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1.1 Engineering Mechanics 



1.2 Fundamental concepts 

Basic Quantities. 

Length. Length is used to locate the position of a point in space and thereby describe 

the size of a physical system. 

Time. Time is conceived as a succession of events. Although the principles of statics are time 

independent, this quantity plays an important role in the study of dynamics. 

Mass. Mass is a measure of a quantity of matter 

Force. In general, force is considered as a “push” or “pull” exerted by one body on another. 

Idealizations. Models or idealizations are used in mechanics in order to simplify application of the 

theory. Here we will consider three important idealizations. 



Particle. A particle has a mass, but a size that can be neglected 

Rigid Body. A rigid body can be considered as a combination of a large number of particles 

in which all the particles remain at a fixed distance from one another, both before and after 
applying a load 

Concentrated Force. A concentrated force represents the effect of a loading which 

is assumed to act at a point on a body. We can represent a load by a concentrated force, 

provided the area over which the load is applied is very small compared to the overall size  

Newton’s Three Laws of Motion 

Third Law. The mutual forces of action and reaction between two 

particles are equal, opposite, and collinear 

Distributed load.  



1.3 Units of Measurement 

SI Units. The International System of units 

1.4 The International System of Units 

The SI system of units is used extensively in this book 

since it is intended to become the worldwide standard for 
measurement 

Prefixes. When a numerical quantity is 

either very large or very small, the units 

used to define its size may be modified by 

using a prefix. 

 Mass:        kilogram, kg -(1Kg=1000g)  
Length:     meter, m -(1m=1000mm)  
Force:        Newton, N-(kN=1000N)  
Weight:     (N) =m (kg) * g (m/s2 )  
Gravitational Acceleration,         g=9.81 (m/s2 )  



1.5 Numerical Calculations 

It is important, however, that the answers to any problem be reported with justifiable 

accuracy using appropriate significant figures. 

1.6 General Procedure for Analysis 

• Read the problem carefully and try to correlate the actual physical situation with the theory 

studied. 

• Tabulate the problem data and draw to a large scale any necessary diagrams. 

• Apply the relevant principles, generally in mathematical form. When writing any equations, be 

sure they are dimensionally homogeneous. 

 

• Solve the necessary equations, and report the answer with no more 

than three significant figures. 

 

• Study the answer with technical judgment and common sense to determine whether or not it 

seems reasonable. 
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CHAPTER OBJECTIVES 

 
• To show how to add forces and resolve them into components using 

the Parallelogram Law. 

• To express force and position in Cartesian vector form and explain 

how to determine the vector’s magnitude and direction. 

• To introduce the dot product in order to use it to find the angle 

between two vectors or the projection of one vector onto another. 



2.1 Scalars and Vectors 

scalar is any positive or negative physical quantity      (magnitude) 

A vector is any physical quantity that is described by  both a magnitude and direction 

A vector is shown graphically by an arrow. 

  

 

+x 

+y 



System of forces 

Concurrent coplanar 
forces 

Non coplanar  forces 
Colinear  forces Concurrent Non coplanar  

forces 



2.3 Vector Addition of Forces Finding a Resultant Force. 

If the vectors are collinear, the resultant is formed by an algebraic or scalar 

addition 

Subtracting  colinear vectors  is the same as adding a vector in the opposite direction. 

The resultant vector is the single 

vector whose effect is the same as the 
individual vectors acting together. 

   2 kN                      3 kN                              2+3 = 5 kN 

   6 kN                                              3 kN                        6-3 = 3 kN 

techniques of vector addition.  
 

graphical algebraic techniques 

Head-to-Tail Method  

Addition of Coplanar 

force system  



Vector addition : Finding the resultant force 

A 

B 

R 

A B 

B 
A 

R 

A 

B 

Find the resultant 



Ex.2.1 The screw eye in is subjected to two forces, F1 and F2. Determine the magnitude and direction of the 
resultant force. 

Using the law of cosines 

150N 

15 

10 

100N 



Finding the Components of a Force. 

Non-rectangular Components: Rectangular Components: 

The components and projections of R are equal only when the 
axes a and b are perpendicular. 



2 
45 

60 105 

6 

45 

500 

70 

30+(180-70)  = 
140 

30 

105 

45 

FAB 

FAC 

Sin law  



60 
900 N 

1200 N 

F 

 

 30 

𝐹 = 12002 + 9002 − 2(1200)(900) cos 30 = 615.94 N 

30 

 

615.94

sin 30
=
900

sin 
 

=  46.94 





2.4 Addition of a System of Coplanar 

Forces 

Fx = F cos   
Fy = F sin   

Cartesian Vector Notation 

F = Fx i + Fy j 

techniques of vector addition.  
 

graphical algebraic techniques 

Head-to-Tail Method  



Coplanar Force Resultants. 

F1 = F1x i + F1y j 

F2 = -F2x i + F2y j 
F3 = F3x i - F3y j 

The vector resultant is therefore 

FR = F1 + F2 + F3 

= F1x i + F1y j - F2x i + F2y j + F3x i - F3y j 

= (F1x - F2x + F3x) i + (F1y + F2y - F3y) j 
= (FRx)i + (FRy)j 

Direction of the resultant force 

Magnitude of FR  is 

i 

j 



Ex. Determine the x and y components of F1 and F2 acting on the boom 

shown and find the resultant as cartesian vector 

F2 =  i -                     j = { 240i - 

100j}N 

 = { -100i + 173j} N  

Each force as a Cartesian vector. 

FR = { 140i + 73j} N  

resultant a s cartesian vector 

F1 = -200 sin 30i +  200 cos 

30j  



The end of the boom O  is subjected to three concurrent and coplanar forces. 
 Determine the magnitude and direction of the resultant force. 

(FR)x = -400  + 250 sin 45 -  200( 4/5) = -383.2 N  

(FR)y = 250 cos 45 + 200 ( 3/5) = 296.8 
N  

= 484.7 N 



750 

Frx = 325/13x5 +Fcos +600 cos 45 =750 …..(1)  

Fry= 325/13x12 +Fsin -600 sin 45 =0 ……(2) 

Divide eq. 2 by 1 …….. 
  = ….. 
Sub in 1 find F 





Force Vectors in 3D 



x 

y 

z 

i 
j 

k 

x 
y 

z 

F 

-y 

x 

z 



2.5 Cartesian Vectors 

Rectangular Components of a Vector. 

Cartesian Vector Representation 

Magnitude of a Cartesian Vector 

Coordinate Direction Angles. We will define the direction of 

A by the coordinate direction angles a (alpha), b (beta), and g (gamma), 
measured between the tail of A and the positive x, y, z axes 

direction cosines of A. 

The right-hand rule 

the coordinate direction angles  ,  , and  

, measured between the tail of A and the 

positive x, y, z axes provided they are located 
at the tail of A, 



A = Axi + Ay j + Az k, then  

uA   will have a magnitude of one and be dimensionless provided A is divided by its magnitude, 

components of uA represent the direction cosines of A,  

 

uA = cos i + cos  j + cos  k 

Unit Vector 

UA If two angles are 
given , use to 
find the third 



Express the force  F as a Cartesian vector 

Only 2 of the direction angles are known. The 3rd  angle α must 

satisfy 

α = 60 °  or 120°               since Fx  is in the +x direction. 

  

F = F cos() i + F cos() j + F cos() k  

 

F =  (100i + 100j + 141.4k) N 

cos2 + cos260+ cos245 =1  

cos2 = 1-0.75 = 0.25  

cos =  0.25  =  0.5 



Express F as cartesian Vector  

F’ =750 cos 45 

Fx =750 cos 45 cos 60 

Fz =750 sin 45 

F = {750 cos 45 cos 60i - 750 cos 45 sin 60 j+ 750 sin 45 k} N   



UA 

F = {750 cos 45 cos 60i - 750 cos 45 sin 60 j+ 750 sin 45 k} N   

From last lecture 

250(4/5) 

Fz = 250(3/5) 

Fx= 250(4/5)x cos 30 

Fy= -250(4/5)x sin 30 



2.6 Addition of Cartesian Vectors 

A = Ax i + Ay j + Azk 

  
 B = Bxi + By j + Bzk, 

FR = A + B = (Ax + Bx)i + (Ay + By)j + (Az + Bz)k 

Magnitude of the resultant 

Direction of the resultant 



N 

Determine the magnitude and direction angles of the 
resultant force  

 

direction 



Find the resultant force in cartesian vector 



Two forces act on the hook shown. Specify the magnitude 

of F2 and its coordinate direction angles so that the resultant force 

FR 

acts along the positive y axis and has a magnitude of 800 N. 

𝐹𝑅𝑥 = 𝐹𝑥 

𝐹𝑅𝑦 = 𝐹𝑦 

𝐹𝑅𝑧 = 𝐹𝑧 

FR= {0i + 800j +0k} N 
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2.7 Position Vectors 

 A position vector r is defined as a fixed vector 

which locates a point in space relative to another point. 

(4,2,-6) 

(6,-1,4) 

rAB = (6-4)i + (-1-2)j + (4- -6)k      = 2i -3j +10k  

rBA = (4-6)i + (2- -1)j + (-6 -4)k    = -2i +3j -10k  

rAB 
rBA 

Find rAB and rBA 



Determine the length of AB and its direction  

(1,0,-3) 

(-2,2, 3) 

rAB  = {-3i +2j +6k} m     

rAB 
𝑟𝐴𝐵 = 3

2 + 22 + 62 = 7𝑚 

Unit vector = 
𝑟 

𝑟
 = −

3

7
𝑖 +
2

7
𝑗 +
6

7
𝑘  

 =cos -1  (-3/7)  = 115  
 =  cos -1  ( 2/7) = 73.4   
  = = cos -1  ( 6/7) = 31.0   
 

 Direction 

 Length of AB 



In many cases, the  direction of a force is defined by the coordinates of two points 

along its line of action.  

1. Form a position vector r along the line of action of force 

2. Find the corresponding unit vector u = r/r that defines the direction of the line  

3. Multiply the unit vector by the magnitude of the force 

F = F⋅u = F (r/r)  

2.8 Force Vector Directed Along a Line 

x 

y 

z 

A 

B 

F 

r 
u 

(xA, yA ,z A) 

(xB, yB ,zB) 



Express F as a Cartesian vector. 

(2,0,2) 

(-4 sin 30 , 4 cos30, 3) 

UAB 

F = F⋅u = F (r/r)  

R AB 



Determine the resultant force acting at A as cartesian vector. 

rAB 

UAB 

rAC 

UAC 





2.9 Dot Product 

Cartesian Vector Formulation. 

The dot product is often referred to 

as  

the scalar  product of vectors 

A = 2i -3j+1k 

B = 4i +2j+2k 

𝟐
−𝟑
𝟏
.
𝟒
𝟐
𝟐
= 𝟐. 𝟒 + −𝟑. 𝟐 + 𝟏. 𝟐 = 𝟒 

A =Axi +Ayj +Azk 

B=Bxi +Byj +Bzk 

j 

k 

i 



Applications. 

a. The angle formed between two vectors or intersecting lines 

Ex. Determine the angle  between F and the pipe segment 

BA 



Determine the angle between the edges of the 
sheet-metal bracket 

r2 

r1 

r1 ​= {400i + 0j +250k } mm 
 
r2=  { 50i + 300j + 0k } mm  

𝑟1 = 400
2 + 2502 = 471.7 mm 

𝑟2 = 50
2 + 3002  = 304.1 𝑚𝑚 

r1​⋅r2​ =  [(400)(50) + (0)(300) + (250)(0)]  = 20000 

 



b. The components of a vector parallel and perpendicular to a line. 

 Magnitude of the component of A parallel to a-a  

the component of A parallel to a-a s cartesian vector  

𝐴 = 𝐴
2 − 𝐴||

2  

𝐀 = A - A|| 

the  magnitude of the perpendicular component of A to a-a 

the perpendicular component of A to a-a as cartesian vector 



Ex. Find the magnitude of the projection of F along line AO 

0,0,0 

1,-2,2 

rA0 = -1i +2j -2k  

𝑟𝐴𝑂 = 1
2 + 22 + 22 = 3 

𝑈𝐴𝑂 =
−1i + 2j −2𝑘

3
=
−1

3
𝑖 +
2

3
𝑗 −
2

3
𝑘 

FII ={ -6i +9j +3k } . {
−1

3
𝑖 +
2

3
𝑗 −
2

3
𝑘 + = 6 𝑘𝑁 

rAO 

uAO 



U DE 

(4,5,-2) 

(0,2,0) 

(4,2,-2) 

U EB 

U DE = {0i +3j+ 0k } / 3 =  0i +1j +0k  

U EB = {-4i -3j+2 k } /  42 + 32 + 22  = −0.72i − 0.54j + 0.36k 

F EB = 600 −0.72i − 0.54j + 0.36k = *−432i − 324j + 216k+ N 

F DE = −432i − 324j + 216k . *0i +1j +0k  } = -324 N  

𝐹𝐷𝐸 = 600
2 − 3242 = 505𝑁 





0,0,0 

1,-2,2 
r= -1i+2j-2k 

cos 𝜃 =
−6 𝑖 + 9𝑗 + 3𝑘 . −1𝑖 + 2j − 2k

62 + 92 + 32  . 12 + 22 ⋅ 22
  = 0.534 

= 57.69  
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A particle: An object with mass but of negligible dimensions. 

A particle is in equilibrium if the resultant of all forces acting on the particle is 

equal to zero. 

3.1 Condition for the Equilibrium of a Particle 

∑ F x = 0 ∑ F y = 0   Equation of equilibrium in ( 2D)    F = 

0 

     

Concurrent Forces: 

Two or more forces are said to be concurrent at a point if their 
lines of action intersect at that point.  

Principle of Transmissibility:  

a force may be applied at any point on its given line of action 
without altering the resultant effects 



(FBD) 

To apply equilibrium equations we must account for all known and unknown 

forces acting on the particle using FBD .  

FBD is a sketch that shows the particle “free” from its surroundings with all the forces acting on it. 

String or cable: A mechanical device that can only 

transmit a tensile  force  (T) along itself. The tension 

force is always directed in the direction of the cable. 

Pulleys are assumed to be frictionless. 

3.2 The Free-Body Diagram 

Three types of supports often encountered in particle equilibrium 

problems. 

1. Cables and Pulleys. 



Draw FBD of Cylinder D and point B 

W 

TDB T BD 

T BC 

T BA 





A mechanical device which exerts a force  ( tension or compression ) along its 

line of action and proportional to its extension  (F = k).     

 K :  constant of proportionality which is a measure of stiffness or strength 

2. Springs. If a linearly elastic spring 

 

l0 l0 

l 

 : ( stretch  or deformation  

 l :  Stretched length , final length 

 lo  : unstretched length, initial length   

 = l - lo 



3. Smooth surface If an object rests on a smooth surface, then the surface will exert a force on the 

object that is normal to the surface at the point of contact. 

W 

N 
30 

3 
4 

5 3 

4 5 



3.3 Coplanar Force Systems  ( 2D) 

2. Then apply  equilibrium equations  

Fx = 0       and          +↑  Fy = 0. 

The first step in solving any equilibrium problem is:  

 

1.  to draw the particle’s free-body diagram 

Components are positive if they are directed along a positive axis, and 
negative if they are directed along a negative axis. 

+→  



Determine the tension in cables BA and BC necessary to support the 60-kg cylinder 

Fx = 0;   TC cos 45 – 4/5TA = 0………………………..(1) 

 

 Fy = 0;  TC sin 45 + 3/5TA - 60(9.81)  = 0 ................... (2) 

 

From (1)    TA = 0.8839TC.                            Substituting this into Eq. (2)  

 

TC     =    475.66 N      substituting this result into Eq. (1) or Eq. (2), we get 

 

TA     =     420 N 



Determine the required length of cord AC  so that the 8-kg 

lamp can be suspended in the position shown. The undeformed 
length of spring AB is lAB = 0.4 m, and the spring has a stiffness of 

kAB = 300 N/m. 

FBD 

FAB = kABAB;   .................    135.9  = 300 AB 

AB = 0.453 m 
l'AB = loAB + AB 

L'AB = 0.4  + 0.453  = 0.853 m 

0.853 

2 - 0.853 = lAC cos 30  

lAC = 1.32 m 

x =lAC  cos 30  

F AB 

W= 8-kg x 9.81 = 78.5 

N 

T AC 

     Fx = 0     

 FAB   -  T AC  Cos 30 = 0  ……………………(1)     
+↑  Fy = 0. 
T AC  sin 30  -78.5 = 0  ……………………   (2) 
Solving    
 FAB  = 135.9 N 

+→  



Determine the forces exerted by the smooth surfaces at A and B 



800 kg 

Find the tension in each 

cable 

TDE   

TDC   TCD   TCA   

TCB   
800x9.8 = 7.84 kN  

Point D. 
 
 Fx = 0     

 TDE cos25  -  T DC  = 0  ……………………(1) 
 
+↑  Fy = 0. 
T DE  sin 25  -7.84 = 0  …………T DE  = 18.55  kN 
Sub. In 1. 
  TDC =16.81 kN  = TCD  
 
 
 
     

+→  

Point C. 

   Fx = 0   
 16.81 -  T CA   (3/5) - T CB cos55 = 0……………………(1) 
 
+↑  Fy = 0. 
T CA  (4/5)   - T CB Sin 55 = 0   ………… T CA   = 1.02 T CB  kN 
 
Sub. In 1. 
  TCB =14.18 kN   
  TED = 14.46 kN 
     

+→  





Determine the unstretched length ( Lo) of DB to hold 40kg crate. K =180N/m  

40x9.8 = 39.2N  

FDB   

TDC   

Point D. 
 
 Fx = 0     
 FDB (3/3.61)  -  T DC  (cos45) =0  ……………………(1) 
 
+↑  Fy = 0. 
F DB  (2/3.61) +  T DC  (sin45) – 39.2  = 0  ………… (2) 
 
FDB =………………… 
 TDC =  …………….. 
    

+→  
2 

3 

3.61 

FDB  = K = 180  …………………..  = …………… 
Lo = L’-   = 3.61 -  
 



FAB   

The unstretched length of spring AB is 3 m. If the block is held in the equilibrium position 
shown, determine the mass of the block at D. 

FAC   

W   

FAB = K =30( 5-3) =60N    

+→  FX =  -FAC cos 45  +60(4/5) = 0 

    

FAC = 67.88 N 

 

+↑  Fy =  -W +67.88sin45 +60(3/5) = 0 

 

W = 84 N 

 

Mass = 84/9.81 = 8.56 kg    

 
 



The ball D has a mass of 20 kg. If a force of is applied horizontally to the ring at A, determine 

the 
dimension d so that the force in cable AC is zero. F = 100 N 

TAB  

 20x9.81=196.2   

100 N  

+→  FX =  -TAB cos   +100 = 0  …………………….1 

    

+↑  Fy =  -196.2 +TAB sin  = 0 …………………….2 

 

Solving 1 and 2 

 

 = 62.99       TAB = 220.2 

 
 

From geometry  

Tan = (1.5+d)/2 

 d = 2.42 



3.4 Three-Dimensional Force Systems 

For particle equilibrium     ∑ F = 0  
 
 Resolving into i, j, k components  
 

∑ Fxi + ∑ Fyj + ∑ Fzk = 0  
 

∑ Fxi  = 0  
∑ Fyj  = 0  
∑ Fzk = 0 

If the solution for a force yields a negative result, this indicates that its 
sense is the reverse of that shown on the free-body diagram. 



A 90N load is suspended from the hook shown. If the load is supported by two cables 

and a spring having a stiffness k = 500 N/m, determine the force in the cables and the 

stretch of the 
spring for equilibrium.  

 Fx = 0;            TD sin 30 -  4/5 Tc = 0          

(1) 

Fy= 0;        -TD cos 30 + FB = 0              

(2) 

                        3/5 TC  - 90  = 0                   
(3) 

Fz = 0;  

Solving the equation  

TC = 150 N 

TD = 240 N 
FB = 207.8 N 

FB = k AB 

207.8  = (500 )(AB) 

AB = 0.416 m 
 

TD   

TC   

FB   



TB   

TD   TC   

 Fx = 0;            TB   + TD cos 120 - Tc  cos60sin30  = 0          (1) 

Fy= 0;        -TD cos 60 + Tc  cos60 cos30 = 0                 (2) 

  Fz= 0;           TD  cos45  + Tc  sin60 -300 = 0                   (3) 

TC   

TB   

TD   

 Fx = 0;            TB   + - Tc  (3/5) = 0                       (1) 

Fy= 0;        -TD (3/5)+ Tc  (4/5)= 0                 (2) 

  Fz= 0;           TD  (4/5)  -900 = 0                      (3) 



(1,-2,2) 

(0,-2,3) 

(0,3,2) 

(6,0,0) 

 Fx = 0;            -Tc   + 1/3TD  -+TB sin30  = 0                 (1) 

Fy= 0;        -2/3TD  + TB Sin 30 = 0                        

(2) 

Fz= 0;           2/3TD    = 0                      

(3) 

TD 
TC 

TB 

TC 

TD 

TB 

150 
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4.1 Moment of a Force—  Scalar Formulation 

The magnitude of the moment is directly proportional to 

the 

magnitude of F and the perpendicular distance or 
moment arm Magnitude. The magnitude of MO   in 2-D   is 

 

            MO =  Units of moment magnitude is N.m 

d  is the moment arm  (perpendicular distance from the axis at 
point O to the line of action of the force 

Direction. The by its moment axis, which is 

perpendicular to the plane that contains the force F and its 
moment arm d. The right-hand rule 

In 2-D, the direction of MO is either clockwise (CW) or counter-

clockwise  (CCW) depending on the tendency for rotation 

+ 
_ 

F 

d  

F d  

The  Moment is a vector   



Ex. Find the moment about point 

O. 



Resultant Moment. 

Ex. Determine the resultant moment of the four forces a bout point O. 



4.4 Principle of Moments 

Varignon’s theorem 

The moment of a force about a point is equal to the sum 

of 

the moments of the components of the force about the 

point. 

MO = Fx y - Fy x 

MO = Fd. 
Ex. Determine the moment of the force about point O. 

5 cos 45 

5 sin 45 

3cos 30 

3sin 30 



Determine the moment of the fore about point O. 

500 cos 45 

3sin 45 

3+ 3cos 45 

500 sin 45 

Mo=- 500cos45 ( 3cos45) + 500sin45(3+3cos45) =1060.66 N.m   

Mo= + 500sin45(3) =1060.66 N.m   

+ 

+ 

Or: apply the principle of transmissibility 



1500 

200 

175 



600 cos 50 

   Mo =600 x ( 4 +(3cos 45) -1)  

600 sin50 

30 

Mo = +600cos 50 x 0.5 + 600 sin50 x 5 =  

4+(3cos 45) -1 

0.5 sin 60 

5 sin 30 



4.2 Cross Product 

The cross product of two vectors A and B yields the vector C, 

C = A X B 

Magnitude. C = AB sin . (0    180). 

Direction. Vector C has a direction that is perpendicular to the 

plane containing A and B the (right-hand rule) 

A X B     B  X A. 

A X (B + D) = (A X B) + (A  X D) 

Cartesian Vector Formulation. 



 +       -      + 

A = 2i -3j+1k 
B = -1i +3j+4k 
Find A x B 

ⅈ −𝑗 𝑘
2 −3 1
−1 3 4

= −15ⅈ − 9𝑗 + 3𝑘 

   +     -     + 

C=A x B= 

𝑪 = 152 + 92 + 32 = 17.75 

𝑐𝑜𝑠 𝛼 =
−15

17.75
 

𝑐𝑜𝑠 𝛽 =
−9

17.75
 

𝑐𝑜𝑠  =
3

17.75
 

Direction of C 

i 
j 

k 

A=Axi +Ayj +Azk B=Bxi +Byj +Bzk 



4.3 Moment of a Force—Vector Formulation 

d = r sin  

Direction of  MO  is perpendicular to the plane containing r 

and F 

MO  =Fd =rF sin  = F(r sin ) 

 

  

MO =r x F      = Mx i + My j + Mz k 

MO = r1 x F = r2 x  F = r3 x  F 

MO  = 𝑀𝑥
2 +𝑀𝑦

2+ 𝑀𝑧
2 

components of the position 

vector drawn from point O to any point on 

the 
line of action of the force 

the x, y, z components 

of the force vector 

   +     -      + 

Cartesian Vector Formulation MO = r x F    F x r  

r1 
1 

d 

r2 
2 

MO  = 𝑀𝑥
2 +𝑀𝑦

2+ 𝑀𝑧
2 

𝑐𝑜𝑠 𝛼 =
Mx

M
 

𝑐𝑜𝑠 𝛽 =
My

𝑀
 

𝑐𝑜𝑠  =
Mz

M
 

Direction of M 



Resultant Moment of a System of Forces. 

(Mr)O =  (r x F) 



Ex. Determine the moment produced by the force about point O. Express the result as a Cartesian 

vector. 

rA = {12k} m          and              rB = {4i + 12j} m 

F expressed as a Cartesian vector is 

Or 

rA  

 rB  

MO = r x F  

(4,12,0) 

(0,0,12) 



3,3,-1 

-2,-3, 2 

ⅈ −𝑗 𝑘
5 6 −3
2 4 −6

= −24ⅈ + 24𝑗 + 8𝑘 

   +     -     + 

M   =r x F = 

𝑴 = 242 + 242 + 82 = 34.87𝑵𝒎 

The magnitude of the moment  

Direction of the moment  

cos𝛼 =
−24

34.87
=  ………     =  133.49o 

cos   =
24

34.87
= ………… .     = 46.51o 

cos   =
8

34.87
= ⋯………… .  = 76.74o 

rPA  

rPA =  5i  +6j -3k  



rAB 

(0,0,0.4) 

(0.2,1.2,0.4) 



 = {-14i +8j + 2k} N.m 

{6+8j + 10k} N 

(1,y,z) 

r 
Mo= rxF 

ⅈ −𝑗 𝑘
1 y z
6 8 10

= 10y − 8z i −  10 − 6z 𝑗 + 8 − 6𝑦 𝑘 

 = {-14i +8j + 2k} N.m 

Z= 3m 
Y=1m 

d= M/F  𝑑 =
142 + 82 + 22

62 + 82 + 102
=
16.25

14.14
= 1.15 𝑚 

r= 1 i + y j + z k 



4.5 Moment of a Force about a Specified Axis 

the nut can only rotate about the y axis. Therefore, to 

determine the turning effect, only the y component of the 

moment is needed, and the total moment produced is not 
important. 

MO = r x F. 

The component My  along the y axis is the projection of MO   onto the 

y axis. 

the projection of this moment onto the a axis is Ma  = ua  . 
(r x F) 

scalar triple product. Ma  = ua  . (r x F) 

https://vocal.media/poets/like-a-computer 



O 

A 

B 
r 

M=rxF 

MOA = M.U OA 

components of the unit vector defining 
the direction of the a-a  axis 

the position vector extended from any point O on the 

a-a axis to any point A on the line of action of the 

force 
components of the force vector. 

If it is positive, then Ma will have the same sense as ua, whereas if it is negative, then Ma   will act opposite to 
ua  

0 0.6 0.8
2 −3 1
−1 3 4

= 

 
 0 − 0.6𝑥 8 + 1 + 0.8𝑥 6 − 3 = −3 

   +     -     + 

M=rxF .U = 

𝑼 𝐎𝐀 =
𝒓𝟎𝑨
𝑟0A

 



My=( rxF).U 
0 1 0
−3 −4 2
30 −20 50

= 0 −  −150 − 60 + 0 

 My =210 N.m 

(0,3,0) 
(4,0,0) 

MAB= (rxF).UAB 
−0.8 0.6 0
0 0 2
50 −40 20

= 

 
     -0.8x( 80) -0.6x( -100) +0 = -4 lb.ft 

(4,0,2) 

UAB 

UAB= ( -4i +3j+0k) / (42  +32)  = -0.8i + 0.6j +0k    



Find the resultant moment about the y- axis 

My= -300x3+400x0.5 = -700 N.m 

My=(rxF).U 
0 1 0
3 0 0.5
400 0 0

+  
0 1 0
3 0 0.5
0 0 300

= 

 
     +400x0.5 -3x300 = - 700 N.m 

r 
3,0,0.5 

Or 



4.6 Moment of a Couple 

A couple is defined as two parallel forces that have the same 

magnitude, 

but opposite directions, and are separated by a perpendicular 

distance , 
Since the resultant force is zero, the only effect of a 

couple is to 

produce an actual rotation  due to a couple moment = Fd 
couple moment is a free vector, 

Equivalent Couples. If two couples produce a moment with the same 

magnitude and direction 

d In 3D 



Resultant Couple Moment. 



Determine the resultant couple moment of the three couples acting on the plate 



Two couples act on the beam. If the resultant couple is zero. 
Find: The magnitudes of the forces P and F and the distance d 

 P = 500 N and F = 300 N 

d = 3.96 m 



rAB 

M= (rxF) 
ⅈ −𝑗 𝑘
5.2 0 −3
0 0 25

= 

 
     -0i- (5.2x25 )j+0k = - 130j N.m 

0,8,0 

(6cos30,8, -6sin30) 

rBA M= (rxF) 
ⅈ −𝑗 𝑘
−5.2 0 +3
0 0 −25

= 

 
     -0i- (-5.2x-25 )j+0k = - 130j N.m 

OR 

OR 



M2 =0i +0j -250 k 

M3 = 300(1.5/2.5)I -300(2/2.5) j + 0k 
      = 180i -240 j + 0k 

u1 

(-2,2,3.5) 



4.7 Simplification of a Force and Couple System 

principle of transmissibility 

Sometimes it is convenient to reduce a system of forces and 

couple moments acting on a body to a simpler form by replacing 
it with an equivalent system, 

A system is equivalent if the external effects it produces on a body are the 
same as those caused by the original force and couple moment system. 

sliding vector 

Moving a force along its line of action 



System of Forces and Couple Moments. 

Moving a force off its line of action 

The resultant of a force and couple system 

F 

M=Fd 

F F 

F 

d = 



Replace the force and couple system by an equivalent resultant force and couple moment acting at 

point O. 

FR =  

3 cos 30 

3 sin 30 

5 (3/5) 

5 (4/5) 



Replace the loading by an equivalent resultant  force and moment at A 

900 cos 30 

900 sin 30 

Fx= 900 sin30  = 450 N 
Fy = -900cos 30 -300 = -1079.42 
 

Fr= 450𝟐 + 107𝟗. 4𝟐2 = 1163𝑁 
 

𝑡𝑎𝑛 𝜃 = 1079.42/450 
 

𝜃 = 67.37° 𝜃 

MA  = -900cos30 x 0.75 +300 -300x2.25 = -959.57 N.m   

Fr 

MAr 

1163𝑁 

959.57 N.m  



-0.4,0.5,0 

0,0.5,0.3 

F1= 0i -100j +0k 
 

𝐹2 =
200  −0.4ⅈ + 0𝑗 − 0.3𝑘

(0.42+0.32)
= −160ⅈ + 0𝑗 − 120𝑘 

FR = F = -160i -100j –120k 
 

𝐹𝑅 =  1602 + 1002 + 1202  = 223.6 N 
 

MoF1= 100x0.3 i + 0j +0k = 30i +0j +0k  

Mc = -75i +0j +0k 

MF2= (rxF) 
ⅈ −𝑗 𝑘
0 0.5 0.3
−160 0 −120

= 

 
     -0.5x120i -160x0.3j +160x0.5k =  

MR = M= -105i -48j –80k 
 

𝑀𝑅 =  1052 + 482 + 802  = 140.46 N.m 
 

MF1= (rxF) 
ⅈ −𝑗 𝑘
0 0 0.3
0 −100 0

= 

 
100x0.3i + 0j +0k = 30i +0j +0k  

0,0,0.3 





4.8 Further Simplification of a Force and Couple 

System 

Concurrent Force System. 

FR = F 

Coplanar Force System. 

(MR)O =  Fid =  MO 

FR = F 

The resultant moment can be replaced by moving the resultant force FR  a perpendicular or moment arm 
distance d away from point O such that FR   produces the same moment (MR)O about point O, 

MR O = FR d           d = (MR)O /FR. 

The force system can be further reduced to 

an equivalent single resultant force 

provided the lines of action of FR and (MR)O 

are perpendicular to each other. 

Parallel Force System. 
FR =  F 

MR)O = FR d           d = (MR)O /FR. 



X’ 

Fr 

X’ 

y’ 

X’ 

y’ 

1. Replace the loading by single resultant force 
and where to be located from point A 

2. Replace the loading by single resultant 
force and where its line of action 
intersect members AB and BC from A 

A 

B 
C 

3. Replace the loading by single 
resultant force and and locate its 

point of application 

3 cases to be discussed 



Replace the force and couple moment system acting on the beam  by an equivalent resultant 

force, and find where its line of action intersects the beam, measured from point O. 

FR MR 



The jib crane shown is subjected to three coplanar forces. Replace this loading by an equivalent 

resultant force and specify where the resultant’s line of action intersects the column AB and boom 

BC. 

FR 

Move the  resultant force to intersect member AB  



The slab is subjected to four parallel forces. Determine the magnitude and direction of a resultant 
force equivalent to the given force system, and locate its point of application on the slab. 





10 kN 

Mz’ ……. 5x1 = 10x’ …….x’ = 0.5 m 
X = 1.5 – 0.5 = 1 m  
 
Mx ……  5x1.5 + 2x2.5 + 3x0.5 = 10z 
Z = 14/10 = 1.4 m 



4.9 Reduction of a Simple Distributed Loading 

A body may be subjected to a loading that is distributed over its surface,  
•  wind pressure on a sign board.  
•  water pressure on the tank surface  
•  weight of sand on the floor of a storage container 

The most common type of distributed loading is uniform loading along a 
single axis  ( kN/m) 

N/m 

example of this is the weight of the beam itself 



• The line of action of FR passes through the 
centroid (geometric center) of this area. 

The magnitude of the resultant force is equal to the total area A under the loading diagram. 

The coplanar distributed load can be further reduced to a 
single equivalent resultant force FR. 

N/m 

dx 

dA = w(x) dx = dF 

A = FR =  dA =  w(x) dx  

x 

FR 

x 



Determine the magnitude and location of the equivalent resultant force on 
the shaft 

dF = dA =  w(x) dx = 60x2 dx 

160 N 

1.5m 



Composite Loading 

 a composite load can be generated with a combination of 

simpler loads such as a uniform and a triangular line load. 

 FR = F1 + F2 

 xR FR = x1 F1 + x2 F 



Find The equivalent force and its location from point A. 
0.5x3 = 1.5 kN 

1.5  m  

(2.5 -0.5) /2 x3 = 3 kN 

(1/3)x3 

FR = 1.5  + 3  + 1.5 = 6 kN 
 
  MRA = (1.5) (1.5) + 3 (1) + (1.5) 4 = 11.25 kN • m 
 
 X FR  = 11.25 kN • m  
 
 X = (11.25) / (6) = 1.88 m from A. 

6 kN 

1.88 m 



3x3 = 9 kN 

1.5 m 

2x4 = 8 kN 

2 m 

Fx = -8kN 
Fy = -9 

FR = 82 + 92 = 12 𝑘𝑁 

tan 𝜃 =
9

8
 𝜃 =48 

 𝑀𝑐 = 8 × 2 + 9 × 1.5 = 29.5 𝑘𝑁.𝑚 

8 

9 
12 

MFR =8 x = 29.55 
X= 3.7 m 

x 



18 

3 

6.75 1.5 
FR =6.75 +18 = 24.75 kN 

MRA = (1.5) (6.75) + (18)(3)= 64.125 kN • m 
 

X’ =64.125/24.75 = 2.59 m 

64.125 kN • m 
2.59 m 





The beam is subjected to the distributed loading. 

Determine the length b of the uniform load and its position 

a on the beam such that the resultant force and couple 
moment acting on the beam are zero. 40 b 

180  

a+b/2 

10+ 6/3= 12 





 

Chapter 5 

  
Equilibrium of a Rigid Body 

 

I. Marie 



5.1 Conditions for Rigid-Body Equilibrium 

If this resultant force and couple moment are both 

equal to zero, then the body is said to be in 

equilibrium. 

FR = F = 0 

 

(MR)O = MO = 0 

EQUILIBRIUM IN TWO DIMENSIONS 



You should know types of reactions that can occur at the supports. ( Table 5.1)  

A reaction force developed in a body in the direction where support prevents translation . 

Similarly,   

A support prevents the rotation of a body in a given direction by exerting a couple 

moment on the body in the opposite direction 

5.2 Free-Body Diagrams 

. 

No equilibrium problem should be solved without first drawing 
the free-body diagram 



 

 



Rocker 

Rocker Pin or Hinge 

Pin or Hinge 



5.3 Equations of Equilibrium 



Draw FBD 

Ay 

Ax 

MA 

TB 

Ay 

Ax 

Bx 

Ax 

By 

200/2 x 4 =400 N 

Cy 

Cx 

By 

400cos30 

400sin30 

Ay 

Ax 

FB 
30 



Draw FBD 

MA = 0        - 1200x2 +MA = 0 
MA =  2400 N.m 
Fx = 0              Ax  0 
Fy  = 0             Ay -1200 = 0     
Ay = 1200 N  

Ay 

Ax 
MA 

Ay 
By 

Bx 

Ay 

NB sin 30 

 NBcos 30 

NB 

Ax 



Determine the support reactions 

MA Ax 

NB 

Ay By 

Bx 

600x6=3600 

300/2 x 3= 450 
1 

MA = 0        - 450x1 -3600x3+6By= 0 
By =  1875 N 
 
Fx = 0             Bx =0 
 
Fy  = 0             Ay -450 -3600 + 1875 = 0     
Ay = 2175 N  



Ay 

Ax 

Fb sin 30 

 Fbcos 30 

Fb Ay 

Ax 

T 

T 

80 

MA = -4x6 +  FB cos 30 x 8 = 0  
FB = 3.46 N 

Fx = Ax – FB sin 30 = 0  
Ax  = 1.73  N 

Fy = Ay- 4 + FBcos30 = 0  
Ay  = 1  N 

MA = 5T + (2T/2.24 )(10) -13x80 = 0  
T = 74.66 N 
 Fx = Ax – (T/2.24)= 0  
Ax  = 33.33  N 

Fy = Ay + T + (2T/2.24 -80 = 0  
Ay  = 61.32  N 



Ay 

Ax 

Fb sin 60 

 Fbcos 60 

Fb  200 N 

4 sin 30 

4 cos 30 

2 cos30 



5.4 Two-  Force Members 

has forces applied at only two points on the member and  must have the 
same magnitude, act in opposite directions, and have the same line of 
action, directed along the line joining the two points where these forces act. 
  

Ay 

Ax 



The lever ABC is pin supported at A and connected to a 

short link BD . If the weight of the members is negligible, 
determine the force of the pin on the lever at A. 

Ay 

Ax 

 MA = -400x0.7- FB x 0.707 x0.3 = 0  
FB =-  1320 N   ( opposite to the assumed 
direction 

 Fy = 0  = Ay +(- 1320 x0.707)   = 0  
Ay = 933.24 N  

 Fx = 0  = Ax + 400 (- 1320 x0.707)   = 0  
Ax = 533.24 N 

 𝑭 𝑨 =   𝟗𝟑𝟑. 𝟐𝟒𝟐 + 𝟓𝟑𝟑. 𝟐𝟒𝟐 = 𝟏𝟎𝟕𝟓 𝑵 

FB 



EQUILIBRIUM IN THREE DIMENSIONS 

5.5 Free-Body Diagrams 

The first step in solving three-dimensional equilibrium problems, as in the case of two 

dimensions, is to draw a free-body diagram. Before we can do this, however, it is first 

necessary to discuss the types of reactions that can occur at the supports. 



Support Reactions. 





Draw FBD 

Bz 
Az 

Ay 

Ax 

Tc 



5.6 Equations of Equilibrium  

 

When a body is in equilibrium, the net force and the net moment equal zero: 

  

ΣFX =  0     Σ FY =0     Σ FZ = 0 

  

MX = 0       Σ MY = 0      Σ MZ = 0  
 

You should write all forces and reactions as cartesian vectors ( determine the x, y and z 

components)  

The moment equations can be determined about any point.  

 

Choose the point where the maximum number of unknown forces are present Or a line or 

axis of maximum unknowns  



Ex. Determine the tension in the cable and support reactions exerted by the ball ansd socket at 
A. 

T 

Ax 

Ay 

Az 

Mx = 1.5T – 2x 5sin30x5 = 0  
T = 16.67 kN 

Fx = Ax +5cos30 – 5cos 30 = 0  
Ax = 0 

Fy = Ay-T = 0   …….    Ay-16.67 =0   = 0  
Ay = 16.67  

Fz = Az -2x5sin30 = 0 
Az = 5  kN 



Determine the components of reaction at the fixed 
support A.  

Az 

Ay 

Ax 

M A x 
M A y 

M A z 

Fx = 0; Ax - 400 = 0 

 Ax = 400 N  

 
Fy = 0;  500+Ay = 0  

Ay = -500 N 

 

Fz = 0; Az - 600 = 0  

Az = 600 N. 

 
Mx = 0; (MA)x - 500(1.25) - 600(1) = 0 

 

(MA)x = 1225 N .m  

 
My = 0; (MA)y - 400(0.75) - 600(0.75) = 0 

(MA)y = 750 N .m 

  
Mz = 0;   (MA)z = 0 



Ox 

Oy 

Oz 

FAC 
FAB 

75 N 

Determine the tension in wires AB and AC to support 75 N flower 
pot 

rA 





3 sin 60 3 cos 60 





Ex. The homogeneous plate has a mass of 100 kg and is subjected to a force and couple moment along its edges. If it is 

supported in the horizontal plane by a roller at A, a ball-and-socket joint at B, and a cord at C, determine the components of 
reaction at these supports. 



5.7 Constraints and Statical Determinacy 

In engineering practice, these situations should be 

avoided at all times since they will cause an unstable 
condition. 

Statically indeterminate : there will be more 
unknowns than the equations of equilibrium 



chapter 6 
Structure Analysis 

( Truss- frames and machines) 

 

Iqbal Marie 

27/02/2022 

Lecture 1 



6.1 Simple Trusses 
 

A simple truss is a planar truss which composed of  triangular 

elements. Often used to support roofs and bridges. 

truss is a structure assumed to : 

 composed of: slender members joined together at 

frictionless joints ( smooth pins)  

 the members act as two-force members. They are in either 

tension or compression.  

 Compressive members are made thicker to prevent 

buckling 

 All loads are applied at the joints.  

 The weight of the truss members is often neglected as the 

weight is usually small 

Assumed smooth Pin joint  



A simple truss is a planar truss which begins with a  triangular element and can be expanded 
by adding two members and a joint.  

For truss design ; ( members and joints)  
 
It is necessary to determine the forces in each truss member.  
This is called the Truss analysis.  

https://sites.google.com/site/structuresinigoandsofia/triangi 

https://sites.google.com/site/structuresinigoandsofia/triangi


6.2 Method of joints (to analyse or design a truss, it is necessary to determine the 

force in each of its members) 

This method is based on the fact that if the entire truss is in equilibrium, then each 

of its joints is also in equilibrium 

To  analyse any  truss: 

  

1. Draw the FBD of the entire truss to determine the supports reactions applying the 

equilibrium equations  ( show them on the truss)  

      Fx = 0   and     Fy = 0   and     M = 0 

2. Draw FBD for each joint assuming tension in each member  (start with the one of two 

members) 

3. Apply equilibrium equation for each joint to find the force in each member 

          Fx = 0 and  Fy = 0… if the result is positive then the member is in tension  

and if negative the member is in compression. 

4. Show the results on the truss  ( show the arrow tip pointing to the joint for compression 

and away from the joint for tension) 

5. Go to the next joint until you finish all the joints and obtain the forces in all members 
 
6. Use table to arrange your solution 
 
 

 



Find the forces in all members and specify if tension or compression 

Ax = -500 

Ay = -500 
Cy = 500 

MA = 0      -500 x 2 +2Cy = 0  
Cy = 500 N 
 
Fx= 0      Ax= -500 N 
Fy = 0      Ay + 500= 0  
Ay = - 500N     

Joint A. 
AB 

AC 

Fx= 0      -500 +AC=0     AC = +500 N  (T) 
 Fy = 0      AB -500= 0     AB = + 500 N (T)  

 500 

 500 
Joint C. 

BC 

Fx= 0      -500 –BC cos 45 =0     BC = -707.1N  (C) 

-
707.1 



Ex.  Analyse the truss shown (Find the internal forces in all the members) 

Show the results on the truss 

1. Support reactions  

Joint FBD Equ. Equ 

B 

 
C 

 
D The results shown on the truss 



3 

4 
5 

3 

4 
5 

Joint FBD Equ. Equ 

 
D 

 
C 

 
E 

600 

DE 
DC 

Fx=0      -600-3DE/5 =0       DE = -1000 N (C) 

Fy=0      -DC- (-1000x4/5=0    DC = 800(T) 

800(T) 

Fx=0      -CE - 900=0       DE = -900 N (C) 
800 

CB 

CE 
900 

FY=0      800- CB =0    CB=800 N (T)  

800(T) 

-900 N  

1000 

900 
EA 

EB 

Fx=0           −
3𝐸𝐴

5
  -900 - 

3000

5
  + 

3𝐸𝐵

5
  = 0  

Fy=0           −
4𝐸𝐴

5
  -  

4000

5
  - 

4𝐸𝐵

5
  = 0  

EB = 750 N (T) 
EA = 1750 N ( C) 

Determine the forces in all the members and specify if it is in tension or 
compression 
Show your results on the truss 



p/2 p/2 

AC cos60 +AB = 0  
AB = -P cos 60/(2sin60) = 0.29 P ( T) 

Ac sin 60 +p/2 = 0  
AC = -P/(2sin 60) = -0.58 P  (c) 

0.58P = 1.5        P = 2.6 kN 
0.29 P = 2           P = 0.69 kN  



 

 6.3 Zero force members  

To identify zero force members by inspection 



find Zero force members 



6.4 The Method of Sections 

6.5  Space Truss  (محدوف)  

The method of joints is used to find the internal forces in all the truss 

members. 

The method of sections is used to find the internal forces only in a few 

specific members of a truss,  

  Procedure; 

  

 Find support reactions if needed 

 Make  cut  ( section)  passing through the  required 

members  

 Don’t cut more than three members ( most of cases) ( the 

section  must cut  the truss into 2 separate parts) 

 Draw FBD of  one of the 2 different parts of the truss ( take 

the simplest) showing all external loads and reactions  on it 

,  assume tension  in the 3 members that are cut. 

 Apply  Equilibrium to find the forces in the required 

members E 

FBD 

FBE 

FCE 



Ex. Find the internal forces in members BD, BC and AC and indicate if they 

are in tension or compression  

2. make section through the required members  

1. Find support reactions  

3. Draw FBD of either parts of the truss.. assume tension in the cut 

members 

4. Apply equilibrium equations on the part of the truss  

 (+) = tension …….. (-) = compression) 



Determine the force in members BE, EF, and CB, and 

state 

if the members are in tension or compression. 

CB EB EF 



Determine the force in member EB of the roof truss shown. Indicate whether the member is in tension or 
compression. 

From section B ( joint)  
Considering now the free-body diagram of section bb, Fig. c, we have  
 Fx = 0;        - FEF cos 30 +(- 3000 cos 30) = 0           FEF = - 3000 N (C)  
  Fy = 0;       -  2(-3000 sin 30) - 1000 N - FEB = 0        FEB = 2000 N (T)  
 
  

From the section     

Book solution 

FED 

FDB 

FBC 

MB = 0 ……4 FED sin 30 -1000x2+2000x4 = 0          FED = - 3000 N ( C) 



Determine the force in member CF of the truss. Indicate whether the member is in tension or 
compression. Assume each member is pin connected. 

Mc = 0;       FFG cos  26.5(6) + -(3 ) (4) +(4.75 ) (8) = 0            FFG = - 4.84 kN (C) 

Fy = 0;      -4.84 sin  26.5 + -(3 ) + 4.75 - FCF sin 45  = 0                           FCF = - 0.58 kN (C) 

4.75 kN 
3.25 kN 

0 



Determine the force in member CD of the K-trusstruss shown. Indicate whether the member is in tension or 
compression. 





6.6 Frames and Machines 

  
Frames and Machines are two common type of 

structures which are often  composed of  pin-

connected multiforce members. 

 
Frames are generally stationary and support external loads.  

Machines contain moving parts and are designed to alter the effect of forces. 

  

Requirements  
 Draw the free body diagram of a frame or machine and its members. 

 Determine the forces acting at the joints and supports of a frame or machine. 



Truss Frame 

Difference between a truss and a frame 

All members are two force members 
Forces are applied at the joints 

Some of members are multiforce members..  
Forces can be applied at  members 



Draw FBD of each component of the frame 

FBD of the entire frame 
FBD of each part 

External support reactions 
Internal forces at the pins 



Frame analysis Steps: 

1. Draw FBD of the whole frame and determine 

the  as much external reactions as possible 

2. Dismantle the frame and draw FBD of each member applying 

internal forces at each pin ( joint) 

3. Apply the equilibrium equations to each 
part separately and find all the unknowns  

External support reactions 

Internal forces at the pins 



FBD of the entire frame 

FBD of the each part  

Draw FBD of the entire frame and each part 



ΣMA=0 

3RF=6(240) 

RF=480 kN 
  
ΣMF=0ΣMF=0 
3AV=3(240) 

AV=240 kN 
  
From the FBD of member BG 

ΣMB=0 
2EV=4(240) 
EV=480 kN 

240 

240 



Determine the external support reactions at hinges at A and C  
Determine the internal forces exerted by Pin at B. 
 From the entire frame  

There are 4 unknows and 3 equilibrium equations  so 
try to find as much unknows as you can  if possible 
 
MC =0    ….  0.5x.4 +1x.8 -1xAy =0  
Ay = 1 kN 
Fy = 0 …….. -1-0.5 +1 +Cy = 0  
Cy = 0.5 kN 
Show the results on the frame then draw FBD for each 
part 

FBDs of each Part 

Apply equilibrium equations to each part and solve for unknowns 
 
Member AB 
MB =0    ….  1x0.2+0.4AX-1x0.4 = 0 
Ax  = 0.5 kN 
Fx = 0 ……. O.5-Bx = 0 
Bx= 0.5 kN 
Fy = 0 …….. 1-1+By=0  
By = 0 
Member BC 
Fx = 0 ……. –Cx+0.5= 0  
Cx= 0.5 kN 
 



By applying equilibrium equations  to 
member AC or BC D 



Determine external support reactions and all 
internal forces at all pins 

1. Draw FBD of the entire 
frame  

3 Equilibrium equations are 
available 

2. Draw FBD of each part 
knowing that CE is a two force 
member  

 start with Member BEF  ( has 3 unknowns) 

Member CE 
 ∑Fx = 0 ……….. Cx = Ex = 13.08  



Find the tension in the cables and the force P required to support the 
600 N force using the frictionless pulley system (neglect self weight) 

Draw FBD of each pulley   ( cutting all the cables) and 
apply equilibrium equations 









Determine the reactions at the supports A, C, and E of the  

compound beam 



The smooth disk shown in is pinned at D and has a weight of 20 lb. Neglecting the weights of the 
other members, determine the horizontal and vertical components of reaction at pins B and D. 

B 

Free-Body Diagrams. The free-body diagrams of the entire 
frame and each of its members  

D 



The two planks in a are connected together by cable BC and a 
smooth spacer DE. Determine the reactions at the smooth 
supports A and F, and also find the force developed in the 
cable and spacer. 

 
For the entire beam 
MF = 0 …… 2x200 +100x8 –NA x10 = 0              NA = 120 lb 
 Fy = 0;       -100-200+ 120 +NF = 0                     NF=  180 lb 
Member AD 
Considering now the free-body diagram of section AD we have  
MD = 0 ……     FBC x2 +100x4 -120x6  = 0           FBC  = 160 lb   

120 lb 

 Fy = 0;       -100-160+ 120 +FDE = 0           FDE=  140 lb 



The frame in Figa  supports the 50-kg cylinder. Determine the horizontal and vertical components of reaction at A and 
the force at C.  



The two-member structure is connected at C by a pin, which is fixed to BDE and passes through the 
smooth slot in member AC. Determine the horizontal and vertical components of reaction at the 
supports 





Chapter 7 
Internal Forces  

Iqbal Marie 



2 



Internal forces at section a-a 

+ve sign 
convention 

For each cross section, there is a shear force V and a 
bending moment M and a normal force N.  

3 



b) Determine the support reactions by applying equations of equilibrium 

4 



5 

Internal Forces 



 Fy = 0 ……. 50 – Vc = 0    ……. Vc = + 50N 
 Fx= 0 …….                               . Nc=0 
 Mc=0    -50x2 +Mc = 0    …… Mc = +100 

N.m  

 Fy = 0 ……. 50 + VE = 0              VE = -50N 
 Fx= 0 …….                                    NE=0 
 ME=0    +50x2 -ME = 0             ME = +100 N.m  

 Fy = 0 ……. 50 – VF = 0    ……. VF = + 50N 
 Fx= 0 …….                               . NF=0 
 MF=0    -50x5 +MF = 0    …… MF = +250 

N.m  

 Fy = 0 ……. 50 – 100 - VG = 0           VG = - 50N 
 Fx= 0 …….                                            NG=0 
 MG=0    -50x5 +MG = 0                     MG = +250 N.m  

To find internal forces at the concentrated load. ( Pint D.) 
Make two sections; one just to the left of the load and another  
just to the right of the load 
 

find internal forces point c and E 
 

N 

N 

6 



Taking entire beam as a free-body, calculate reactions at B and D. 

Find internal forces at the shown sections 

Section 1 

Apply equilibrium equations for all section  

V2 = -20 kN        M2 = -50 kN.m 

7 



Find internal forces at point C and D which are 2m and 5m  to the right of A respectively  

 Fy = 0 ……. 500-200- Vc = 0                        Vc = 300N 
 Fx= 0 …….                                                    Nc=0 
 Mc=0    -500x2   + 200x1 +Mc = 0           Mc = +800 N.m    

 Fy = 0 …  500-500- VD = 0                        VD = 0 
 Fx= 0 …….                                                    ND=0 
 MD=0    -500x5   + 500x 2.5 +MD = 0           MD = +1250 N.m    

8 

Support reactions 



 Fy = 0 ……. -2800+ VB = 0                        VB = + 2800 N 
 Fx= 0 …….                                                    NB=0 
 MB=0    -2880x4  - MB = 0           MB = -11520 N.m    

600/15 = y/ 12 
Y= 480 N/m 

9 

y 



10 

60 

By = 150 

Nc 

Vc 

Mc 

 Fy = 0 ……. -150+ Vc = 0                        Vc = + 150 N 
 Fx= 0 …….                                                    Nc=0 
 MB=0    -150x2  - MB = 0           Mc = -300 N.m    



11 

7.2 and 7.3 



Find internal forces at the shown sections 

SD. kN 

- 20 

26 

- 14 - 

+ 

- 

BMD. kN.m 

-50 

28 

- 

+ 

12 



50 

50 
125 

SD. kN 

BMD. kN.m 

- 
+ 

+ 

SD. kN 

BMD. kN.m 

- 

+ 

- 

-20 

-80 

+120 

V=0 

75 N 

-75  

25 N 

150 

+ 

+ 

- 
SD. kN 

BMD. kN.m 

13 



162.55 

-119.658 

-122.06 

51.8 

8.615 

2.991 

-2.747 

SD. (N) 

MD. (N.m) 

14 

- 

+ 



15 



Draw the shear and moment diagrams for the beam shown i 

16 

0.67 

2.33 2.33 

+ + 
- 

V (kN) 

M (kN.m) 

2.01 
3.52 

0 

1.48 



17 

600 

7000 

SD N 

MD N.m 



18 

= 40kN 
=80 kN 



19 



20 



21 



 

 7.3  Relation Between Load, Shear and 
Moment 



Draw the shear and moment diagrams for the beam shown 

x 

20X/9 

20X2/9 (1/2)=10X2/9 

x/3 

Fy=0    30 -10X2/9  -V= 0 
V= 30 –(10X2/9)  
M=0   - 30X +10X2/9(X/3)  + M= 0 
M= 30X –(10/9) (X3/3) 
 
 
V=0 ……. 30 –(10X2/9) =0   
X=5.2 m  

23 



50 

50 
125 

SD. kN 

BMD. kN.m 

- 
+ 

+ 

SD. kN 

BMD. kN.m 

- 

+ 

- 

-20 

-80 

+120 

V=0 

75 N 

-75  

25 N 

150 

+ 

+ 

- 
SD. kN 

BMD. kN.m 

Draw SD and MD 

24 



+ 

600 N 

7000N.m 

- 

SD N 

MD (N.m) 

4000 N.m 

4000 N.m 

25 



162.55 

-119.658 

-122.06 

51.8 

A1=8.615 

A1-A2 =2.991 

A1-A2-A3 = -2.747 

SD. (N) 

MD. (N.m) 

Draw SD and MD 

+A1 

-A2 
-A3 

+A4 

A1-A2-A3 +A4= 0 

26 



Show the loading system on the beam and show support reactions . Shear and moment diagrams are given 

60 kN 

132kN 

40kN/m 

48kN 

120 kN.m 

27 



80 /X = 20      
X = 4  

X = 4  

80 /X = 20      
X = 4  

Draw SD and MD 

-40 

28 



Draw SD and MD 

7/X=1.5  
X= 4.67 

29 



Draw SD and MD 

50 /X=15  
X= 3.33 

X= 3.33 

30 



31 



32 



Chapter 8 

 Friction 

 

8.1 and 8.2 

Iqbal Marie 



8.1 Characteristics of Dry Friction 
 
Friction is a force that resists the movement of two contacting surfaces that slide relative to one 
another. 
 Acts tangent to the surface at the points of contact and is directed so as to oppose the possible 
or existing motion between the surfaces. 

Dry friction,  called Coulomb friction since its characteristics were studied extensively by the French 

physicist Charles-Augustin de Coulomb in 1781.  

Dry friction occurs between the contacting surfaces of bodies when there is no lubricating fluid. 

Fs = µs N 



Fs is directly proportional to the resultant normal 
force N. Expressed mathematically, Fs = µs N 

µs is called the coefficient of static friction 
µk is called the coefficient of Kinatic friction 
 
angle of static friction  = 

the coefficient of friction should be determined 

directly by an experiment that involves the two 
materials to be used. 

Motion. If the magnitude of P acting on the block is increased so that it 

becomes slightly greater than Fs, the frictional force at the contacting surface will 
drop to a smaller value Fk, called the kinetic frictional force. 



8.2 Problems Involving Dry Friction 

Types of Friction Problems. In general, there are three types of static problems involving 

dry friction 

1. No Apparent Impending Motion number of unknowns to be equal to the number of 
available equilibrium equations 

Solve the problem  and find FA and FC  using equilibrium 

equation 

Check their values for friction force at A and C  ,  

If      FA ≥0.3NA    or   FC ≥ 0.5NC      then slipping will occur and the 

body will not remain in equilibrium 

6 unknown 

3 equilibrium equation per each member = 6 

equations 

2 friction equation : FA =0.3NA    or   FC  =0.5NC  

  

FBD 



2. Impending Motion at All Points of Contact. 
The total number of unknowns will equal the total number 

of available equilibrium equations +  the total number of 

available frictional equations, F = µs N. 

finding the smallest angle  

5 unknowns  

3  equilibrium equations  

2  static frictional 

equations  
FA = 0.3NA   and   FB = 0.4NB. 

F must always be shown acting with its 

correct sense on the free-body diagram, 

whenever the frictional equation is used for 

the solution of a problem 

 

FBD 



3. Impending Motion at Some Points of Contact 

number of unknowns will be less than the number of available equilibrium 

equations plus the number of available frictional equations or conditional 
equations for tipping. 

several possibilities for motion or impending motion will exist and the 

problem will involve a determination of the kind of motion which actually 
occurs 

determine the horizontal force P needed to cause 
movement. 

7 unknowns 

6 equilibrium equations + 

2 possible static frictional equations. 

FA = 0.3NA      and     FC =0.5NC 

it will either cause slipping at A and no slipping at C, 

FA = 0.3NA and FC ≤0.5NC; 

or  
slipping occurs at C and no slipping at A, in which 

 

FC = 0.5NC  and FA ≤ 0.3NA. 

calculating P for each case and then choosing the case for which P  is smaller. 
P 



The uniform crate has a mass of 20 kg. If a force P = 80 N is applied to the crate, 
determine if it remains in equilibrium. The coefficient of static friction is uS = 0.3. 

<Fs= 0.3x 236.3=70.89  No slipping 

X< 0.4  …..No tipping 



µs = 

0.3 

smooth 



7 unknowns 
6 equilibrium equations 
2 friction equation  
FB= 0.2 NB 

FC= 0.5 NC 

Member AB 
MA =0 ,   NB = 400N 

Member BC 
Assume post slip at B 
FB= 0.2 NB = 0.2x 400= 80N 
 
MC =0 ,   -0.25 P+1x80  = 0 …     P = 320N 
Fx =0   ,   -Fc – 80 +320 = 0 ……. FC = 240N 
Fy=0   ,    Nc – 400 = 0 ……. NC = 400N 
 

Check  friction at C 



980N 

= 0.3 By 

=
0.

3 
A

x  𝑀𝐴 = −980 0.9) − 0.9(0.3 𝐵𝑦) + (𝐵𝑦)(0.9) + (1 ⋅ 5 𝑃 = 0   

 𝐹𝑥 = 𝐴𝑥 − 0.3 𝐵𝑦 = 0

𝐴𝑥 = 0.3𝐵y

 

 𝐹𝑦 = 0.3𝐴𝑥 + 𝐵𝑦 − 980 + 𝑃 = 0 

0.3𝐴𝑥 + 𝐵𝑦 − 980 + 𝑃 = 0 

𝑃 = −𝐵𝑦 − 0.3(0.3𝐵𝑦) + 980 

−980 0.9) − 0.9(0.3𝐵𝑦) + (𝐵𝑦)(0.9) + (1 ⋅ 5 (−1.09𝐵𝑦 + 980) = 0  

𝐵𝑦 = 585 

𝑷 = 𝟑𝟒𝟐. 𝟑𝟓𝑵 





7 unknowns 
6 equation 
2 friction 



Chapter 9 
Center of Gravity & Centroid 

Iqbal Marie 



Cross section of beams 



The centroid, is a point defining the geometric center of an object. 

9.1  Centroid of an Area 

This point coincides with the center of mass or the center of 

gravity only if the material composing the body is uniform or 
homogeneous. 

Required X’, and Y’ 
Select deferential element 

dx 

y 

y/2 

xi 

dA = y dx = f(x) dx 

xi  =x 
yi  =y/2 = f(x)/2 
 



The centroid location (x’ , y’) 

dA = y dx = x2 dx 
 x’ = x  
 y’ = y / 2 = x2/ 2  

= 0.333 = = 

= 0.25 = = 

= = = 0.10 

0.1

0.333
= 0.3 𝑚 

0.25

0.333
= 0.75 𝑚 



Find support reactions if the unit weight of the material is   = 20 kN/m2   

A 
B 

A = 

Weight   W= 0.333x 20 = 6.67 kN 

6.67 kN 

0.75 

5kN 1.67 kN 



The steel plate is b= 0.3 m thick and has a density of 7850 kg/m3.  
find the reactions at the pin and roller support. 

W=  g volume =  g A b  

b 
W1= 7850x9.81x0.3x0.5x2x2) = 46205.1N = 46.2 kN 

1.33  

 46.2  
A2 =   (2)0.5    (x )0.5  dx  = (2(1.5)/1.5) x 20.5  =2.67m2 

W2= 7850x9.81x0.3x2.67) = 60066.63N = 60.1 kN 

 =   (2)0.5    (x3 )0.5  dx  = (2(2.5)/2.5) x 20.5  =3.2/2.67 = 1.2 m 

2.67 

1.2  

45 

 FB = 47.9 
 
 
Ax = 33.9 
 
 
Ay =73.9 
 

Ax 

Ay 

FB 

60.1 



Procedure of Analysisfor Analysis 
The location of the center of gravity of a body or the centroid of a composite geometrical object 

represented by area 

 

• Locate reference axes 

• Divide the area into a number of simple shapes. 

• Find the area of each shape then sum all the areas           A.  
• If a composite body has a hole, or a geometric region having no material, then consider the 

composite body without the hole and consider the hole as a negative area 

• Determine the coordinates x  , y  , z  of the center of gravity or centroid of each part. 

•  Determine  X Ȳ by applying the center of gravity equations,  

 

 If an object is symmetrical about an axis, the centroid of the object lies on this axis. 

If desired, the calculations can be arranged in tabular form 

9.2  composite body : consists of a series of connected “simpler” shaped 

bodies, which may be rectangular, triangular, semicircular 

1 

2 
3 





Locate the centroid of the plate area from the given axes 

2 
3 



 Determine the location of the centroid from the given axes. 





According to Pascal’s law, a fluid at rest creates a pressure p at a 

point that is the same in all directions 

The magnitude of p, depends on the specific weight  or mass density  of 

the fluid and the depth z of the point from the fluid surface 

for water or  w= w .g = 9810 N/m3 = 9.81kN/m3 

https://www.google.com/url?sa=i&url=https%3A%2F%2Fwww.watervision.co.nz%
2F&psig=AOvVaw20GQgmSH5obuun80XaGWFg&ust=1586409226065000&source=
images&cd=vfe&ved=0CAIQjRxqFwoTCIC9gpeJ2OgCFQAAAAAdAAAAABAD 
 

9.6 Fluid Pressure 

fluid surface 

z Any Free surface open to the atmosphere has atmospheric pressure  

p = 0 fluid surface 

w = 1000 kg/m3 

https://www.google.com/url?sa=i&url=https://www.watervision.co.nz/&psig=AOvVaw20GQgmSH5obuun80XaGWFg&ust=1586409226065000&source=images&cd=vfe&ved=0CAIQjRxqFwoTCIC9gpeJ2OgCFQAAAAAdAAAAABAD
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 Draw the hydrostatic forces on the surfaces shown  

P= w  hb   

h   

 w  h1b   

 w  h2b   

P= w  hb   

b….. If b not given … assume b = 1 unit length    

h   



Determine the magnitude and location of the resultant hydrostatic force 

acting on the submerged rectangular plate AB shown 

The plate has a width of 1.5 m; w= 1000 kg/m3 

w= 1000x9.8=9800 N/m3 =9.81 kN/m3  

wA= 9.81 x1.5 x2 = 29.43  kN/m  

wB= 9.81 x1.5 x5  = 73.58  kN/m  

F1 = 29.43x3 = 88.29 kN 

F2 = (73.58- 29.43) x3/2 = 66.23 kN 

FR  = 88.29  +66.23 =  154.5 kN 

 
 

FR=154.5 

kN 
h=   = ( 88.29 x1.5 +66.23x 1)/ 154.5  = 1.29 m 

h=1.29 
m 



When the tide water A subsides, the tide gate automatically swings open to drain the marsh B. 

For the condition of high tide shown, determine the horizontal reactions developed at the hinge C 
and stop block D. The length of the gate is 6 m and its height is 4 m.  w= 1000 kg/m3 



The 2-m-wide rectangular gate is pinned at its center A and is prevented from rotating by 

the block at B. Determine the reactions at these supports due to hydrostatic pressure. 

w = 1000 kg/m3. 

w1 w2 



Determine the magnitude of the resultant force acting on the gate ABC due to hydrostatic 

pressure. The gate has a width of 1.5 m. w = 1000kg/m3 





Chapter 10 
Moments of Inertia 

Iqbal Marie 

MOI 



10.1 Definition of Moments of Inertia for Areas ( MOI)  

The integrals  ( y2dA   , x2dA )   is sometimes referred to as the “second moment” of the area about 

an axis , but more often it is called the moment of inertia of the area. 

Although for an area this integral has no physical meaning, it often arises in 

formulas used in fluid mechanics, mechanics of materials, structural mechanics, 
and mechanical design, 

The moments of inertia of a differential area dA about the x and y 
axes are  dIx = y2

 dA     
   
 dIy = x2

 dA, 

The polar moment of inertia. It is defined as dJo = r 2dA, 

r2 = x2 + y2   
The units for moment of inertia involve length 

raised to the fourth power, ( m 4, mm4) 



x 

y 

b 

h 

 a. Find moment of inertia about the x axis ( passing through the base of the rectangle)   (Ix) 

 Take a differential element of area that is parallel to the x axis 

y 

Ix = y2dA  =  y2  (b dy) =by3 /3     = bh3 /3    

0 

h 

0 

h 

x 

y 

b 

h 

x 

dy 

dx 

Take a  differential element of area that is parallel to the y axis 

 b. Find moment of inertia about the y axis (Iy) 

Iy = x2dA =  x2  (h dx) =hx3 /3     = hb3 /3    

0 

b 

0 

b 



 a. Find moment of inertia about the x’ axis ( passing through the centroid of the rectangle)    

A differential element of area that is parallel to the x axis 

Ix = y2dA =  y2  (b dy) =by3 /3     = bh3 
/12    

-h/2 

h/2 

-h/2 

h/2 

X’ 

Y’ 

b 

h 

x 

dx 

A differential element of area that is parallel to the y axis 

 b. Find moment of inertia about the y axis axis ( passing through the centroid of the rectangle)   

Iy = x2dA =  x2  (h dx) =hx3 /3     = hb3 
/12   

-b/2 

b/2 

-b/2 

b/2 

X’ 

Y’ 

b 

h 
dy 

y 



dA= ydx = (b/a2 )x2  dx 

dx 

dy 
dy 

dA=(  a-x) dy 

y 

Ex. Find moment of inertia about the x  and Y axes  

x 

x 



10.2 Parallel-Axis Theorem for an Area 

The parallel-axis theorem can be used to find the moment of inertia of an area about any axis 
that is parallel to an axis passing through the centroid and about which the moment of inertia is 
known 

0, Y’ = 0 

Y 

dY 
MOI about the 
centroidal axis 

A:  area 
dy: the distance between 
the two parallel axes 

𝐼𝑥 =  𝑦′ + 𝑑𝑦
2
𝑑𝐴

𝐴

 





  Find moment of inertia about the x axis ( passing through the base  of the rectangle)    

X’ 

Y’ 

b 

h 

X 

dy   Find moment of inertia about the y axis     

X’ 

Y’ 

b 

h 

y 

dx 

Use the parallel-axis theorem to find Ix and Iy 

X
’ 

Y
’ 
b 

h 

X 





10.3 Radius of Gyration of an Area (k) 

The radius of gyration of an area about an axis has units of length (m, cm 
or  mm) and is a quantity that is often used for the design of columns in 
structural mechanics. Provided the areas and moments of inertia are known. 





10.4 Moments of Inertia for Composite Areas 

A composite area: 

consists of a series of connected “simpler” shapes, such 

as rectangles, triangles, and circles The moment of inertia  

of each of these parts about their centroidal axes is 
known  the Parallel-Axis Theorem  Is used to determine the 

MOI of the composite area 

𝐼𝑥 = 𝐼𝑥 + 𝐴𝐷𝑦
2 

𝐼𝑦 = 𝐼𝑦 + 𝐴𝐷𝑥
2 

1 

2 

3 

- 

                        

𝑰𝒙′ + 𝑨ⅆ𝒚
𝟐 𝑰𝒚′ + 𝑨ⅆ𝒙

𝟐 

𝑰𝒙′  𝑰𝒚′  



  Find moment of inertia about the x  and y axes  passing through its centroid 

𝐼𝑥 = 𝐼𝑥  

𝐼𝑦 = 𝐼𝑦  



part area Ix’ Iy’ dx dy Ix’+Ady2 Iy’ +Adx2 

A 100x300 1/12(100x 3003) 
 

1/12(1003x 300) 

 
-250 200 1.424 x109  1.9x109   

B 100x600 1/12(600x 1003) 
 

1/12(100x 6003) 

 
0 0 0.05x109 1.8x109  

D 100x300 1/12(100x 3003) 
 

1/12(100x 3003) 

 
250 -200 1.424 x109  1.9x109   

2.9x109  5.6x109  







3.5 cm 

𝐼𝑥 = 49.334 𝑐𝑚
4 

part area Ix’ Iy’ dx dy Ix’+Ady2 

A 

B 

Find Ix about centroidal axis 

3.5-2 

3.5 - 5 

𝑌 − 𝑦 𝑖 



Part No Area Y’ Ay’ Ix’ Dy = 𝑦 − 𝐲′ Ix’+ADy2 

              

              

   A =    Ay’ =       

𝑦 =
 𝐴𝑦′

 𝐴
 

Determine 𝑦 , which locates the centroidal axis x’ for the cross-sectional area of the T-beam, and then find the 

moment of inertia about x’ axis   



10.5 Product of Inertia for an Area 

The units for IXY  ( m
 4, mm4) 

The product of inertia of the area with respect to the x and y axes is defined as 

Ixy   May have –ve or +ve sign  depends on the quadrant where the 

area is located. 

It is important that the algebraic signs for dx and dy be maintained when applying 
this equation. 

𝐼𝑥 =  𝑦
2 𝑑𝐴 

𝐼𝑦 =  𝑥
2 𝑑𝐴 



Parallel axis theorem for products of inertia: 

X’ 

Y’ 

b 

h 

x 

dx 

X’ 

Y’ 

b 

h 
dy 

y 

When the x axis, the y axis, or both are an axis of symmetry, the product of 
inertia is zero. 

0 

Ixy = Ix’y’ + Adxdy 



Determine the product of inertia Ixy for the triangle shown in 

A differential element that has a thickness dx, has an area dA = y 
dx. 

 The product of inertia of this element with respect to the x and y 
axes is determined using the parallel-axis theorem. 

𝐼x𝑦 =  𝑥
ℎ

2𝑏
𝑥
ℎ

𝑏
𝑥 𝑑𝑥

𝑏

0

=
ℎ2

2𝑏2
 
𝑥4

4
=
ℎ2 𝑏2  

8
 

or 

Y=hx/b 

dx 

x 

y/2 =hx/2b 

dA = y dx. =hx/b dx 



part A Ix’ Iy’ dx dy Ix= Ix’+Ady2 Iy =Iy’ +Adx2 Ixy=0+ Adxdy 

A 100x300 1/12(100x 3003) 
 

1/12(1003x 300) 

 
-250 200 1.424 x109  1.9x109    

-1.5x109 

B 100x600 1/12(600x 1003) 
 

1/12(100x 6003) 

 
0 0 0.05x109 1.8x109   

0 

D 100x300 1/12(100x 3003) 
 

1/12(100x 3003) 

 
250 -200 1.424 x109  1.9x109   -1.5x109 

2.9x109  5.6x109  -3x109 

Determine the product of inertia for the cross-sectional area of the member 
shown, about the x and y centroidal axes. 

Ixy = Ix’y’ + Adxdy 

0 

𝐼𝑥 = 𝐼𝑥′ + 𝐴𝐷𝑦
2 

𝐼𝑦 = 𝐼𝑦′ + 𝐴𝐷𝑥
2 

𝐼𝑥1 =
100 × 3003

12
+ 10 0x300 × 2002 = 1.424 𝑥109 

𝐼𝑦1 =
300 × 1003

12
+ 10 0x300 × 2502 = 1.9 𝑥109 

𝐼𝑥𝑦1 = 0 + 100x300 × −250x200 = −1.5𝑥10
9 

A&D 

B 

𝐼𝑥1 =
600 × 100003

12
= 0.05 𝑥109 

𝐼𝑦1 =
100 × 6003

12
= 1.8 𝑥109 

𝐼𝑥𝑦1 = 0 + 0 = 0 



10.6 Moments of Inertia for an Area about Inclined Axes 

In structural and mechanical design, it is sometimes necessary to calculate the moment of inertia with 
respect to a set of inclined u, v, axes when the values of  , Ix , Iy , Ixy are known. 



Principal Moments of Inertia. 

 when the orientation of these axes about which the moments of inertia for the area are maximum and 

minimum,  this particular set of axes is called the principal axes of the area, and the corresponding 

moments of inertia with respect to these axes are called the principal moments of inertia. 



10.7  Mohr’s Circle for Moments of Inertia 

Graphical method 

Mohr’s circle may be used to graphically or analytically determine the moments and product of 
inertia for any  rectangular axes including the principal axes and principal moments and products 
of inertia. 

Determine Ix, Iy, and Ixy. 

Determine the center of the circle, O, which is located at a distance (Ix + Iy)/2 from the 
origin, 

plot the reference point A having coordinates (Ix, Ixy). Remember, Ix is always 
positive, whereas Ixy can be either positive or negative 

Connect the reference point A with the center of the circle and determine 

the distance OA by trigonometry. This distance represents the radius of 
the circle 

To find the orientation of the major principal axis, use trigonometry 

to find the angle 2p, measured from the radius OA to the 
positive I axis, 

The axis for minimum moment of inertia  I  max  is perpendicular to 
the axis for  I min. 



I 

Ixy 

𝑰𝒙 + 𝑰𝒚

𝟐
 

𝑰𝒙 − 𝑰𝒚

𝟐
 

A 

Ixy 
R 

(Ix, Ixy) 

 B (Iy, Ixy) 

𝟐𝜽𝑷𝟏 

 (IMax, 0)  (IMin, 0) 

𝑹 =
𝑰𝒙 − 𝑰𝒚

𝟐

𝟐

+ 𝑰𝒙𝒚
𝟐  

𝑰𝐦𝐚𝐱 =
𝑰𝒙 + 𝑰𝒚

𝟐
 ±  𝑹 

min 

𝑻𝒂𝒏 𝟐𝜽𝒑 =
𝑰𝒙𝒚

𝑰𝐱 − 𝑰𝒚
𝟐

 

𝟐𝜽𝑷𝟐 

Orientation of the principal axes 

Find Iu, Iv and Iuv at angle  = 30 CW 
 
2= 60 
 

𝟐 

𝑰𝐮 =
𝑰𝒙 + 𝑰𝒚

𝟐
+  𝑹 𝒄𝒐𝒔  

 𝑰𝒖𝒗 = −𝑹 𝒔𝒊𝒏 

  

𝑰𝐯 =
𝑰𝒙 + 𝑰𝒚

𝟐
−  𝑹 𝒄𝒐𝒔 

 𝑰𝒖𝒗 =  𝑹 𝒔𝒊𝒏 

  

Ix  mm 4,  

Iy  mm 4 

 Ixy mm 4. 

Mohr’s circle 



Ix10 9 

Ixyx10 9 

4.25 −1.35 

A 

Ixy 

R 

((2.90,-3.00)) 

 B(5.6, 3) 

𝟐𝜽𝑷𝟏  (IMax, 0)  (IMin, 0) 

𝑹 = 𝟏. 𝟑𝟓 𝟐 + 𝟑 𝟐   

𝑰𝐦𝐚𝐱 = 𝟒. 𝟐𝟓  ± 𝟑. 𝟐𝟗  
min 

𝑻𝒂𝒏 𝟐𝜽𝒑𝟐 =
𝟑

𝟏. 𝟑𝟓
 

Using Mohr’s circle, determine the principal moments of inertia and the orientation of 

the major principal axes for the cross-sectional area of the member shown with 
respect to an axis passing through the centroid. 

Ix = 2.90(10 9) mm 4,  

Iy = 5.60(10 9) mm 4 

 Ixy = -3.00(10 9) mm 4. 

(Ix + Iy)/2 = (2.90 + 5.60)/2 = 4.25x10 
9 (Ix - Iy)/2 = (2.90 - 5.60)/2 = -1.35x10 9 

= 3.29 

 7.54x10 mm4  
 0.96 x109 mm4           

= 

= 2.22    ….. p2= 32.88 
p1 = 90-32.88 = 57.12 CCW 



Determine the orientation of the principal 

axes having an origin at point O, and the 

principal moments of inertia for the 

rectangular area about these axes. using 

Mohr’s circle. 

Ix = 54  

Iy = 216 

Ixy = 81 

𝑻𝒂𝒏 𝟐𝜽𝒑𝟐 =
𝟖𝟏

𝟖𝟏
 

(Ix + Iy)/2 = (54+216)/2 = 135 

(Ix - Iy)/2 = (54-216)/2 = -81 

𝑹 = (𝟖𝟏)𝟐+𝟖𝟏 𝟐   = 114.55 

𝑰𝐦𝐚𝐱 = 𝟏𝟑𝟓 ± 𝟏𝟏𝟒. 𝟓𝟓𝟓 
min 

 249.55 
 20.45 

= 

p2= 22.5 
p1 = 90-22.5 = 67.5 CW 

I 

135 −81 

A 

Ixy 

(54,81) 

 B(216, 81) 

𝟐𝜽𝑷𝟏 

 (IMax, 0)  (IMin, 0) 

𝟐𝜽𝑷𝟐 

67.5 


