To do so, we find the second partial derivatives
fxx = 6y — 6, fyy =6y — 6, fxy = 6x.
Thus,
fyy(a: b) _6 6 O 0
fxy(a: b) 0 O 6 _6
D 36 36 —36 —36
local maximum | local minimum | Saddle point | Saddle point




Question #6: Maximum and Minimum Values

Locate and classify the critical points of
fx,y) =3xy — x> —y°.

Answer:
First compute the partial derivatives of f:
fx =3y —3x% f, =3x—3y%

The critical points satisfy the equations £, =0 and f, =0
simultaneously. Hence

3y—3x2=0 = y=x?

3x —3y?=0 = x=y?

The first equation gives y = x2. We plug these values in the second
equation to get

x=y2=(x2)2=x4 = xt—x=x(x3-1)=0 = x=0o0r1

Now,x=0 = y=0?2=0andx=1 = y=12=1,
The critical points for f are
(0,0), (1,2).

We now need to find D defined as
2
D =fxxfyy_(fxy) '
To do so, we find the second partial derivatives

fex = —6x, fyy = —6y, fxy = 3.
Thus,

DO.0) = £,,(0,0)f,,©00) - (£,,0.0)) = ©O©) -3 = -9,
DA = £, D, LD - (£, (LD) = (-6)(=6) - (3 = 27.

We can obtain that:

D(0,0) < 0, and so (0,0) is a saddle point.

D(1,1) > 0 with £.,(2,—1) < 0 gives that f has a local maximum at
(1, 1).



Question #7: Applications on Extreme Values

Find the shortest distance from the point (1, O, -2) to the plane
x+2y+z=4.

Answer:

The distance from any point (x, y, z) to the point (1, O, -2) is

d=+(x—1)2+4(y—0)2+ (z+2)2

but if (x,y, z) lies on the plane x + 2y + z = 4, then
z =4 —x— 2y and so we have

d=(x—1%2+ (@ —0)2+ (4—x — 2y + 2)2.
We can minimize d by minimizing the simpler expression
d?=f(,y)=(x—-12+y%2+ (6 —x —2y)2
By solving the equations
fi=2(x—1)—-2(6—x—-2y) =4x+4y—14 =0,
fr=2y—4(6—-—x—2y)=4x+ 10y —24 =0,
we find that the only critical point is (%g)

Since fix =4, fiy =4, f, = 10, we have

2
D= fixfyy — (fiy) =24>0 and f, >0,

so by the Second Derivatives Test f has a local minimum at (%g)

Intuitively, we can see that this local minimum is actually an absolute
minimum because there must be a point on the given plane that is

closest to (1, 0, -2). At this point we get d = 2\/8.

So, the shortest distance from the point (1, 0, -2) to the plane
x+2y+z=4Iis %\/E.



Question #8: Finding Absolute Extrema

Find the absolute maximum and minimum values of the function
f(X,y)=x2=2xy +2y

ontherectangle D={(x,y)|0<x<3, 0<y<2}

Answer:

Since f is a polynomial, it is continuous on the closed, bounded
rectangle D, so Theorem 8 tells us there is both an absolute
maximum and an absolute minimum.

We first find the critical points. These occur when
fx =2x -2y =0, fy =-2x+2=0,
so the only critical point is (1, 1), and the value of f there is f(1,1) = 1.

Next, we look at the values of f on the boundary of D, which consists
of the four line segments L1, L2, L3, L4 shown in the Figure below.

VA
L 2,2
(0.2) e Y
0,0) L, (3,0) i
On L1 we havey =0 and
f (x,0)=x? 0<x<3.

This is an increasing function of x, so its minimum value is (0,0) =0
and its maximum value is f (3,0) = 9.

On L2 we have x = 3 and



f(3,y) =9 -4y O<y<?2

This is a decreasing function of y, so its maximum value is f(3,0) =9
and its minimum value is 1(3,2) = 1.

On Lz we have y =2 and
f(x,2) =x2—-4x + 4 0<x<3.
Simply by observing that f(x, 2) = (x— 2)?, we see that the minimum
Zalue of this function is f(2,2) = 0 and the maximum value is f(0,2) =
Finally, on Ls we have x = 0 and
f(0,y) =2y 0<y<?2
with maximum value (0,2) = 4 and minimum value f(0,0) = 0.

Thus, on the boundary, the minimum value of fis 0 and the maximum
is 9.

Finally, we compare these values with the value f(1,1) =1 at the
critical point and conclude that the absolute maximum value of f on D
Is f(3, 0) = 9 and the absolute minimum value is f(0,0) = f(2, 2) = 0.

(a,b) f(a,b) Classification
Interior point(s) (1,1) 1
(0,0) 0 absolute minimum
(3,0 9 absolute maximum
Boupdary (3,2) 1
point(s) (0’2) 4
(2:2) 0 absolute minimum

Question #9: : Finding Absolute Extrema

Find the absolute maximum and minimum values of

flx,y) =2 +2x+2y—x?—y?
on the triangular region in the first guadrant bounded by the lines x =0,
y=0,y=9—x.



O y =0 A(9, 0)

FIGURE 14.46 This triangular region is
the domain of the function in Example 5.

Answer:

Since f is differentiable, the only places where f can assume these
values are points inside the triangle where f, = f,, = 0 and points on
the boundary.

(a) Interior points. For these we have
fr=2-2x=0,f,=2-2y=0,

yielding the single point (x, y) = (1, 1). The value of f there is f(1,1) =
4.

(b) Boundary points. We take the triangle one side at a time:
1) On the segment OA, y = 0. The function
flx,y) = f(x,0) =2+ 2x — x?

may now be regarded as a function of x defined on the closed
interval [0, 9]. Its extreme values may occur at the endpoints

x=0 where f(0,0) =2
x=9 where f(9,0) = —61

and at the interior points where f'(x,0) = 2 — 2x = 0. The only
interior point where f'(x,0) = 0 is x = 1, where f(1,0) = 3.



ii) On the segment OB, x = 0 and f(x,y) = f(0,y) = 2 + 2y - y2. We
know from the symmetry of f in x and y and from the analysis we just
carried out that the candidates on this segment are: £(0,0) = 2,
f£(0,9) = —61, f(0,1) = 3.

i) We have already accounted for the values of f at the endpoints of
AB, so we need only look at the interior points of AB. Withy = 9 — x,
we have

f(x,9—x)=2+4+2x+2(9—x)—x%>—(9—x)? = —61+ 18x — 2x>.
Setting f'(x,9 —x) =18 —4x = 0 gives x = 9/2.

Atthisvalueofx,y=9—x=9—§=9/2 and

G2)=-an

We list all the candidates: 4, 2, — 61, 3, — 41/2. The absolute
maximum is 4, which f assumes at (1, 1). The absolute minimum is
— 61, which f assumes at (0, 9) and (9, 0).

(a,b) f(a,b) Classification
Interior point(s) (1,1) 4 absolute maximum
(1,0) 3
0,1 3
Bou_ndary (0,0) 2
point(s) (9,0) —-61 absolute minimum
(0,9) -61 absolute minimum
99 41
(E ' E) 2




Question #10: Finding Absolute Extrema
Find the absolute minimum and absolute maximum of

f(x,y) = 2x* — y* + 6y
on the disk x% + y? < 16.

¥y o0f

Answer:

Since f is differentiable, the only places where f can assume these
values are points inside the disk and points on the boundary of the
disk.

Let’s first find the critical points of the function that lies inside the
disk. To do so, we solve

fi=4x=0, f,=-2y+6=0,
yielding the single point (0, 3). The value of f there is (0, 3) = 9.
Now we need to look at the boundary. On the boundary we have

x?2 +y% =16 and so x? = 16 — y2. If we plug this in the rule of f(x,y)
we get that

f(x,y) = 2x* —y? + 6y = 2(16 — y*) — y* + 6y
This is a function of y,
g(y) =32—3y*+ 6y

We will need to find the absolute extrema of this function on the
range —4 < y < 4 (this is the range of y on the disk).

Note that
gy)=—-6y+6=0 > y=1.



The value of this function at the critical point and the endpoints are,

g(—4) = —40, g(1) =35, g(—4)=S8.

To find the values of x that correspond to these values of y, we use
that x2 = 16 — y%. Thus,

y=—4=2x=0, y=12x=1V15 y=4x=0.

We then can find that

f(O; _4) = _4'(); f(014) = 8;

f(¥15,1) = 35, f(—V15,1) = 35.

So, comparing these values to the value of the function at the critical
point, f(0, 3) = 9, we can see that the absolute minimum occurs

at (0,-4) while the absolute maximum occurs twice at (v15,1) and

(—V15,1).
(a,b) f(a,b) Classification
Interior point(s) (0,3) 9
Boundary (0,—4) —40 absolute minimum
point(s) (0,4) 8
(\/E 1) 35 absolute maximum
(_\/E 1) 35 absolute maximum




Practice Problems, Chapter 15
Calculus IIT

Question 1: Evaluate | |, (x +¥) dA, where D is the region enclosed by y =%, y =0, x=1.

Question 2: Set up [[, (xy) dA, where R is the region enclosed by y = V4 — x? and
1
y=5x= 1.

-

Question 3: Use a double integral to find the volume of a parallelepiped whose base is a
rectangle in the xy- plane given by D = {(x,y)|0 < x < 1,0 < y < 2}, while the top side lies in

the plane x + y +z = 3.

Question 4: Transform to polar coordinates and then evaluate the integral

V2 V4-x?
1= f f (x% + y?) dydx
0 x

Question 5: Evaluate [f, y dA, where D is the region given by the disk x* + y* < 9
minus the first quadrant.

S

Question 6: Evaluate f01 f01 xmax(x,y) dydx

pg. 1



Question 7: Use spherical coordinates to find the volume of the region outside the sphere

x?+y?+ (z—1)? =1 and inside the upper half of the sphere x* +y? +2z% = 4.

Question 8: Use cylindrical coordinates to find the volume of a curved wedge cut out from

a cylinder (x —2)2+y? =4 by the planes z=0 and z = —y.

Question 9: Use a triple integral to find the volume of the solid enclosed by the paraboloid

z=2x*+y* and the planes z=1 and z = 2.

Question 10: Let E be the solid enclosed by the paraboloids z = x? + y? and z = 8 — x? —

y*. Write [[[. xyzdV as an iterated integral in cylindrical coordinates.

Question 11: Let E be the be the “ice cream cone” bounded below by the cone z =

\3(x? + y?) and above by the sphere x>+ y* + z> = 1. Write an iterated integral in
spherical coordinates which gives the volume of E.

Question 12: Evaluate

Ji-22 J1-x2—y 1
dzd
J‘f\/l_xzf\/l x2—y? x2+y2+ ) zdydx

pg. 2



Calculus Il

15.2: Iterated Integrals

Study concepts, example questions & explanations

Question #1: Iterated Integrals

Calculate the iterated integral f:f:xﬁdxdy.

Answer:

jo 4 jo Zxﬁdxdy = jo 4 ( fo Zxﬁdx> dy
[ (%)
= fo 42\/5 dy

0
4
=<fy3/2) _ sz
3 T3
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Question #2: Iterated Integrals

Calculate the double integral HR (xyz +§) dA,
R={(xy)2<x<3,-1<y<0}

Answer:

ﬂR (o +3) d:‘ =023 f_ol (xy? +2) dydx
=f2 (f_l(xy +y)dy)dx
:L3(<xy;+ ;) 0_1>dx

3

_13(1 1>d_x2 1l
— ), 3" T2 ¥ T e znx2

| =

N

5
=273 (ln3 n2).

Question #3: Volume

Find the volume of the solid lying under the plane z = 2x + 5y + 1 and
above the rectangular region R ={(x,y)| -1 <x<0,1 <y <4}

Answer:
Volume = [f, (2x + 5y + 1)dA = ff f_ol(Zx + 5y + 1)dxdy

=j14<f_01(2x+5y+1)dx>dy

j (x? + 5yx + x)|°4

)




Question #4: Volume

Evaluate the double integral [[, (ye™)dA, R =[0,2]x[0,3].

Answer:
It's easier if we first integrate with respect to X,

[ e[ [“emrinay

= fo 3 ( fo e ) dx) dy

3
~ [ eiay
0




Question #5: Volume

Find the volume of the solid enclosed by the paraboloid z = 2 + x% +
(y—2)?andtheplanesz=1,x=1,x=-1,y=0,y = 4.

Answer:
Volume = f_ll f04(2 +x2 + (y — 2))dydx — f_11 f:(l)dydx

1 4
= f f (1+x%2+ (y — 2)?)dydx
-1Jo

1 4
=f (f (1+x2+(y—2)2)dy>dx
-1 0

1 93\ |4
[ o5

dx
t2g 28 4 N\ 64
=f <—+4x)dxy=(—x+—x) =—
=1l

0
3 3 3



Calculus Il

15.3: Double Integrals over General Regions

Study concepts, example questions & explanations

Question #1: Iterated Integral

2
Evaluate foz fj; xy dydx.

Answer:

[ [ wvavae= (j": vy s
(5] e

=§j0 (x° — x3) dx

1[x6 x3r
=_|l——__]| =4
216 3 0
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Question #2: Double Integral

Evaluate [f, (2yx®+ 9y®)dA, where D is the region bounded by y = Zx

3
and y = 2+/x.

Answer:
Let's first sketch the region D

ik y:E\E, x:if

To find the points of intercession of the two curves, we solve

2 x?
§x=2\/§5?=x5x2—9x=05x=0 or x =9.

If we consider D as a Type | region, then

9 r2vx
ﬂ 2yx% + 9y3)dA = J L 2yx?% + 9y3)dydx
D 0 §x

9/ r2Vx
= J (L (2yx? + 9y3) dy) dx
0 §x
9 9 2Vx
= | [y?x*+—-y* dx
. 27 2,
3

9 8
= J <36x2 + 4x3 — —x4) dx
0 9

8 _1° 24057
_ 3 4 _ 5| —
—[12x + x 45x]0 o




Question #3: Double Integral

Evaluate [f; x(y—1) dA, where Dis the region enclosed by y = 1 — x?
and y = x% — 3.

Answer:
Let's first sketch the region D

To find the points of intercession of the two curves, we solve

x2—3=1-x222x2=4=23x2=2=x=+ 2.

If we consider D as a Type | region, then

V2 1-x?
H x(y—l)dAzj J x(y—1) dydx
D —/2/x2-3
V2 1-x2
=J (J x(y—1) dy)dx
-2 \Vx2-3
[l
= X\—-—y dx
—V2 2 x2-3

V2
= J (4x3 — 8x) dx
-2

V2
= [x* - 4x2]_\/2 =0



Question #4. Double Integral

Evaluate [f, (7x*+14y) dA, where D is the region enclosed by x = 2y?

and x = 8 by considering D as
(a) aType I region (b) a Type ll region

Answer:

(@) If we consider D as a Type | region, then

ff (7x? + 14y) dA i y=Ex
D
8 E 1 | 1 | | | |
=f fJ;(7x2+14y)dydx 2 3 4 3 6 1 {°
0 —J% L
= 4096 b e

(b) If we consider D as a Type Il region, then

=

ﬂ (7x% + 14y) dA : x
D 5 7

2 .8
= f zfz 2(7x2 + 14y) dxdy
=242y

= 4096



Question #5: Reverse the Order of Integration

Evaluate f02\/7 fx22/4 x3cos(y?) dydx.

Answer:
If we try to evaluate the integral as it stands, we face the impossible

task of first evaluating fxzz i cos(y®) dy. So we must change the order

of integration. To do so we express the given iterated integral as a
double integral.

22 (2
f f x3cos(y3) dydx = ﬂ x3cos(y3?) dA
0 x2/4 D

where D is sketched below

If we consider D as a Type Il region, then

2 2y
H x3cos(y3)dA=JJ x3cos(y?) dxdy
D 0 Jo
2/ 2y
=J (J x3cos(y?) dx)dy
o \Jo

2[4 2Vy
=J chos(y3)] dy
0 0

; Let u=y’
= JO 4y“cos(y”) dy du =3y’ dy
dy = du/3y?
4 8
Y PRV
3Jy
y=2->u=28
4
:—Sln(8)

3



Question #6: Volume

Find the volume of the prism whose base is the triangle in the xy-plane
bounded by the x-axis and the lines y = x and x = 1 and whose top lies
intheplanez=3 -x—y.

Answer:

Recall that if f(x, y) is positive and continuous over D, then the
volume of the solid region between D and the surface z = f(x,y) is

Volume = HD f(x,y) dA

We first sketch the projection D of the prism onto the xy-plane

/-;

Hence,

Volume =ﬂ B—-—x—y)dA
D

If we consider D as a Type | region, then

Volume=jljx(3—x—y)dydx=f1<fx(3—x—y)dy>dx
0o Jo 0o \Jo



Question #7: Volume

Find the volume of the solid that lies under the surface z = 16 — x? — y?
and above the region D bounded by the curve y = 2+/x, the line
y = 4x — 2, and the x-axis.

Answer:

We first sketch the projection D of the solid onto the xy-plane

yvo=dy=12

2 2 y=2Ve_ M g

g =
Ve ‘

Hence,

Volume = H (16 —x2 —y?) dA
D

It's easier to consider D as a Type Il region, then

2 (y+2)/4
Volume = ] J (16 — x% — y?) dxdy
y

0 2/4

2 / ~(y+2)/4
=J (J (16 —x%2 —y?) dx)dy
0 v2/4

=124



Calculus Il

15.4: Double Integrals in Polar Coordinates

Study concepts, example questions & explanations

rF=xt+ x=rcos fl ¥=rsinfl

E If fis continuous on a polar region of the form

D={r,0) | a=0=B, hib)=<r= )

h(H)

th fix, ) dd = |* [" Arcos 6, rsin 6) rdr do
en .g X_}’ ,LJ rcos s rdar
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Question #1: Double Integral in Polar

Evaluate [f e***¥*dA, where D is the semicircular region bounded
by the x-axis and the curve y = v1 — x2.

Answer:
We sketch the region D

The region D in polar coordinates can be written as
D={r6)0<0<m0<r<1}

We can evaluate the integral in polar coordinates as

T o1
jf ex2+y2dA=j jerzrdrde
D L (2) 0
=j <j e’ rdr)de let U = 12
o \Jo
LY du = 2rdr
=] f—e”du do
0 noz . dr = du/2r
1
:j [Ee”] dx r=0-u=0
b
=| =(e—1)dx
I3

—5(6— )




Question #2: Double Integral

Evaluate f f (x + y?)dydx.

Answer:
Integration with respect to y gives

1 1 — x2)3/2
f (xzx/ 1—x2+ %) dx,
0

which is a difficult integral. So we convert the double integral into
polar coordinates.

1 1—x2
.f .f (x% + y¥)dydx = f (x2+y?%)dA
o Jo D

where D is the interior of the unit quarter circle x? + y? = 1 in the first
guadrant

D={r0)]0<6<rn/20<r<1}

Thus,

ﬂ (x? + y2)dA = jn/zf (r®>)rdrdf = jon/Z <j01r3 dr> do
- [ e

71'/21 T
=| Zao=-.
J, 390=3



Question #3: Double Integral

Evaluate ffD 1 dA, where D is the region enclosed by the circle
x? + y* = 4, above the line y =1, and below the line y = V/3x.

Answer:
Let's first sketch the region D

Then we convert the given curves to polar coordinates
x’+y?=4r=4
y=1=rsinf =1=r =csch
y =V3x = rsinf = V3rcosd = tand = V3 = 6 = /3
Moreover, the radial line from the origin through the point (v3,1)

has equation y = \%x which is in polar 6 = t/6.

Thus the region D in polar coordinates is

D={(r0)|n/6 <0 <m/3,cscO <r <2}

/3 2
ff 1dA = j J r drd6
D /6 YcscO

3




Question #4: Double Integral

Find the volume of the solid region bounded above by the paraboloid
z =9 — x? — y? and below by the unit circle in the xy-plane.

Answer:

The volume of the solid is

Volume = ff (9—x%2—y%)dA
D

Where D is the unit disk x* + y? < 1. It's easier to represent the
region D in polar coordinates as

D={(r0)]0<60<2m0<r<1}

Thus,

Volume = ﬂ- (9—x%2—vy%)dA
D

17m

2w 1
= j f 9—r)rdrdf =—
o Jo 2



Question #5: Reverse the Order of Integration

Find the volume of the solid that lies under the paraboloid
z = 4 — x*> — y? and above the disk (x — 1)? + y? = 1 on the xy-plane.

Answer:

The volume of the solid is

Volume = U (4—x%2—y?)dA
D

where D is the disk (x — 1)? + y? < 1. To convert the circle
(x —1)? + y2 = 1 to polar coordinates,

(x—1)2+y2=12x24+y2—-2x=021r2 = 2rcosd = r = 2cosf
Thus,
D={(0)0<6<m0<r<2cosb}.

Hence the volume is

Volume = ]f (4—x%2—y?)dA
D

T 2cos6 5
= j j (4—72) rdrdf = =7
o Yo 2



Calculus il
15.7: Triple Integrals

Study concepts, example questions & explanations

Question #1: Triple Integral

2
Evaluate f01 f; f}j/; xyz dzdydx .

Answer:

1 ,x2 Yy 1 ,x? N
f f f xyz dzdydx = J J ( J xXyz dz) dydx
0 Yo y 0 J0 y
12 L2V
=]] xy—| dydx
o Jo 2
y
1 1 x?
=§J (J xy(y—yz)dy>dx
o \Jo
2
=1J1 X y_3_y_4 ' dx
2 )y 3 4],
1Y /x7 x° p
—EL 3 1)
- )]
24 40 /],
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Question #2: Triple Integral

Set up, but do not evaluate, the limits of integration for evaluating the

triple integral [ff, (x+9y*)dV, where E is the region enclosed by the
surfaces z=x%+3y* and z=8—x%—y2.

Answer:
To find the limits of integration for evaluating the integral, we first
sketch the region.

Leaves at
2
7=8=1x2 -y*
\ z=8—x2—y?

| The curve of intersection
!

NM=2,0,4)

(2,0,4)
Enters at
1=x2 4 32—

Enters at

y==Vd—-1%2 —

20,0 —"

Leaves at
y=Vid—x3)2

The two surfaces intersect on
x2+3y2=8—x%—-—y?= x?+2y% =4.

The projection D of E onto the xy-plane is the region inside the
ellipse x? + 2y? = 4.

The upper boundary of E is the surface z =8 —x% —y? and the
lower boundary is the surface z = x? + 3y2.

Thus,

8—x2-y?
H (x +9y3)dV = Jf f (2yx? +9y3)dz dA
E D Jx2+3y?2

J@=x2)/2 8—x2—y?

2
=f f (2yx? + 9y3)dz dydx
—2 -y Jaraay



Question #3: Triple Integral

Set up, but do not evaluate, the limits of integration for evaluating the
triple integral [ff, (xyz®) dV, where E is the tetrahedron shown below.

z=y—x

\ ©,1,1
M \ ' )

D

0,1,0)
—_
—> [

y=1

Answer:
The z-limts of integrationare 0 <z <y — x.

The projection of the tetrahedron E onto the xy-plane is the
triangular region

08t
06|
04}

0.2}

0a0r

-0.2¢

-0.2 0.0 0.z 04 L) 0.8 1.0 1.2

If we consider D as a Type | region, then

HE (xyz?) dV = ffn foy_x(xyzz)dz dA

1 1 fy—x
= f f f (xyz?®)dz dydx
0 Jx Y0



Question #4: Triple Integral

Set up, but do not evaluate, the limits of integration for evaluating the
triple integral [ff, (x+y) dV, where E is the region shown below.

I Top: y+z=1
side:  L—A

/
y=x° % =

——— (1, 1,0)

1 X ‘.‘. “1 e

Ty

x (1,1,0)
Answer:

The z-limits of integration are 0 <z < 1 —y. The projection of E
onto the xy-plane is shown below.

So, the region D in the xy-plane is

1.5 -1.0 -0.5 0.0 0.5 1.0 1.5

Thus,

HE (x+y)dV=UD jol_y(x+y)dsz
y

1 1 p1-
= j j j (xyz?)dz dydx
—-1Jx2 J0



Question #5: Volume

Find the volume of the solid bounded by the parabolic cylinder x = y?
and theplanesz=x, x=1, z=0.

Answer:

Volume of E =V =Uj 1dV
E

The lower and upper surfaces of Eare 0 < z < x.

To find the projection D of E onto the xy-plane we set z = 0.

The cylinder y = x? intersects the xy-plane at the parabola x = y?,
the plane z = x intersects the xy-plane at the line x = 0, and the plane
x = 1 intersects the xy-plane at the line x = 1. So D is the parabolic
region

If we consider D as a Type Il region, then

X
y= ([ rav=[[ [1asan
E p Jo
1 1 ,Xx 4
=J ledzdxdyz—
-1 yZO 5



Question #6: Volume

Find the volume of the solid E bounded by the cylinder y? + z> = 9 and
the planes x =0, y =3x, z =0 in the first octant.

Answer:
The x-limits of integration are 0 < x < y/3.
The projection of E onto the yz-plane, when x =0, is

0<z<3

0<y<+9-—2z2

o= av= ] [ raran

3 V9-2z2 .y/3
= ] ] J 1dxdydz
0 Yo 0

3 V9-2z2
y
= J J = dydz
0 Jo 3

3r..27V9-22
= — dz
0 6 0
1 3
ZEJO (9 —z2)dz

1! 2377
=_loz-=
6 3 0

Hence,

=3



Question #7: Volume

Use atriple integral to find the volume of the solid enclosed by the
paraboloids z = 18 — x> —y? and z = x% + y2.

Answer:
The paraboloids z = 18 — x?2 —y% and z = x? + y? intersect when
18—x?—y?=x*+y*=2>x*+y*=09.

So, the required solid E is bounded above by z = 18 — x?> — y? and
below by z = x? + y2. The projection D of the solid onto the
xy-plane is the disk x2? + y2 < 9. Then,

18—x2-y2
[ =[] [
E D Jx2+y?
Vo—z2 .18-x%2-y
j J J 1dzdydz
Vo—z2 Jx24y2

3 9-z
= j J (18 — x%? — y?*)dydz
— 9 ZZ
It's much simpler to use polar coordinates here. Thus,

21T 3
V= J J (18 — r?) rdrd#
o Jo

21T 3
= J J (18r — 2r3)drd6o
o Jo

J2n1[9 2 er@
= — rc ——
o 6 2],



Calculus Il

15.8: Triple Integrals in Cylindrical Coordinates

Study concepts, example questions & explanations

DEFINITION  Cylindrical coordinates represent a point F in space by ordered
triples (r, 8, z) in which

1. rand @ are polar coordinates for the vertical projection of P on the xy-plane
2. z is the rectangular vertical coordinate.

Equations Relating Rectangular (x, y, z) and Cylindrical (r, 8, z) Coordinates
x = recosf, ¥ = rsinf, =7z,

rl =+ 7 tanf = y/x

BN Evaluating Triple Integrals with Cylindrical Coordinates

IE JU flx, y, z) dV = (ﬁ (mm Jq"!irmﬂ'rsm " flrcosf, rsin®, z) r d- drdf

¥ v B} oo(roos f e sing)
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Question #1: Triple Integrals in Cylindrical

Ja-x2
Evaluate f_zz f—\;4——x2 fj}m (xz + yz) dzdydx

Answer:
V4—x2

2 2
f f f (x% + y?) dzdydx = ﬂj (x% + y2) dv
—2JVa—x2J [x2+y2 E

The lower surface of E is the cone z = \/x? + y? and its upper
surface is the plane z = 2. The projection of E onto the xy-plane is
the disk x? + y? < 4.

This region has a much simpler description in cylindrical
coordinates:

E={(r0,2|0<0<2m0<r<2,r<z<?2}
Therefore we have

HE (x% +y2) dV =J027TJ02 Jrzrz rdzdrd@
= JOZEJ:(J;TB dz)drd@
= LGkz[ﬂz]%drde
_ Jozn (JOZ(27”3 _ 7"4)(217‘ > do
2n [t 5
-J |75

ng lém

v 5 5



Question #2: Triple Integrals in Cylindrical

Evaluate [ff, yx%+y?dV, where E is the region that lies inside the
cylinder x? + y* =16 and between the planes z= -5 and z = 4.

Answer:

The solid E is bounded above by the plane z = 4 and below by the
plane z = —5. The projection D of E onto the xy-plane is the disk
x% 4+ y% < 4. Thus,

HL x2+y2d"=ﬂD (j:; x2+y2dz>dA

(4 x2
f j J\/x2+y dz dydx

J@-x2)

This region has a much simpler description in cylindrical
coordinates:

E={(r0,2)]0<0<2m,0<71r<2-5<z<4}
Therefore we have

M Xt yrdv = j ! j j (r) rdzdrdd
(o))

= 481



Question #3: Triple Integrals in Cylindrical

Evaluate the integral by changing to cylindrical coordinates

3 (V9-xZ 9-x2-y?
I, Jo VX2 + y? dzdydx

Answer:
First we write

3 V9-x2 (9-x2-y?
f f f Jx?%+y? dzdydx=ﬂj x? +y2dV
-3Jo 0 E

The z-limits of integration are 0 <z <9 —x? —y? =9 —r2,
The projection of E onto the xy-plane is the upper semi-disk:
—3<x<3, 0<y<+9-x2
This solid E has the description in cylindrical coordinates:
E={06,2|0<0<m0<r<30<z<9-r%

Therefore we have

T 3 9-12
HJ X%+ y?2dV = J J J (r) rdzdrd6
E o Jo Jo

T 3
= J J (9r? —r*) drd6
o Jo

[ [

~ J” 162
o 5

162
=—

5



Question #4: Triple Integrals in Cylindrical

Evaluate [ff, xdV, where Eis enclosed by the planes z =0 and
z=x+y+5 and by the cylinders x2 + y? =4 and x*>+y?=09.

Answer:
The z-limits of integration are
0<z<x+y+5=rcosf +rsind + 5.

The projection of E onto the xy-plane is the region enclosed
between the two circles x? + y* =4 and x* + y? =9,

This solid E in cylindrical coordinate is
E={(r0,2)|0<0<2m2<r<3,0<z<rcosd + rsinf + 5}

Therefore we have

2n ;3 ,rcosf+rsinf+5
jﬂ xdV = j j j (rcos@) rdzdrd6
E o J2 Jo

2w 3
— j j (r3cos?0 + r3cosOsind + 5r’cosh) drd6
o J2

Tl /r* r# 5 3
= J —c05%0 + — cosBsind + —r3cosO do
0 4 3 2

4
T /65 65 95
= J (— c0s%0 + — cosfsind + —cosB) do
o \ 4 4 3

T /65 65 95
= j (— (1 4+ cos20) + —sin20 + —cosB) do
o \8 8 3

T

_ [<65 (9 N sin29> 65 S8 95 9)]
= 3 > 16COS 3 sin .

_ 65



Question #5: Volume

Use atriple integral to find the volume of the solid below the plane
Z =6 —x, above z = —/4x? + 4y? inside the cylinder x? + y? = 3 with
x<0.

Answer:

Volume of E =V = Uj 1dV
E
The z-limits are —/4x?2 +4y? <z<6—x or —2r <z < 6 —rcosf.

To find the projection D of E onto the xy-plane we set z=0. So, D is
the portion of the disk x? + y2? < 3 (r < +/3) with x < 0.

This solid E in cylindrical coordinate is
E={(r02)|n/2<6<3n/20<r<+V3,-2r <z<6—rcosf}

Therefore we have

3m/2 3 6-—rcosf
V= HJ 1dV = j J J (1) rdzdrdo
E /2 0 -2r

3m/2 3
= J j (6r — r?cosf + 2r?) drd@
T/2 0

3m/2 3 2 V3
= J !(37‘2 — —cos0 + —r3>] dao
/2 3 3 o

3m/2
= j (9 + 2V3 —V3cos0) df = 2v3 + (9 + 2V3)m ~ 42.6
/2



Calculus Il

15.9: Triple Integrals in Spherical Coordinates

Study concepts, example questions & explanations

We use the following relations in converting from rectangular to
spherical coordinates:

II' X = psin ¢ cos # ¥ = psin ¢ sin z=pcosd

Also, the distance formula shows that

EI pr=x + R+ 2

BN Evaluating Triple Integrals with Spherical Coordinates

[3] Jj) fix, y,z) dV

E

= (d (ﬁ (bffpsin¢> cos fl, p sin¢ sinfl, p cos @) p’sind dp df deb

¥C wil ¥

where E'is a spherical wedge given by

E={[p.ﬂ,¢}|as:p£b,as:ﬂssﬁ_.cs:cpﬂd}
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Question #1: Spherical Coordinates

Describe the surface whose equation in spherical coordinates is

a) ¢p=1
b) p = 2cos¢
Answer:

a) We convert the equation to rectangular coordinates:

T
=%
w3
cos¢>—cos6— >
V3
pcos¢p = p—-

2

V3
z=\/x2+y2+zz7

3 3
22 _ 2.2 2
4z 4(x + y*)

z =+/3(x? + y?)
This is a cone centered on the z-axis.

b) To convert the equation to rectangular coordinates we use that:
p = 2cos¢
p? = 2pcosg
x2+y*+2z%2=2z
x2+y*+22-2z2=0
x2+y?+22-224+41-1=0
x2+y2+(z-1)?%=1

This is a sphere with center (0,0,1) and radius 1.



Question #2: Triple Integrals in Spherical

Evaluate [[[. %+ y?+ 22 dV, where E is the ball given by the equation
x% + y? + z% < 25.

Answer:

Since the boundary of E is a sphere, we use spherical coordinates:
E={(p,0,)|0<p<50<6<2m0<¢<m}

Therefore we have

fﬂE VX2 +y24+2z2dV = joznjonjos(p) p2sing dpd¢pdo
5

() ) o)

= 6257




Question #3: Triple Integrals in Spherical
Evaluate the integral by changing to spherical coordinates

Jo T T G 4y 4 29 dzdydx

Answer:
First we write

1 V1-x% /1-x2-y?
f f j (x? +y% + z*)? dzdydx
0 Jo 0

- U (x* +y?+22)? dV
E

The region E is a portion of the unit ball lying in the first octant and
hence it is bounded by the inequalities
E={(p0,0)0<p<1,0<6<m/2,0<¢ <m/2}

Therefore we have

/2 /2 (1
ﬂ (x%2 +y%+2%)2dV = J J J (p*) p2sing dpdpdo
E o Jo Jo

_ L " jo " jo ' (p5sing) dpdpdo

(v ([ ([ no o)



Question #4: Triple Integrals in Spherical

Evaluate [ff, xyzdV, where the region E is a portion of the ball
x% +y? +z?> < 4, lying in the first octant x >0, y >0, z> 0.

Answer:
We convert the integral to spherical coordinates
E={(p0,$)|0<p<20<60<1/20<¢<mr/2}
Note that the integrand in spherical coordinates is
xyz = (psingcosO)(psingsind)(pcose)

= p3sin®¢pcospsinfcosO

Therefore we have

[[[ e

/2 /2 (2
=j j j (p3sin¢pcospsinfcosh) p?sing dpddds
o Jo Jo

/2 rm/2 (2
= j j J (p>sin3pcospsinfcosd) dpdpdo
o Jo Jo

)2 2 /2
= (j sinfcosO d9> (J p° dp) (j sin3¢pcose d(j))
0 0 0

4
3



Question #5: Volume

Use atriple integral to find the volume of the solid bounded by the
sphere x? + y* + z? = 25, the cone z = \/x%2 + y2 and the cone

z =3 /x% + y2.

Answer:

Volume of E=V =1U 1dV
E

Since we are dealing with spherical regions, we will use spherical
coordinates.

Let's first convert the boundary surfaces of E:
x2+y24+22=25=p?2=25=p =75,

z=\x2+y2222=x2+y? >

(pcosp)? = (psingcosh)? + (psingsind)?

= p?cos?¢p = p?sinPcos?O + p?sin®Psin?o

= pZcos?¢p = p?sin®P(sin?0 + cos?0) = p?cos?P = p?sin¢
n

scosqbzsinqbstanqb:lsqb:Z

In the same way, z = V3/x2 + y2 = tang = \/ig > ¢ =

a1l

This solid E in spherical coordinates is
E={(p.0,p)|0<p<50<0<2mm/6<¢<mn/4}

Therefore we have

o [l e [ [ prsne apaas
E 0 /6 YO
() ) )

= 21) (1§5> (ﬁ - ﬁ) ~ 41.6
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