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1.1 Engineering Mechanics

Branches of
Mechanics

Rigid body Deformable Body _ _
Undeformable Change shape Fluid Mechanics

Statics: bodies at rest ( equilibrium)

Dynamics: accelerated motion of bodies



1.2 Fundamental concepts
Basic Quantities.

Length. Lengthis used to locate the position of a point in space and thereby describe
the size of a physical system.

Time. 7imeis conceived as a succession of events. Although the principles of statics are time
independent, this quantity plays an important role in the study of dynamics.

Mass. Mass is a measure of a quantity of matter

Force. In general, forceis considered as a “push” or “pull” exerted by one body on another.

ldealizations. Models or idealizations are used in mechanics in order to simplify application of the

theory. Here we will consider three important idealizations
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Particle. A partic/e has a mass, but a size that can be neglected

Rigid Body. A rigid body can be considered as a combination of a large number of particles

in which all the particles remain at a fixed distance from one another, both before and after

applying a load
Concentrated Force. A concentrated force represents the effect of a loading which ¢

IS assumed to act at a point on a body. We can represent a load by a concentrated force,
provided the area over which the load is annlied is verv small compared to the overall size
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Distributed load. _HPEHTTTTTRL,
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Newton’s Three Laws of Motion
force of A on B

Third Law. The mutual forces of action and reaction between two F -'r@ -
particles are equal, opposite, and collinear A B Mforce of Bon A

Action - reaction




The Sl system of units is used extensively in this book
since it is intended to become the worldwide standard for
measurement

1.3 Units of Measurement

S| UnNIts. The International System of units

Mass: kilogram, kg -(1Kg=1000g)

Length: meter, m -(1m=1000mm)

Force: Newton, N-(kN=1000N)

Weight: (N)=m (kg) * g (m/s?)
Gravitational Acceleration, g=9.81 (m/s?)

1.4 The International System of Ur gy

. Exponential Form Prefix Sl Symbol
Prefixes. when a numerical quantity is Multiple
either very large or very small, the units 1 000 000 000 10° giga G
used to define its size may be modified by 1 000 000 10° mega M
using a prefix. 1000 10° kilo K
Submultiple
0.001 10° milli m
0.000 001 10° micro i
0.000 000 001 107 nano




1.5 Numerical Calculations

It is important, however, that the answers to any problem be reported with justifiable
accuracy using appropriate significant figures.

1.6 General Procedure for Analysis

* Read the problem carefully and try to correlate the actual physical situation with the theory
studied.

® Tabulate the problem data and draw to a large scale any necessary diagrams.

® Apply the relevant principles, generally in mathematical form. When writing any equations, be
sure they are dimensionally homogeneous.

® Solve the necessary equations, and report the answer with no more
than three significant figures.

» Study the answer with technical judgment and common sense to determine whether or not it
seems reasonable.



Name: ........ Hw. No. ... Section :
ID: ........ . Time u took to
Statlcs solve the problem
({=To R
solution

Final answer

210X297mm
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CHAPTER OBJECTIVES

« To show how to add forces and resolve them into components using
the Parallelogram Law.

» To express force and position in Cartesian vector form and explain
how to determine the vector’s magnitude and direction.

« To introduce the dot product in order to use it to find the angle
between two vectors or the projection of one vector onto another.



2.1 Scalars and Vectors

scalar is any positive or negative physical quantity  (magnitude)

A vector is any physical quantity that is described by both a magnitude and direction
A vector is shown graphically by an arrow.
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System of forces
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The resultant vector is the single
vector whose effect is the same as the
individual vectors acting together.

2.3 Vector Addition of Forces Finding a Resultant Force.

If the vectors are collinear, the resultant is formed by an algebraic or scalar
addition

2kN 3 kN 243 = 5 kN

Y
|
Y

l

Subtracting colinear vectors is the same as adding a vector in the opposite dire

6 kN 3 kN 6-3 = 3 kN F,
> | = = >
techniques of vector addition.
I
v v
Addition of Coplanar graphical algebraic techniques

force system

Head-to-Tail Method




Vector addition : Finding the resultant force

Find the resultant

A A B

{a) (b

Cosine law:
C=vA?+ B —2AB cosc
Sine law:

A _B _ C
sing sinb sinc

o

[
A

LA+ LB+ £LC =180

A

A



Ex.2.1 The screw eye in is subjected to two forces, F.and F.. Determine the magnitude and direction of the

resultant force.

Using the law of cosines Fgr = V100 N2 + (150 N)2 — 2(100 N¥150 N) cos 115°

= V10000 + 22 500 — 30 000(—0.4226) = 2126 N

= 213N
Applying the law of sines to determine 8,
150N  2126N . 130N
. = — sin f = {sin 115%)
sin A sin 115° 2126 N
d = 35.8°

Thus, the direction ¢ {phi) of Fg, measured from the horizontal, is

¢ = 30.8° + 15.0° = 54.8°

Cosine law:

C=VvA*+ B* —2ABcosc
Sine law:
A B C

sing  sinb  sinc




Finding the Components of a Fqrce.

A

A 4

Non-rectangular Components:

Rectangular Components:

.' AL € B
— el = = T /
1 ,'I b a
C
Cosine law:
F.,=Fcoséd — C=VAT+ B2 2ABcosc
e = Sine law:
. . §=0 sgazsﬁbzsgc
F,=Fgin#

- F, The components and projections of R are equal only when the
F, axes a and b are perpendicular.




F2-1. Determine the magnitude of the resultant force F2-4. Resolve the 30-Ib force into components along the
acting on the screw eye and its direction measured clockwise u and v axes, and determine the magnitude of each of these
from the x axis. components.

105

Prob. F2-1

Prob. F2+4

F2-5. The force F= 450 1b acts on the frame. Resolve this
force into components acting along members AB and AC,
and determine the magnitude of each component.

F2-2. Two forces act on the hook. Determine the magnitude
of the resultant force.

30+(180-70) =
140°

Prob. F2-2
500

F2-3. Determine the magnitude of the resulta¥! force and Prob. F2-5
its direction measured counterclockwise from the positive F2-6. If force F is to have a component along the u axis of

Sin law

X axis F, =6 kN, determine the magnitude of F and the magnitude
of its component F, along the v axis.

Cosine law:

C=vA>+ B2 —2ABcosc

Sine law:
A B C

sinag sinbh  sinc




29, If the resultant force acting on the support is to be
1200 Ib, directed horizontally to the right, determine the
force F in rope A and the corresponding angle 8.

Af € B
b a
g
Cosine law:
C=VA?+ B> —2AB cosc
Sine law:

A _ B _ C
sma smb sinc

Q00 b 1200 N

F = /12002 + 9002 — 2(1200)(900) cos 30 = 615.94 N

615.94 B 900
sin30  sin©

0=_46.94°

v



EXAMPLE | 2.4

It is required that the resultant force acting on the eyebolt in Fig. 2-14a
be directed along the positive x axis and that F; have a minimum
magnitude. Determine this magnitude, the angle 8, and the corresponding
resultant force.

Fig. 2-14

SOLUTION

The triangle rule for Fy = F; + F; is shown in Fig. 2-14b. Since the
magnitudes (lengths) of F and F; are not specified, then F; can actually
be any vector that has its head touching the line of action of Fy, Fig. 2-14¢.

However, as shown, the magnitude of F; is a minimum or the shortest
length when its line of action is perpendicular to the line of action of
Fp. that is, when

f = o0° Ans

Since the vector addition now forms the shaded right triangle, the two
unknown magnitudes can be obtained by trigonometry.

Fr = (800 N)cos 60° = 400 N Ans.
F, = (BD0 N)sin 60° = 603 N Ans.




2.4 Addition of a System of Coplanar

Forces

Cartesian Vector Notation

F=Fi+Fj

¥

i

T
[

| F. >

F

techniques of vector addition.

Y

graphical

v

algebraic techniques

Head-to-Tail Method

A F=Fcos 9
I F£=Fsin 0
X
F.
-
¢ e
s F. F(E)
()
] -

1o

(d)




Coplanar Force Resultants.

F1: lel + FlyJ
F2: 'FZXi + FZyJ
F3: EXI = Eyj

The vector resultant is therefore
Fr=F.+ F.+F;

= Fu+ Fy)- Rd+ Ry + Fid - Ry
= (Fu- s+ R) 1+ (Rt R F) |
= (Fe)l + (Fr))

{FH}I — EFI
{FH}}- = EF\
Magnitude of Fxis Fp = V(Fp); + [FR}_E.

(Fg)y

{FR ].1'

Direction of the resultant forced = tan™! ‘




Ex. Determine the xand y components of F.and F:acting on the boom
shown and find the resultant as cartesian vector

Each force as a Cartesian vector.

F.=-200sin 30i + 200 cos ={ -100i + 173j} N

30 F
{12 . 5 . _ :
Fo= 260 h(ﬁ) i - 260 N(E) j = { 240i -
100j¢N
{FR},r — EFr
(Fg), = 2F, *
13

resultant a s cartesian vector

Fy = 260 N
Fr=1{ 140i + 73j} N




The end of the boom O is subjected to three concurrent and coplanar forces.
Determine the magnitude and direction of the resultant force.

F, = 250 N
% (F2).=-400 + 250 sin 45 - 200( 4/5) = -3832-N—

+1' (F2),= 250 cos 45 + 200 ( 3/5) = 296.$
N

Fp = V(—383.2N)? + (2068 N)> =4847N

206.8 E |
0= '[El]‘.l_l( ) = 37.8°

383.2




F2-7. Resolve each force acting on the post into ils x and
¥ componenls

Proh. F2-7
F2-8. Determine the magnitude and direction of the
resuliant force.

250N "
400N

=
=
=

Proh. F2-8
F2-%. Determine the magnitude of the resultant force
aeting on the corbel amd its direction & messored
counterclockwise from the x axis.
¥

400 I

F-enh B

Prob, F2-%

F2-1i.  If the resultant force acting on the bracket is to be
750 N direcled along the positive x axis determine the
magnitude of F and its direction 8.

750

Prob. F2-10

F2-11. If the magnitude of the resultant force acting on
the hracket is to be 50 b directed along the g axis, determine
the magnitude of F and its direction &.

Prih. F2-11

FI-1L Determine the magnitude of the resultant force
and ils direction # measured counterclockwise from the
positive 1 axis

Prob. F2-12

Fr, = 325/13x5 +FcosO +600 cos 45 =750 .....(1)
Fr,= 325/13x12 +Fsin@ -600 sin 45 =0 ......(2)

Divideeq.2by 1 ........
0 =...
Subin1find F



2-38. Express cach of the three forces acling on the 241, Express Fy, F;, and F; as Cartesian vectors.
support in Cartesian vector form and determine the
magnitude of the resultant force and its direction, measured
clockwise from positive x axis.

143, Determine the magnitude of the resultant force and its
direction, measured counterdockwise from the positive x axis

¥ F=50N

Fi= 625N
F,= 8N
Prohs, 2-42/43
Prob. 2-38 i .

. *1-44. Determine the magnitude of the resoltant force
-39, Determine the x and ¥ components of Fy and Fp. and its dircction, measured clockwise from the positive
#2340, Determine the magnitude of the resultant force I axis.
and its direction, measured counterclockwise from  the ¥

positive x axis.

Fy= 150N

Prohs, 2-39/40

2-41. Determinc the magnitude of the resoltant force
and its direction, measured counterclockwise from the

positive x axis.

91 Ih

-

F; = EBkN Proh. 2-44

2145 Determine the magnitude and direction & of the
resultant force Fgp. Express the result in terms of the
magnitudes of the components F; and F,; and the angle d.

Prob. 2-41 Probh. 2-45



Force Vectors in 3D



v



2.5 Cartesian Vectors

Rectangular Components of a Vector.

The right-hand rule
Cartesian Vector Representation

T“: » ¥V
A=A+ A,j+Ak Iy
z
. . ; AR A
Magnitude of a Cartesian Vector Coordinate ~ A

direction angles

a, fand 7. )
A=VAZ+ A2+ A 4 |

(v ff},_] ¥
j : ; Ad Tl ="
Coordinate Direction Angles. we will define the direction of % 2

A by the coordinate direction angles a (alpha), b (beta), and g (gamma),

measured between the fa// of A and the positive x, y, z axes ) ) )
the coordinate direction angles o, B, and y

. measured between the fa//of A and the
cosa =-—= cosB=—= cosy=—=| direction cosines of A. positive x, y, z axes provided they are located
at the tail of A,




Unit Vector

A=Ai+ Aj+ AKk, then

u. will have a magnitude of one and be dimensionless provided A is divided by its magnitude,

_E—A_I'_l_i'_l_ﬂzk
M=y T AT Al T,

components of u.represent the direction cosines of A,

Us=CcoSal +cos B]+cosyk

cosa + cos’ B + costy = 1

A= Auny
= Acosai + Acos B) + A cos vk
=Ad+ A j+ Ak

If two angles are

—> given , use to
find the third




Express the force F as a Cartesian vector

Only 2 of the direction angles are known. The 3@ angle a must
satisfy

cos’a + cos? B + costy = 1

coS2q, + c0s260+ cos?45 =1
F=200N

cos?o, = 1-0.75 =0.25
cosa = ++v0.25 = +0.5

a=60° orl1l20° since Fx is in the +x direction.

F =F cos(a) i + F cos(B) j + F cos(y) k

F = (100i + 100j + 141.4k) N



Express F as cartesian Vector

>
a.
3

F = {750 cos 45 cos 60i - 750 cos 45 sin 60 j+ 750 sin 45 k} N

F=750N

Fz =750 sin 45

)'



From last lecture

3

z
AR W F=750N

i8]

F = {750 cos 45 cos 60i - 750 cos 45 sin 60 j+ 750 sin 45 k} N

A = A,
= Acosai + A cos B) + A cos yk

Fy=-250(4/5)x sin 30

= A+ Aj+Ak

-
-~

Fz = 250(3/5)

250(4/5) Fx= zso(h/S)x cos 30

Resolve F, vertically and horizontally

F,, =250 (3/5) = I50 N, F,. = 250 (4/5) =200 N

F, can be further resolved as F, = 200cos30° & F, = -200sin30°
-2 F, =(173.2i - 100j + 150k) N



2.6 Addition of Cartesian Vectors

A= Ai+ Aj+ Ak
B = Bi + Bj + Bk,

Fro= A+ B = (A+ B)i + (A+ B)j + (A+ B)K

Fr = ZF = ZF,i + ZF,j + ZFk

Magnitude of the resultant ‘F‘: ""-V/FE + F% -+ Fg

o = cos’! (Fy, / Fy)
Direction of the resultant B = cos (Fg,/Fy)

y = cos! (Fg,/ Fp)

(4, + Bk

A + Bl




Determine the magnitude and direction angles of the

resultant force

Force F;:a=60° p =60°y="7
F, = Fcos60” i + Fcosé0” j + FcosI35" k
= (175i + 175j — 247.5k) N

Resolve F, vertically and horizontally

F, =250 (3/5) = I50 N, F,. =250 (4/5) =200 N

F,. can be further resolved as F,, = 200cos30° & Fay

> F,=(173.2i - 100j + 150k) N

Fy = {348.21i + 75.0§ — 97.487%} N

-200sin30°

F, = {(34821)7 + (75.0)? - (97.487)2 = 369.29 N

Fy=250N

cos’a + cos B + cos®y = 1

F, =350 N

direction
S N
= €% 36929’ T
L, 150
B = cos (35539 = 783
-1 -97.487
= 105°
L (6929



Find the resultant force in cartesian vector

Foxy = 800 * cos(45°) = 565.69 1b
F,, =565.69 * cos(45°) = 489.90 Ib
F,, =565.69 * sin(30r) = 282.84 1b
F,,=-800 * sin(45°) = -565.69 Ib

F,=1{0i+400 j+300k} b
F,=1{489.9i+282.8j—565.7k } Ib

Now,R=F,+ F, or

R=1{4899i+ 6828 —-265.7k} Ib




Two forces act on the hook shown. Specify the magnitude

of Fand its coordinate direction angles so that the resultant force

Fe
acts along the positive yaxis and has a magnitude of 800 N.

F, = F,cos aji + F,cos B,) + F,cos yk
= 300 cos 4571 + 300 cos 60° j + 300 cos 120° k
= {212.1i + 150j — 150k} N

F; = Fyui + Fyj + Fok

F= {0i + 800j +0k} N

FRx=zFx 0= 212.1 + Fa, Fy. = —212.1 N
FRZzZFZ 0= —150 + Fy, F,, = 150N

F, = V(=212.1 Ny + (650 N)* + (150 N)?
= 700 N

g

—212.1
COS (¥ — 700 2 L4 )
650
Cos O — — 4 .
B= B:
cOs - _15']
572 700° Y2

108°

21.8°

77.6°




F2-1% DDetermine the coordinate direction angles of the FI-16. Express the force as a Cartesian vector.
force.

Proh. F2-16

FI-17. Express the force as a Cartesian vector.

F=T5lb

Prob. F2-13
F2-14. Express the force as a Cartesian vector.
I F = 500N

<

Prob. F2-17
T ¥
FI-18. Determing the resultant force scting on the hook.
Prob. F2-14
F2-15 Express the force as a Carlesian vector.
Z
F= 50N ¥

Proh. F2-15 Prob. F2-18



F2-7. Resolve each force acting on the post into ils x and F2-10.  If the resultant force acting on the bracket is to be
¥ components 750 N direcled along the positive x axis determine the
¥ magnitude of F and its direction 8.

Proh. F2-7
F2-8. Determine the magnitude and direction of the
resultant force.

250N T

Proh. F2-10

F2-11. If the magnitude of the resultant force acting on
the bracket is to be 80 b directed along the w axis determine
the magnitude of F and its direction 8.

. th._l"l—ﬂ Prob. F2-11
F2-9. Determine the magnitude of the resultant force
acting on the corbel and its direction § measured F2-12. Dectermine the magnitude of the resultant force
counterclockwise from the x axis. and its dircction # measured counterclockwise from the
¥ positive x axis
¥

Fy= i | 2= 4000
Fy = 00 b

Proh. F2-9 Prob. F2-12
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2.f{ Position Vectors Find rpg and rg,

A position vectorr is defined as a fixed vector (6,-1,4)
which locates a point in space relative to another point. < ol Aimm
.
4 m
4 m 2 m
i mﬁL/ FXQ 6 m
zk]\ X 1
7 Plx.y.2) / ey A
>~ _ 1 (4,2,-6)
oL - y ol K v
. . X J
;"/\ / ras = (6-4)i + (-1-2)j + (4- -6)k = 2i-3j +10k
T‘.'-’-f _1"";- "Ij
Fea = (4-6)i + (2--1)j + (-6 -4)k = -2i +3j -10k
4
B(xg. ¥ Zg)
r
AlXy. Vi Za) B = (—IR — -Id:ﬁ + D}B — J’AH + ':E.B - Ed.}k
L) }I



Determine the length of AB and its direction

rp = 1{-3i +2j +6k} m

Length of AB

— [22 2 2 —
rap =32 +22+62=7m .
Unit vector = — = — 3 +3j + 2k
7| 7" 7 7
B
Direction /

o =cos ! (-3/7) =115° J
B =cost(2/7)=73.4° Jr=1m
y==cos™ (6/7)=31.0°




2.8 Force Vector Directed Along a Line

In many cases, the direction of a force is defined by the coordinates of two points
along its line of action.

1. Form a position vector r along the line of action of force
2. Find the corresponding unit vector u = r/r that defines the direction of the line
3. Multiply the unit vector by the magnitude of the force

(X Yg.25)
F=Fu=F(rl 3
r
u
CFu I-(IJ _ ( (xg — I,-.J"l;" (¥o — Hlij (zp — :A]kﬂ) 'i .y
r Vixg — x0) + (yg — wa¥ + (zg — 24l F

(Xar YarZ p)



Express F as a Cartesian vector.

F=Fu=F(rn
(rg) {—4i + 3464) + 1k} m Z
Bp =—] =
" \m)  Vi(—amy + 3464 m) + (I m) (-4 sin 30, 4 cos30, 3)
= —0.7428i + 0.6433j + 0.1857k (2,0,2) | Fg=T750N Ras B

Force Fp expressed as a Cartesian vector becomes

Fp = Fpuz = (750 N)(—0.74281i + 0.6433j + 0.1857k)

= {—557i + 482j + 139k} N




Determine the resultant force acting at A as cartesian vector.

1

A
m
U
UAB AC
Fac

A(0,0,4)
B(4,0,0)

b i

C(4,2,0)

rypy = 141 — 4k} m

rg = V@dm)? + (—4m)? = 5.66m

Lig 4 4
F.p = F — | = (100N ——k
AR AR ("AB) ( 1 }(5.561 566 )

F.p = {70.71 — 70.7k} N

re = 14i +2j — 4k} m

Fac = V‘{-ﬂl m?* + (2m)* + (—4m)* =6m

ac

4. 2, 4
F.-"lC' = Fﬁc(rlc) = {IEDN} (El + E_] = Ek)

= {80i + 40j — 80k} N

The resultant force 1s therefore
Fp =Fyp + F,r = {70.7i — 70.7k} N + {80i + 40j — 80k} N

= {151i + 40j — 151k} N



FI-19. Express the position wector ryg in Cartesian F2-22. Express the force as a Cartesian vector.
veclor form, then determine its magnitude and coordinate
direction angles.

= B,

ry Tm
3m I.---"' /r’
m Proh, F2-22

Prob. F2-19 FI-23. Dwelermine the magnitwde of the resultant force

at A.
FI-Z0. Dwetermine the length of the rod and the position

veolor directed from A to B, Whal is the angle 87

Proh. FI-213
Prob. F2-20

FI-24. Dwelermine the resultant force at A.
FI-21. Expressthe force as a Cartesian vector.




2.9 Dot Product

as

~ the scalar productof vectors
Laws of Operation.

1. Commutative law: A-B=B-A

2. Multiplication by a scalar: a(A-B) = (aA)-B = A (aB)
3. Distributive law: A (B + D) =(A-B) + (A-D)

Cartesian Vector Formulation.
jof =Jeof =ik =kl =jok =k =0
o =Jof =2k = |

— 4B +AB, +A.B.

A-B=A,B, +AB, + A.B,

AB = ARE cos# The dot product is often referred to ,

> B

B=B,i +B j +Bk
! A =Ai +Aj +Ak

A = 2i -3j+1k
B = 4i +2j+2k

2 4
-3(.12/=2.4+(-3.2)+1.2=4
1 2




Applications. A
a. The angle formed between two vectors or intersecting / /

A-B=ABcos#

A-B
A = Cﬂﬁ_l(ﬁ) 0° = 8 = 180°

Ex. Determine the angle 6 between F and the pipe segment z
BA

gy = 1—21 —2j + 1k} ft, gy, = 3 1t

e = {—3j + 1k} ft. rge = V10 ft

cos = TE _ (DO D MM _ o0y A

FgalBC 3"».!!I'D
0 = 42.5°




Determine the angle between the edges of the
sheet-metal bracket

r,= {400i + 0] +250k } mm
r,= {50i +300j + Ok } mm

250 mm

r; = V4002 + 2502 = 471.7 mm

r, = /502 + 3002 = 304.1 mm

A-B
0 = J:Gﬁ_l(ﬁ) 0° = = 180°

r,-r, = [(400)(50) + (0)(300) + (250)(0)] = 20000

_ 20000
6 = cos™ ([471.?}[3{}4.1}) = 82




b. The components of a vector parallel and perpendicular to a line.

a a

A,=Acosbu, : u,

You can determine the components of a vector parallel and perpendicular to a line
using the dot product.

Steps:
1. Find the unit vector, uaa "along line aa’

2. Find the scalar projection of A along line aa” by

All = A*uaa = AxUx + AyUy + AzUz Magnitude of the component of A parallel to a-a

3. If needed, the projection can be written as a vector, All , by using the unit
vector uaa " and the magnitude found in step 2.

All = Alluaa’ the component of A parallel to a-a s cartesian vector

4. The scalar and vector forms of the perpendicular component can easily be
obtained by

|A J_l = /AZ — A|2| the magnitude of the perpendicular component of A to a-a

A=A- A| | the perpendicular component of A to a-a as cartesian vector



Ex. Find the magnitude of the projection of F along line AO

TAO:\/12+22+22:3
y _-lit2j-2k -1 2. 2
Ao = 3 -~ 3'73/73

Fy={-6i +9j+3k} . {-i +j — Sk} = 6 kN

|

F=[—6i+9j+3k}kN

1,-2,2

0,0,0



2-113. Determine the magnitudes of the components of

F = 600 N acting along and perpendicular to segment DE
of the pipe assembly.

U .= {0i +3j+ Ok } / 3 = 0i +1j +Ok

Ug={4i-3j+2k}/ V42 + 32+ 22 = —0.72i — 0.54j + 0.36k

F g = 600 {—0.72i — 0.54j + 0.36k} = {—432i — 324j + 216k} N

F/oe={—432i — 324j+ 216k}.{0i +1j +Ok } =-324 N

F pg =+/6002 — 3242 = 505N




F2-25. Determine the angle @ between the force and the F2-29. Find the magnitude of the projected component of
line AO. the force along the pipe AO.

il

b

F=|-6i+9j+3KkN

x Prob. F2-25

"¢ Prob. F2-29
F2-26. Determine the angle # between the force and the

line AB. F2-30. Determine the components of the force acting

parallel and perpendicular to the axis of the pole.
z

e

y  Prob.F2-30

F2-31. Determine the magnitudes of the components of the
= 56N acting along ndicul ine AO.
WA Dolarans e mge & betuo i o aiie, T v ackeg Nong M paIpeRciaer f0 e A
line OA. %
F2-28 Determine the projected component of the force
along the line OA.

o x  Probs. F2-27/28




F2-15 Dwelermine the angle # between the force and the F2-2%. Find the magnitude of the projected component of
line A, the force along the pipe AQ.

=
[

F=[-6i+9j+ 3k kN

1,-2,2 -
b r=-1i+2j-2k
0,0,0

Im HH"M ..ﬂ ¥
rlm
X Proh. F2-25

¥
Prob. F2-29

—6i+9j+3k).(—1i + 2j— 2k 4i+1j—-6k

c050=( j ). ( j )=0_534 F 400N {1- i }m :
V62 +92 432 /12 4 22 .22 VidmP + (I m? + (—6m)?
= {219.78i + 54.94j — 329.67k} N
0= 57.69° (~4j-6k}m

Wy =

Vi-4 m}li + (—6 ml'i
= —0.5547j — 0.8321k

{.Fﬁﬂ-]mj — F"I.I,qﬂ = 244 N



I-111. The window & held open by cable AH. Determine 114, Determine the angle ¢ between the two cables.
the length of the cable and express the 30-M force acting at . ; L
; 2-115. Determine the magnitude of the projection of the
A along the cable Carlesian veclor.
wa Anveste force F, along cable AC.

Frob. 2-111
Probs, 2-114115

*I-112. Given the three vectors A, B, and D), show that

A(B + 1) = (A-B) + (A-1)

I-113. Determing the magnitudes of the components of

F = BN acting along and perpendicular to segment DE *1-116. Determine the angle & hetween the y axis of the
of the pipe assemblhy. pole and the wire AB.

Probs, 2-1121112



2-109,

The chandelier is supported by three chains which are
concurrent at point @. If the resultant force at @ has a
magnitude of 130 1b and is directed along the negative 7 axis,
determine the force in each chain.

SOLUTION
(4j — 6k) i
Fo - F—X 220 _ (5547 Fj — 08321 Fk
VT -8y !
FA = FB = FC

Fp. = SF: 130 = 3(0.8321F)

F=521Ib

Fy

1207

Il’JI]‘ﬁl

4 ft

-

ft

1200
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Chapter 3
Equilibrium of a particle
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3.1 Condition for the Equilibrium of a Particle

A particle: An object with mass but of negligible dimensions.

A particle is in equilibrium if the resultant of all forces acting on the particle is
equal to zero.

Equation of equilibriumin (2D) XF-—wmssp > Fx=0) Fy=0
0
Concurrent Forces:

Two or more forces are said to be concurrent at a point if their
lines of action intersect at that point.

Principle of Transmissibility:

a force may be applied at any point on its given line of action
without altering the resultant effects




3.2 The Free-Body Diagram (FBD)

To apply equilibrium equations we must account for all known and unknown
forces acting on the particle using FBD .

FBD is a sketch that shows the particle “free” from its surroundings with all the forces acting on it.

Three types of supports often encountered in particle equilibrium
problems.

String or cable: A mechanical device that can only
1. Cables and Pulleys. | transmit a tensile force (T) along itself. The tension
force is always directed in the direction of the cable.

Pulleys are assumed to be frictionless.

-
\

";& t T Free-body diagram

Cable is in tension



Draw FBD of Cylinder D and point B




0.4 m




2. Springs. If a linearly elastic spring

A mechanical device which exerts a force ( tension or compression ) along its
line of action and proportional to its extension (F =Kk A).

K : constant of proportionality which is a measure of stiffness or strength

A (stretch or deformation
I’ - Stretched length , final length
|, : unstretched length, initial length

g
A= -1,
i 2 m im i
C A;QR
v
i & s
e equilibrium
N f" position
A




3. Smooth surface If an objectrests on a smooth surface, then the surface will exert a force on the
object that is normal to the surface at the point of contact.




3.3 Coplanar Force Systems ( 2D)

The first step in solving any equilibrium problem is:

F 1. to draw the particle’s free-body diagram

2. Then apply equilibrium equations

+>3F=0 and + 2F=0.

Components are positive if they are directed along a positive axis, and
F; _ negative if they are directed along a negative axis.




Determine the tension in cables BA and BC necessary to support the 60-kg cylinder

S IF=0; TecCO0SA45—4/5Ti=0...ccciiiiaiiniinannnnn, (1)
+ 12X FA=0; Tcsind5+3/57,-60(9.81) =0 ...ccevvvnnnnnnnnn. (2)
From (1) 7.=0.88397.. Substituting this into Eq. (2)

Tc = 475.66 N  substituting this result into Eq. (1) or Eq. (2), we get

7. = 420N



Determine the required length of cord AC so that the 8-kg T Zm

lamp can be suspended in the position shown. The undeformed W& X =hccos 30 0.853
length of spring ABis /s= 0.4 m, and the spring has a stiffness of
kiz= 300 N/m.

kg = 0N m
fid

+->52F=0 F ae

Fag - TacCos30=0 .o, (1)

+ JF=0. 3 )

T pc SIN30 78520 woovvvvverererrreene (2) D= kgx 8L =785

Solving ¥

Fr = 135.9 N

]-.'1l2'.'
Fis= k4BAAB; ................. 135.9 =300 AAB ‘Kﬁ
A= 0.453 m 1 0 I-I; x
, AB
[s= /045"‘ Aus
¥ w-785N

L2=0.4 +0.453 =0.853 m

2 - 0.853 = /iccos 30
[ic=1.32 M




Determine the forces exerted by the smooth surfaces at A and B

ZFx(+ —)=F,cos45 — F,cos60° =0
S F,(+1)=F,sin45 + F,sin60" —mg = 0



Find the tension in each
cable

A F

800x9.8 = 7.84 kN

800 kg

Point D.

+> 2FA=0
Tpecos25 - Tpe =0 e, (1)

+» JF=0.
Tpesin25 -7.84=0 .........T 5 =18.55 kN
Sub. In 1.

Tpc=16.81 kN =Tp

Point C.

+>2F=0
16.81- Tn (3/5)-T €055 =0..ocverrveererrerenen(1)

+P ZFF 0.
Tea (4/5) -TgSIN55=0 ... Tea =1.02T g kN

Sub. In 1.
Tcg =14.18 kN
Tep = 14.46 kN



All problem solations mast inclade an FRID, F3-4. The block has a mass of 5 kg and rests on the smooth

) . ) plane. Determine the unstretched length of the spring.
F3-1. The crate has a weight of 550 Ib. Determine the

force in cach supporting cable.

Prob. F3-1 Prob. Fi-4

F3-1 Thc beam has a weight of 700 Ib. Determine the F3-5. If the mass of cylinder C is 40 kg, determine the
shortest cable ABC that can be used to Lift it if the maximuom mass of cylinder A in order to hold the assembly in the

force the cable can sustain is 1500 Ib. position shown.,

| 10 |

Prob., F3-2

F3-% I the 5-kg block is suspended from the pulley B and i
the sap of the cord is d=0.15 m, determine the force in cord Prob. F3-5

ABC. Meglect the size of the pulley.
F36. Determine the tension in cables AR, BC, and CID,

necessary o support the 10-kg and 15-kg traffic lights at B
and O, respectively. Also, find the angle 8.

I o I
| ’ |

A I

5
=




Determine the unstretched length ( L ) of DB to hold 40kg crate. K =180N/m

Point D.

+> 2F=0

Fad
=

+ JF=0.

F g (2/3.61) + T ¢ (sin45)—39.2 =0 ............ (2)

Fog = KA =180 ....ccceovereneeee. A= e,

Lo=L-A =3.61-A



The unstretched length of spring ABis 3 m. If the block is held in the equilibrium position
shown, determine the mass of the block at D.

i im dm i
Fas = KA =30( 5-3) =60N - s
~ _ %, kuc=20N/m Qzﬁﬂ
+> JF= -F,ccos 45 +60(4/5)=0 Sm !Z% & s = 308/
F , .
Fac=67.88 N

+ ZF= -W +67.88sin45 +60(3/5) = 0

W =84 N

:’*I .
Mass = 84/9.81 = 8.56 kg @




The ball O has a mass of 20 kg. If a force of is applied horizontally to the ring at A, determine
the

dimension dso that the force in cable ACis zero. F = 100 N

> B
+> 2F= -Tyg€0S 0 +100=0 .cccevvrmriinrninnnnnnnns 1 1.5m .

2 C
+ ZFy= -196.24TogSINO0 =0 cocviiiiiiiiiinnees 2

d L
Solving 1 and 2 0 4 100N
— S = F
0 =62.99  T,z=220.2
D
20x9.81=196.2

From geometry
Tan 0= (1.5+d)/2
d=242



3.4 Three-Dimensional Force Systems

For particle equilibrium > F=0

Resolving into i, j, k components

SFi+3SFj+3Fk=0

SFi=0 il
2 Fj =0
SFk=0

If the solution for a force yields a negative result, this indicates that its
sense Is the reverse of that shown on the free-body diagram.



A 90N load is suspended from the hook shown. If the load is supported by two cables

and a spring having a stiffness A= 500 N/m, determine the force in the cables and the
stretch of the

spring for equilibrium.
2F=0; Tosin30- 4/5T.=0
(1)
¥p= 8, -Tocos 30 + Fe=0
(@) .
Solving the egimtion 90 =0
(3Yc=150 N
T0=240 N
Fe=207.8 N

3

Fo= K Aus

207.8 = (500 )(AAB)
A= 0.416 m




F3-3%. Dclerminc the tension developed in cables AB. AC,

F3-10. Dectermine the tension developed in cables .-\llt and AD
AC. and AD.
. ¥
' 900 N
SF.=0; Te +-T, (3/5)=0 (1)
X SF,=0; “To(3/5)+ Tc (4/5)= 0 (2)
' SF.=0; To (4/5) -900 =0 (3)
X 30 b
>F.=0; Ts + Tocos 120 - T, cos60sin30 =0 (1)
>F=0, -Tocos 60 + Tc cos60 cos30=0 (2)

>F.=0, To c0s45 + Tc sin60 -300 =0 (3)



F3-9. Delermine the tension developed in cables AB. AC, F3-11. Thc 150-Ib crate is supported by cables AB, AC
and AD. and AD. Determince the lension in these wires (

(0,-2,3) *
v |

>F.=0; -Tc + 1/3To -+Tz sin30 =0 (1)
>F=0, -2/3Tpo + T;Sin30=0

(2)

>F.= 0, 2/13To =0

3)
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4.1 Moment of a Force— Scalar Formulation z
The Momentis a vector

The magnitude of the moment is directly proportional to

the
magnitude of F and the perpendicular distance or d,
mokfex e de. The magnitude of Mo in 2-D s
F
Moo= Fd, Units of moment magnitude is N.m
d | isthe moment arm (perpendicular distance from the axis at
point Oto the line of action of the force Moment axe
: : |
Direction. The by its moment axis, which is @
perpendicular to the plane that contains the force F and its +.ﬁ
moment arm d. The right-hand rule = z ®
In 2-D, the direction of M is either clockwise (CW) or counter- ' \

clockwise (CCW) depending on the tendency for rotation |

A 4w 2
. T ‘2 F \ ::
+ - O|‘ [ 4 / e
iy -
res TR ®) “::'

-




Ex. Find the moment about point

O.
-
100 N 3
| Tm | \:-':
0 b . IR
| 2m 2eoos30° m
Mg = (100 W2 )= ED[INm;} Mo = (30 X0.73 ) = 37.5 N"m;] Mﬂ =40 ¥4 + 2cos 30° ) =229 N.m ;}
TkN
0

T

50 1 sin 45° m

_____________ 4
60 Ny

Mo = (60 )1sin45° ) =424 Nm 9

Mo=(7 )4 —1 )=210kN'm)



Resultant Moment.

G +(Mg), = XFd; (Mg), = Fid, — Frd, + Fid,

Ex. Determine the resultant moment of the four forces a bout point O.

G + Mp), = 2Fd;

X (Mg), = —50N(2 m) + 60 N(0) + 20 N(3 sin 30° m)

0N —40N(4 m + 3 cos 30° m)
(MR)O = —334N-m = 334 N-m)




4.4 Principle of Moments

Varignon’s theorem

The moment of a force about a point is equal to the sum
of

the moments of the components of the force about the
point.

Ex. Determine the moment of the force about point O.

3cos 30

5 cos 45

C‘l‘ M,:} = ) .

, = —(3 cos 45" kN)(3 sin 30° m) — (3 sin 45° kN)(3 cos 30° m)
5 kN 3sin 30
X = —145kN-m = 145kN-m )




Determine the moment of the fore about point O.

Mo=- 500c0s45 ( 3cos45) + 500sin45(3+3cos45) =1060.66 N.m@

Or: apply the principle of transmissibility

Mo= + 500sin45(3) =1060.66 N.m @

500 sin 45 S0 N

>

500 cos 45

3sin 45

3+ 3cos 45




4-26. If the 1500-1b boom AB, the 200-1b cage BCD, and
the 175-1b man have centers of gravity located at points G,
(5, and G;, respectively, determine the resultant moment
produced by all the weights about point A.

C+(Mg)y = SFd:  (Mg), = —1500(10cos 75°) — 200(30 cos 75°+2.5) — 175(30 cos 75°+ 4.25)
— —8037.75Ib- ft = 8.04 kip - ft (Clockwise)




F4-1. Determine the moment of the force aboul point €2 F4-4. Determine the moment of the force about point &3
Meglect the thickness of the member.

N

r—lIII n:||:|1—| &F

0.5sin 60

Proh. F4-1 I—lﬂ?mm—-‘\/

Prob. F4—4

in 30

F4-2. Determine the moment of the force aboul point €2

F4-5. Determine the moment of the force aboot point .
600 sin50

F=300MN s
/Ef it
600 cos 50
45
- 03m
| 04 m | .
Mo = +600cos 50 x 0.5 + 600 sin50 x 5 =
Proh. F4-2
F4-3. Determine the moment of the force aboul point €2 Prob. Fi-5

F4~h. Determine the moment of the force about point &3

500N

Mo =600 x ( 4 +(3cos 45) -1)
4+(3cos 45) -1

&0 b

Prob. F4-3 Prob. F4-6



4.2 Cross Product C=AxB

The cross product of two vectors A and B yields the vector C,
C=AXB

Magnitude. C= ABsin 0. (0 <6 <180).

Direction. Vector C has a direction that is perpendicular to the

plane containing A and B the (right-hand rule)

AXB # B XA.
AX (B +D)=(AXB)+ (A XD)

Cartesian Vector Formulation. ﬂ?\

i Xj=k ixk=— ixi=10 | |
Ixk=1 jxi=-k jxj=10 ] -

k
kxi=j kxj=-1 kxk=10 \7




AXB=I(Ai+A,j+AK X (B,i+ B,j+ Bk

For element i: « A, A |=i(AB, = AB)
B x{i}f”‘\{{‘ -+ Remember the
+ _ + negative sign
@ @ @ For element j: —jiAB. —A_B)
AxB= A [a) A |
BI Br EI A=Ai +A j +A k B=B,i +B,] +B,k For element k: ::; Eg_; |; kiAB,—AB,)
- i )
X X ~15

- CoOSX — ———

A = 2i -3j+1k i - k 17.75

B = -1i +3j+4k C=AxB= |2 -3 1|=-15i—-9j+ 3k Direction of C cos B = =9

Find Ax B -1 3 4 17.75

3
cosy =
€l =152 + 92 + 32 = 17.75

17.75



Moment axis

4.3 Moment of a Force—Vector Formulation
Mo =Fd=rFsin® = Hrsin 0)

Mo=rixF=r2x F=rasx F
Mo =r x F :I\/Ixi+|\/|yj+|\/lzk r1

My =M2Z + M2+ M2

Direction of Mo is perpendicular to the plane containing r :i\*
and F o .
Cartesian Vector Formulation Mo=rxE #EXTr &

+ -  + > r
— ()
i ' k

components of the position /
Mg =rXF=|r,

vector drawn from point Oto any point on

F. ¥ F: — line of action of the force cosa = ﬁ

\ the x, y, z components - - My

of the force vector Direction of M cosp = —

My =M2Z + M2+ M2 M
Mz

COSY = —



Resultant Moment of a System of Forces.

(M)o=2 (r x F)




Ex. Determine the moment produced by the force about point O. Express the result as a Cartesian

vector.
Mo=rXxF

F expressed as a Cartesian vector is

[4i + 12§ — 12K)
Vid P2 F+(—12 P

F = Fl.l__1ﬂ =2

= [0.45881 + 1.376) — 1.376k} kN

ra= {12k} m and rs={4i + 12j} m Or

i i k
My=r,xF=| 0 0 12

04588 1376 —1.376 i j k

My=rgXF=| 4 12 0

0.4588 1.376 —1.376
= [W(—1.376) — 12(1.376)]i — [O(—1.376) — 12(0.4588)]j = [12(—1.376) — 0(1.376)]i — [4(—1.376) — 0(0.4588)];
+ [0(1.376) — 0(0.4588)]k + [4(1.376) — 12(0.4588)]k

= [—16.5i + 5.51j} kN-m | — [—16.5i + 5.51j) KN+ m



ea= 5I +6] -3k

4-31. Determine the moment of the force F about point P.

Express the result as a Cartesian vector. + - +
i —j k
M =rxF= _

232 ] 5 6 3

h 2 4 -6

_P'
2 The magnitude of the moment
\ I -4
/ 2 2 2
/ \ 77 M = /242 + 242 + 82 = 34.87Nm
pd .

Direction of the moment

/TI

/

/ o g tm —24 133.49°
COSA — ———— = it v vus = .

. 3,3,-1 34.87 *

F = [2i + 4j — 6k] kN cosf=——==..c.oe.... p=46.51°

COSY=———==""rsvevueor..Y = 76.74°

= —24i + 24j + 8k



The force F = {600i + 300j - 600k} N acts at the end of the the beam. Determine
the moment of the force about point 4.

-
-~

(0,0,0.4)
A

F
(0.2,1.2,0.4)

r={02i + 12j} m ' .. ..
i k 02m’ ¥
Mg=rxF= |02 12 0
600 300 —600

M, = [—720i + 120j — 660k} N+m



4-46. The force F = {6i + 8] + 10k} N creates a moment
about point O of Mgy = {—141 + 8] + 2k} N-m. If the
force passes through a point having an x coordinate of 1 m,
determine the y and z coordinates of the point. Also,
realizing that M, = Fd, determine the perpendicular
distance d from point O to the line of action of F. Note: The
figpure shows F and Mg in an arbitrary position.

i P r=1li+yj+zk
/F {6+8j + 10k} N
P
= {-14i +8j + 2k} N.m P
e 2 1 @y o
h"[{_;r l ]
\f( Mo=rxF|1 y z|[=(10y—82)i—(10-62)j+ (8—6y)k
A ¢ 6 8 10

‘H_.l
' ={-14i +8j + 2k} N.m

1m

Z=3m
Y=1m

S V(142 +82422) 1625

= = = 1.15
J6? 182+ 102 14.14 ™

d= M/F




)

4.5 Moment of a Force about a Specified Axis
Mo=r X F. ' "T

The component My along the y axis is the projection of M, onto the
yaxis.

the projection of this moment onto the gaxisis Ma=ua .

(rxF)
Ma=ua. (rXxF)  scalartriple product. o y
1 1 Nll) =r X F
i i k
M,=[ugi+u,j+ukl-|rn r, r the nut can only rotate about the y axis. Therefore, to
x ' “ F F _.-: determine the turning effect, only the yycomponent of the

moment is neede

the total moment produced is not
important.

= Uy (nF. — r.F,) —u,(nF, — rF) + “a:'fr.rF} — nFy)

A

\\
https://vocal.media/poets/like-a-computer



+

0 06 0.8

2 -3 1=
-1 3 4

M=rxF .U =

0 —0.6x(8+1)+0.8x(6—3)=-3

components of the unit vector defining

H:.r_T “.:.l_.,. H.:.': 7 the direction of the a-a axis
Ma =, fl‘ X F) = e ry F—~—L_, the position vector extended from any point O on the
i a-a axis to any point Aon the line of action of the
F. F, F

T~ fc%(ﬁ?ponents of the force vector.

If it is positive, then Mawill have the same sense as ua, whereas if it is negative, then Ma will act opposite to
ua



F4-13. Dectermine the magnitude of the moment of the F4-16. Dctermine the magnitude of the moment of the
force F = {300i — 200j + 150k} N about the x axis force aboul the y axis

F = {30i — 20§ + 50k) N
F4-14. Dcicrmine the magnitude of the moment of the
force F = {300i — 200§ + 150k} N about the OA axis.

0 1 0
— My=(xFJU|-3 -4 2|=0-(-150-60)+0
30 —20 50

Prob. F4-16
F4-17. Dctermine the moment of the force My =2 10 N .M
F = {508 — 40j + 20k} Ib about the AF axis Express the

result as a Cartesian vector.

UAB= ( -4i +3j+0k) /V (42 +32 =-0.8i + 0.6 +0k

Probs. F4-13/14

-08 06 O
Myg= (rxF).U,z | O 0 2| =
50 —40 20

F4-15. Dectermine the magnitude of the moment of the
200-N force about the x axis Solve the problem using both a

scalar and a vector analysis.

-0.8x( 80) -0.6x( -100) +0 = -4 |b.ft

Prob. F4-17
F4-18. Dectermine the moment of force F about the x, the
v, and the z axes. Solve the problem using both a scalar and
a vector analysis.

Prob. F4-15 Prob. F4-18



Find the resultant moment about the y- axis

My=-300x3+400x0.5 =-700 N.m

Or
0O 1 O 0O 1 O
M=Z(rxF).U[ 3 0 05(+ |3 0 05(=
400 0 O 0 0 300

+400x0.5 -3x300 =- 700 N.m




4.6 Moment of a Couple

A couple is defined as two parallel forces that have the same

magnitude,
opposite directions, and are separated a perpendicular
i D SRR

ut
%@(&% £ resultant IS zero, the on Bt _F
couple is to F 4
produce an actual rotation due to a couple moment=F
couple moment IS a 7ree vector,
/Q I'p L]
In3D S
}"Izl'g}{ F"‘[‘AH_F:{FB_I'A]}{ F
0
Howeverry = r, + rorr = ry — ry,so that
M=rxF where r is directed from any point on the line of action of

one of the forces to anv point on the line of action of the
other force F.

Equivalent Couples. if two couples produce a moment with the same
magnitude and direction

M=(30N)04m)=12Nm

M=(40N)03m)=12Nm



Resultant Couple Moment.

e Resultant Couple Moment: It 1s simply the vector sum of
all the couple moments of the system.

M, = (r<F)

» For example, consider the couple moments M, and M,
acting on the pipe. We can join their tails at any arbitrary
point and find the resultant couple moment.

M, =M, + M,



Determine the resultant couple moment of the three couples acting on the plate

[:_I_.I.MR ZZJ.;\I.IZ' ' _.:' " .'.
7 . : 9120 .
I"z - 45()N
=—(200N )04 m)+(450N)03m)— (300N 0.5m) Fi=200N] £ =300N

=—95N.m=95Nm )



Two couples act on the beam. If the resultant couple is zero.

Find: The magnitudes of the forces P and F and the distance d Amo 300N
| 0.2 f
2m 4
t'»-‘ : | 1;")13 >
4, SRRy = fl b 500 N
P=500N and F=300 N Y4

o

m

P €—- v.-.r.:;-c A, 5

+ (zM = - (500)(2) + (300 cos 30°)(d) - (300 sin 30°)(0.2) =0

d=3.96 m



Determine the couple moment acting on the pipe shown in Fig. 4-32a. [ - ] k
Segment AB is directed 30° below the x—y plane. M= (er) 5.2 0 —3| =

0 0 25

-0i- (5.2x25 )j+0k = - 130j N.m

OR
i - k
M=(rxF) [-5.2 0 +3|=
0 0 =25

-0i- (-5.2x-25 )j+0k = - 130 N.m
OR

SOLUTION | (VECTOR ANALYSIS
The moment of the two couple forces can be found about any point. If

point O is considered, Fig. 4-32b, we have
M = ry X (—25k) + rg X (25k)
= (8)) X (=25K) + (6 cos 3057 + 8) ~ 6sin 30°K) X (25k)
= —2008 — 129.9j + 200%
= {—130j] Ib-mn.



F4-19. Determine the resoltant coople moment acting on Fd4-11. Determine the couple moment acting on the beam.

thi beam. 10 kM
AN 400N s/
l r 3 T
3
|
10 kM
Frob. Ta-14 Prob. F4-22
F4-20. Delermine the resultant couple moment acting on F4-23 Dctermine the resultant couple moment acting on
the triangular plate. the pipe assembly.
200 I z .{-2,2,3.5)

|{H.-}1 - 450 Ib-ft

(M) = 300 Ib-ft
|

W iM, — 250 Ib-ft
Proh. F4-23
iglb F4-24. Determine the couple moment acting on the pipe

asscmbly and express the result as a Carlesian wector.
Fy=40M £

Prob. F4-20

F4-11. Determine the magnitude of F so that the resultant
couple moment acting on the beam i= 1.5 kN - m clockwise.

n {=2i+2j +35k)

V(=2 F+{? P +(35 P
= —fi + & + 3K

[Mr.'}l = {Mi‘.'"ll“I
= @501 )&+ +5k)
= {-200i + 200j + 350k} 1b-ft

M, =0i +0j -250 k

M, = 300(1.5/2.5)I -300(2/2.5) j + Ok
= 180i -240 j + Ok

(Mc}ﬂ = EM::

(Mg = [—20i — 40j + 100k} Ib- ft



4.7 Simplification of a Force and Couple System

Sometimes it is convenient to reduce a system of forces and
couple moments acting on a body to a simpler form by replacing
it with an equivalent system,

A system is equivalent if the external effects it produces on a body are the
same as those caused by the original force and couple moment system.

< The two force systemsare equivalent

Z F for systeml :Z F jor system?2
> M, for systeml=) M, for system?2

Moving a force along its line of action

Line of action of force E _\\ Line of action of force  F

principle of transmissibility

sliding vector

N
N

—



System of Forces and Couple Moments.

Moving a force off its line of action

{FR]I — E'FI
{FR]}' — E‘F‘p‘
(Mplg = ZMp + M

0.3 cosal

Fr = XF
(Mgl = 2Mp + M




Replace the force and couple system by an equivalent resultant force and couple moment acting at
r\nin'l' N

3sin 30

3 kN Fr=

— i 3 cos 30 L) = 3F;  (Fp)y = GkN)cos 30° + (3)(5kN) = 5598 kN —
'1: "1_‘9 +1(Fply = 3Fy; (Frly = 3kN)sin 30° — (3)(5kN) — 4kN = —6.50 kN = 650 kN |
0im| | 5(3/5) B |
’ I Fp= V(Fp2 + (Fp? = V(5598 kNP + (650 kN) = 858 kN
S Its direction @ s
(F
5(4/5) 5 kN o= wi(G) == (S5m) = 57 ™

4EkN

G+ (Mplo = SMy;
(Mg)o = (3kN) sin 30°(0.2 m) — (3 kN) cos 30°(0.1 m) + (3 )(5kN) (0.1 m)
— ($)5kN) (05 m) — (4 kKNX0.2 m)
= ~246kN:-m = 246 kN-m)

NOTE: Realize that the resultant force and couple moment in
will produce the same external effects or reactions al the supports as
those produced by the force system,

(Fg), = 650 kN



Replace the loading by an equivalent resultant force and moment at A

Fr

XFx=900sin30 =450 N —
2Fy =-900cos 30 -300 = -1079.42 l

Fr=+/4502 + 1079.422 = 1163N

tan 6 = 1079.42/450

6 =67.37° |< 0

900 cos 30

Q00 N\ 3

900 ‘sin 30

“075m | 075m | 05m | 07Sm

M, r
M, = -900c0s30 x 0.75 +300 -300x2.25 = -959.57 Nom ("

1163N
959.57 N.m

" 075m | 075m ! 07Sm | 075m



F4-30. Replace the loading system by an cquivalent Mory= 100x0.3 1+ 0 +0k = 30i +0j +0k

resultant force and couple moment acting at point O.
Mc = -75i +0j +0k

-
.

l} I0ON

i —J k
Mq,=(rxF) | 0 0.5 03 (=
—-160 0 —-120

-0.5x120i -160x0.3j +160x0.5k =

X - 05 m 04 m MR = XM= -105i -48j —80k
—
F1= 0i -100j +0k ' MR =+ 1052 + 482 + 802 = 140.46 N.m
200( —0.4i + 0j — 0.3k) o
2 = = —160i + 0j — 120k
\/(0.4240.32) i -k
M¢,= (rxF) [0 0 0.3| =
FR = XF = -160i -100j 120k 0 —-100 O

FR =+ 160% + 1002 + 1202 = 223.6N 100x0.3i + 0j +0k = 30i +0j +0k



4-97. Replace the force system by an equivalent resul tant
force and couple moment at point £,

4-98. Replace the force system by an equivalent resul tant
force and couple moment at point P

’- 25m -4 Im

U L : j I
075m | ' 075m
+ 3 *
o P
wolmo=

ElH0 M
Probs, 49708

4949, HReplace the force system acting on the beam by an
cguivalent force and couple moment at point A.

#4101, HReplace the force system acting on the beam by
an equivalent force and couple moment at point 5.

Ik

zf KN 15kN 30

4‘Zm.|‘ 4m

Probs, 4901040

PN -

4-101.  Replace the loading system acting on the beam by
an equivalent resultant force and couple moment at point O

AN

Frob. 4-1iv1

4-102. Replace the loading system acting on the post by an
eguivalent resultant force and couple moment at point A.

4-103, Replace the loading system acting on the post by an
cguivalent resultant force and couple moment at point 5.

S

- im - 5m

Probs, 4102103



4.8 Further Simplification of a Force and Couple The force system can be further reduced to
System an equivalent single resultant force

y provided the lines of action of Frand (Mr)o
are perpendicularto each other.

Concurrent Force System.

F,

Fr-=2F

Coplanar Force System.
F-=2F

(MR)O: > Fd=% Mo

(c)

The resultant moment can be replaced by moving the resultant force Fra perpendicular or moment arm
distance daway from point O such that F+ produces the same moment (Mz)oabout point O,

Meo= Frd d= (Mol F. ¥ l | =

*n. - IF

My ‘ A
Parallel Force System. \ ‘s\\?_‘&/
F-=XF .

Mo= Fed d= (Mol F. @ ®




3 cases to be discussed

1. Replace the loading by single resultant force 2. Replace the loading by single resultant 3. Replace the loading by single
and where to be located from point A force and where its line of action resultant force and and locate its
intersect members AB and BC from A point of application

—

C
B
|—>
A
XI

XI




Replace the force and couple moment system acting on the beam by an equivalent resultant
force, and find where its line of action intersects the beam, measured from point O.

L 1Sm - 15m—-—15m 4 15m -

Fr
Force Summation. Summing the force components,
S (Fp)y = 3F:  (Fp); = 8kN(3) = 480kN—
+1(Fp)y = 3Fy;  (Fply = —4kN + 8kN(3) = 240kNT
From Fig. 4-44b, the magnitude of Fp is
Fp = V(480 kN)? + (240kN)? = 537kN

The angle @ is

240kN
0 =tan | = - | = 266"
(4.sow)

(Fr)y = 240 kN

C+iMglg = EMg:

4 -
Fa

l_ltlﬂ‘r:- - 4.80 kH

Mg

~[8kN(3) J005m) + [BkN(}) (45 m)
d=1225m

2ZADKN(d) = —(4EN}13m) — I5kN-m

ANs.



The jib crane shown is subjected to three coplanar forces. Replace this loading by an equivalent
resultant force and specify where the resultant’s line of action intersects the column AB and boom

~ 7~
V

y

3 L X o
e i ‘ —
- 2601b Move the resultant force to intersect member AB
/ G + (Mgp), = ZMy: 325 1b (¥) + 260 Ib (0)
o = 1751b (5 ) — 6016 (3 fi) + 250 Ib{3)(11 ) — 250 Ib(2)(8 )
3351
Y ! y =22

Fa b~

A : X
(a) .
I:R
By the principle of transmissibility, Fp can be placed at a distance x

:‘”‘.R)‘ = 3F: (Fp), = —250 le) —1751b = =325 1b = 325 Ib— where it intersects HC, Fig. 4-45b. In this case we have

+1(Fp), = 2F;  (Fp), = —2501b(3) — 601b = ~2601b = 260 Ibl C + (M), = My 3251b(11 f) — 260 Ih (x)

As shown by the vector addition in Fig, 4-45b, = 1751b (5 ft) — 60 1b (3 ft) + 250 1b(3)(11 fi) — 250 Ib()(8 fi)
. . x= 109t Ans.
Fe = V(325 1) + (2601b)* = 416 1b

260 Ib
— o | B = o



The slab is subjected to four parallel forces. Determine the magnitude and direction of a resultant
force equivalent to the given force system, and locate its point of application on the slab.

—

+1Fp = 3F; Fp=—600N + 100N — 400N — 500N
= — 400N = 1400 N|

(Mg), = ZM;
—{1400 Njy = 600 N(0) + 100 N(5 m) — 400 N(I0 m) + 500 N(0)
— 1400y = —3500 y = 250m Ans

]

(Mgl = EM,;
(1400 N)x = 600 N(8 m) — 100 N(6 m) + 400 N{ll) + 500 N(0)

1400z = 4200 b
x=3Im Ans ”(1!) — /




F4-31. Replace the loading syslem by an equivalent
resultant force and specify where the resultant’s line of
aclion intersects the beam measured from O,

S0 b 500 b
250

orbanfond ]

F4-31. Replace the loading system by an equivalent
resultant force and specify where the resuliant’s line of
action intersects the member measured from A.

Sary

5
100 Ik Proh. F4-32

Prob. F4-31

4

F4-33. HReplace the loading sysiem by an equivalent
resultant force and specify where the resuliant’s line of
action intersects the horizontal segment of the member
measured from .

Prob. F4-33

F4-34. HReplace the loading system by an equivalent
resultant force and specify where the resultant’s line of
gclion intersects the member A8 measured from A.

Prob. Fd4-34
F4-35. Replace the loading shown by an equivalent single

resultant force and specify the x and y coordinates of ils
line of action.

Prob. F4-35

F4-36. HReplace the loading shown by an equivalent single
resultant force and specify the x and v coordinates of ils
line of action.

Prob. F4-36



#4-120. Replace the loading on the frame by a single
resultant force. Specify where its line of action intersects a
vertical line along member AR, measured from A.

4-121. Replace the loading on the framc by a single
resultant force. Specify where its line of action intersects a
horizontal line along member CF, measured from end C.

Probs. 41200121

4-112. Replace the force syslem acting on the post by a
resultant force, and specify where its line of action inlersects
the post AH measured from point A.

4123 Replace the force system acting on the post by a

resultant force, and specify where its line of action inlersects
the post Al measured from point 3.

Probs, 41227123

*4-124. Replace the parallel force system acting on the
plate by a resultant force and specify its location on the
x-7 plane.

10 kN

Prob. 4-124

4-115, Replace the force and couple syslem acting on the
frame by an equivalent resultant force and specify where
the resultant’s line of action intersects member AR,
mcasured from .A.

4-126. Replace the force and couple syslem acting on the
frame by an equivalent resultant force and specify where
the resultant’s line of action intersects member HC
measured from B,

ur
St b

Probs, 41251126

>Mz' .......5x1=10x" .....x ' =0.5m
X=15-05=1m

2Mx ...... 5x1.5 +2x2.5 + 3x0.5 =10z
Z=14/10=1.4m



4.9 Reduction of a Simple Distributed Loading

A body may be subjected to a loading that is distributed over its surface,
* wind pressure on a sign board.

* water pressure on the tank surface

* weight of sand on the floor of a storage container

The most common type of distributed loading is uniform loading along a
single axis ( kN/m)

muniformly distiibuted load

beam

example of this is the weight of the beam itself

w=wx) N/m

R ——

w




The coplanar distributed load can be further reduced to a

Fr
W
single equivalent resultant force Fg. X
w=w(x) N/m
dA = w(x) dx = dF L Y
A=FR=IdA=Iw(x) dx
y X
@ dx
The magnitude of the resultant force is equal to the total area A under the loading diagram L .
Fg = ixlde = [dA = A .
¥ _/I‘_“'I jfﬂ gr" (Mg)o = EMy:
-xF, == | xdF
* The line of action of F; passes through the L
centroid (geometric center) of this area. X I w(x)dx = I x w(x)dx
L
f.rh'lf.r].-ir f.lr dA L x wix)dx Lx dA
x = 4 T [ A

frne [ T



Determine the magnitude and location of the equivalent resultant force on

the shaft
160 N

.
i w = (60 N /m ;:’” N/m i
3

1.5m

I —‘iI b
Im 2m

dF = dA = w(x) dx = 60x? dx

2m 1
Fg=fi'1=/ f.&xlir=ﬁn(i)
A 0 3

im 23 ﬂ3
o -o(5-5)

= 160N
' - A\ (2 o
_ ﬂxtﬂ. ‘_L .T[ﬁﬂf}dtﬁﬁﬂ(T)ﬂ ) ﬁﬂ(T-T)
r_f‘“_ 60N 160N 160N
A

= |5m



a composite load can be generated with a combination of
simpler loads such as a uniform and a triangular line load.

L g
F —
| i!:-l IF1

0

iyl

Fr=F, +F,
X FR=X; F{ + X, F

| Iniform
Distributed Load

Fg =wlL

Triangular
Distributed Load

Fg = wLi2

| L2 ‘FH
EER AN
—

a3 (Fr
rﬁiﬁﬂj
k T 1

— W

— W



Find The equivalent force and its location from point A. (2.5-0.5) /2x3 =3 kN

0.5x3 = 1.5 kN

2.5 kN/m 15 kN
0.5 kN/m
1.5 m b
B
- im - m—
Fr=15 +3 +1.5=6kN
6 kN
MR, = (1.5) (1.5) + 3 (1) + (1.5) 4=11.25kN  m §
1.88 m

X Fp =11.25kN e m
X=(11.25)/(6) =1.88 m from A. e

- im =— | m—|



4=-155, Replace the distribuled loading by an oguivalent
resultant force and specify where 11s line of action inlersccls 4 15m

& vertical line along member BC. measured from C. i "H
1 m
¥ fF % u L B
A "
FX = '8kN +— im a2
Fy=-9 | —
- 2x4 = 8 kN
FR=v82 + 92 = 12 kN 1 IX:
im —=
9
t 6 = — 0 =48° "
an 3 )
= 2 m
ZMC=8><2+9><1.5=29.5kN.m A cel”

MFR =8 x = 29.55
X=3.7m
12




F4-37. Determine the resultant foree and specify where it F4-40. Determine the resultant force and specify where it
acts on the beam measured from A. acts on the beam measured from A.

W0ib/At 5001

9kN/m

Ry
-
n
3
1"
3
:
in
3
.

F4-38. Determine the resultant force and specify where it :;::; u::cm o ?szrr:;u‘lrl::::;:mc M speciywhcck
acts on the beam measured from A. .

Fr=6.75 +18 = 24.75 kN

MR, = (1.5) (6.75) + (18)(3)= 64.125 kN e m

45m L5m— X' =64.125/24.75 = 2.59 m

Prob. F4-38 Prob. F4-41
64.125 kN e m

3EN/m

F4-42. Determine the resultant force and specify where it

F4-3. Determine the resultant force and specify where it
acts on the beam measured from A.

acts on the beam measured from A.

45m 1.5 mA‘




4-143, Replace this loading by an equivalent resoliant
force and specify its location, measured from point .

£ EN/m
4 kMNm
ﬂ‘ l L J J r
Im | 15m |
- 1 |
Prob, 4-143

f4-144. The distribution of soil loading on the bottom of
a building slab is shown. Replace this loading by an
cquivalent resultant force and specify its location, measured
frosm podint £,

e

S0 Iy it 100 1o

0 Iyt ‘
12t I oL I

Prob. 4-144

4-145, Replace the loading by an eguoivalent resoliant
force and couple moment acting at point CF.

SkN/m

5 kN/m

| 15m

1 .75 m 0.75 m—-l

Proh. 4-145

d-146. Replace the distributed loading by an cquivalent
resultant foroe and couple moment scting at point A.

6 kMN'm

A kM m

Prob. 4-146

4-147. Determine the length & of the trinngular load and
its position @ on the beam such that the equivalent resultant
force is xero and the resultant couple moment is 8 kN -m
clockwise.

>

A kM /m
25EN/m Wd
0m
Prab. 4-147



The beam is subjected to the distributed loading.
Determine the length 6 of the uniform load and its position
a on the beam such that the resultant force and couple

moment acting on the beam are zero. ‘ a+b/2 40 b
—
40 1b /ft
Yy Y va Yy /
—
Require Fg = 0. 60 b /ft 180
10 ft | — 6 ft
+tFFa=XF,; 0=180-400 |
. 10+ 6/3=12

b=450 ft
Require Mg, = 0. Using the result b = 4.50 ft, we have -

£ #Me, = TMx; 0= 180(12) = 404.50) (a + 1;’-‘-’)

a=975h



4-154. Replace the distributed loading by an equivalent
resultant force and specify where iis line of action intersecis
a horizontal line along member AH, measured from A.

4-155. Replace the distributed loading by an equivalent
resultant force and specify where its line of action intersects
a veriical line along member BC, measured from C.

3kN/m
B
A
I im I
2kN
4m o
—
[ N |
I
Probs. 41547155

#4-156. Determine the length b of the triangular Ioad and
its position @ on the beam such that the equivalent resultant
force is zero and the resultant couple moment is & kN -m
clockwise.

TR

Proh. 4-156

4-157. Determine the eguivalent resultant force and
couple moment at point £

0 kN /m

w = {3 ) kN/m

| im

Proh. 4-157

4-158. Determine the magnitude of the egquivalent
resultant force and its location, measured from point 8,

W
w = (4 + 241 ) IbjTL o0
41h/R
o I
i 318
Prob. 4158



Chapter 5

Equilibrium of a Rigid Body

. Marie



5.1 Conditions for Rigid-Body Equilibrium

EQUILIBRIUM IN TWO DIMENSIONS F,

If this resultant force and couple moment are both \
equal to zero, then the body is said to be in - e
equilibrium.

"

F
3 ‘/Q‘/ \\ .
M, {a)
F-=2F=0 2F,. =0 (Mglg = 0

A
>
|
=
=

(MR)O: >Mo=0 EME‘ =0 o

()



5.2 Free-Body Diagrams

You should know types of reactions that can occur at the supports. ( Table 5.1)

A reaction force developed in a body in the direction where support prevents translation .
Similarly,

A support prevents the rotation of a body in a given direction by exerting a couple
moment on the body in the opposite direction

No equilibrium problem should be solved without 7irst drawing
the free-body diagram



Rope or Calre Spring

g

e Colinear Force

N

Contact with a Smooth Surface

Oine Normal Force

Comact with a Rough Surface

¥

i A
A .|.
A.'l

Two Force Components




Pin or Hinge Support

Two Force Components

Equivalenis

Rocker

A
One Normal Force

Built-in {Fixed) Support

Twa Force Companents and COne Couple




5.3 Equations of Equilibrium

SF.=10
SF,=0
E-Mﬂ=ﬂ

zF,
M,
Mg

=




500N

[ S R N
Ay (a)

Draw FBD

X 600N - m
—_— ’W—— 200/2 x 4 =400 N
Im -I Jm
Iim
BX
q % —
(b}
400co0s30
400 N /m 3
) 400N
m ) 400sin30 C,
I [
A0 N —> ‘Ej >
! Im I 3m I | ’ i *
2m I 1 m I Cy
(©) @ B

y



Draw FBD

SF,
3F,
=M,

=

20N

fm

XM, =0 -1200x2 +M, =0
M,= 2400 N.m

XFx=0 Ax O

2XFy =0 Ay -1200=0
Ay =1200 N

R ™ LI
- (.2 m l
_>\ | Bx

A

Im Jm 2m

Ay B

ICL IR
LEF =1 600 cos 45°N — B, = 0

B, =4MN
A direct solution for A, can be oblained by applying the moment
equation My = 0 aboul point B.
C+EMg =10 100 N (2 m) + (600 sin 457 N)5 m)
— (600 cos 457 N)02 m) — ATm) =10
Ay = 319N
Summing forces in the ¥ direction, using this resull, gives

+1EF, =1 319N — 6005in45°N — I0ON — 200N + B, =10

B, = 405 N

'::, +E'IH_.1_ = [I;

Ng sin 30

[N cos 3P](6 ft) — [Np sin 30°)(2 fi) — 750 Ib(3 ft) = 0

Lising this result,

—=IF =10

+1EF, = i;

Ng = 33621b = 336 1b

A — (536.21b) sin 3° = 0
A, = 2%81b

Ay + (536.21b) cos 30° — 750 1h = 0
A, =2861b



Determine the support reactions EFI
3F,
M,

oo O

LIF =0 A, =
+13F, =0, Ny — 000N =0
Np = 000 N

The moment My can be determined by summing moments either
about point A or point B.

C+EIM, =

M, — 900N(1.5m) — S00N-m + 900 N[3m + (1 m)cos 457 = 0
My — —1486 N-m — 140 kN-m))

or

C+3My =0; My + 900N[1.5m + (1 m)cos45] — S00N-m = 0
M, = —1486 N-m = | 49kN-m)

300/2 x 3= 450
600x6=3600

600 N/m

SM,=0  -450x1 -3600x3+6By= 0
By= 1875 N

YXFx=0 Bx =0
XFy =0 Ay -450 -3600 + 1875 =0
Ay =2175 N



“5-16. Determine the tension in the cable and the
horizontal and vertical components of reaction of the pin A.

“5-12. Determine the horizontal and vertical components The pulley at D is frictionless and the cylinder weighs 80 b,

of reaction at the pin A and the reaction of the rocker 5 on
the beam.

4 kN

Fbcos 30 E'F.]. — ﬂ'

AX
2 5 . IF, =0 AX’F .
M= 10
| > o f 5 ft 5 fi — 3 ft
A, Fb | A,

2M,=-4x6+ FBcos30x8=0

FB=3.46 N 80
YFx = Ax — FBsin30=0 ZMA =5T + (2T/224 )(10) -13x80=0

>Fx =Ax—(T/2.24)=0

2Fy =Ay-4 + FBcos30=0 Ax =33.33 N
Ay =1 N

>Fy=Ay +T+(2T7/2.24-80=0
Ay =61.32 N



5-27. Determine the reactions acting on the smooth
uniform bar, which has a mass of 20 kg.

SF,
SF,
=M,

=

sin 30

2 cos30

A,

4 cos 30




5.4 Two- Force Members

has forces applied at only two points on the member and must have the
same magnitude, act in opposite directions, and have the same line of
action, directed along the line joining the two points where these forces act.




The lever ABC is pin supported at Aand connected to a
short link BD . If the weight of the members is negligible,
determine the force of the pin on the lever at A.

SF, =0
F, =0
EM{}=D

> MA =-400x0.7- FB x 0.707 x0.3=0
FB=- 1320 N ( opposite to the assumed
direction

> Fy=0 =Ay+(- 1320x0.707) =0

Ay =933.24 N

> Fx=0 = Ax+400 (- 1320x0.707) =0
Ax = 533.24 N

FA= \/ 933.24% + 533.24% = 1075 N




EQUILIBRIUM IN THREE DIMENSIONS
5.5 Free-Body Diagrams

The first step in solving three-dimensional equilibrium problems, as in the case of two
dimensions, is to draw a free-body diagram. Before we can do this, however, it is first
necessary to discuss the types of reactions that can occur at the supports.




Types of Connection Reaction Number of Unknowns

Support Reactions.

One unknown, The reaction is a force which acts away
' \ 14 from the member in the known direction of the cable.

One unknown, The reaction is 4 force which scts
perpendicular to the surface at the point of contact.

smooth surface support

)
¥
‘ / One unknown. The reacthion 1s a force which acts
. ' perpendicular 1o the surface at the point of contact.

roller

L

ball and socket

(3

-

Three unknowns. The reactions are three rectangular
lorce components.




(5)

single smooth pin

Five unknowns. The reactions are three force and two
couple-moment components. Note: The couple moments
are gencrally not apphed if the body is supported
clsewhere. See the examples.

)

singic hinge

Five unknowns. The reactions are three force and two
couple-moment components. Nore: The couple moments
are generally not applied if the body s suppornted
clsewhere. See the examples

(1

1.

fixed support

Six unknowns, The reactions are three force and three
couple-moment components.




Draw FBD




5.6 Equations of Equilibrium

When a body is in equilibrium, the net force and the net moment equal zero:

SFy=0 XF,=0 XF,=0

My=0 X My=0 X M,=0

You should write all forces and reactions as cartesian vectors ( determine the x, y and z
components)

The moment equations can be determined about any point.

Choose the point where the maximum number of unknown forces are present Or a line or
axis of maximum unknowns



Ex. Determine the tension in the cable and support reactions exerted by the ball ansd socket at
A.

2M, = 1.5T — 2x 5sin30x5 =0

T=16.67 kN

2F, = Ax +5c0s30 —5c0s 30 =0

Ax =0
LR, =Ay-T=0 ... Ay-16.67=0 =0
Ay = 16.67

2F, = Az -2x5sin30 =0
Az=5 kN



Determine the components of reaction at the fixed
support A.

2F=0; A-400=0
A= 400 N

2F=0; 500+A=0
Ay: '500 N

2F=0;A-600=0
A:= 600 N.

SM.= 0; (Ms).- 500(1.25) - 600(1) = 0
(M).= 1225 N .m

SM,= 0; (Ms),- 400(0.75) - 600(0.75) = 0
(M.),= 750 N .m

IM=0; (M).=0



)

Determine the tension in wires AB and AC to support 75 N flower
pot

Fo = Fm( I'rm) —F {2i-6j+3Kk}m
¢ = i = .'lE
B J{z m)’ + (-6 m) + (3 m)?

2 .

& & - 1
= 5Fupi — 7Fapi + 5Fuk

Fac = Ftr(ﬁ) Far (21 6j + 3kjm
’ T\ rac J{-z m)’ + (-6 m)? + (3 m)?

e 18 18 B =
= —3Fyci — $Faci + TFck M =0 TFa+ THe—40=0

Mg = 0; ry X (Fgp + Fge + W) =0 M, = 0; 0=0

(65} % K% Fagi — 5 Fapj + %F,mk) + (—% Fici — 5 Faci + %F-'"fk) N [_?jk}] =0 M, =0 —7Fap + TFac =0

Solving Eqgs. (1) and (2) simultaneously,

(% Fag + 5 Fae - 45U)i * (_'E.T:f".-'.ﬂ + 1:'—'35';11:')]{ =0

.F:q_.i; = FAC = R7:5 N



Determine the force components acting on the ball-
and-socket at A, the reaction at the roller B and the tension
on the cord CD needed for equilibrium of the quarter
circular plate.

IM, =0; Ny(3)-200(3)-200(3sin 60°) =0
N’ =3732IN=373N

IM, =0;  350(2)+200(3cos 60°) ~A, (3) =0
A =33333N=333N

IZ =0; Tep+37321433333-350-200-200=0
TQ =43I5N

IF, = 0; A =0

I =0; 4, =0



Determine the force components acting on the ball-
and-socket at A, the reaction at the roller B and the tension
on the cord CD needed for equilibrium of the quarter
circular plate.

A% / —~ 3 cos 60

NB

IM, =0;  Ny(3)~-200(3)-200(3sin 60°) = 0

N’ =3732IN=373N
XM, =0;  350(2)+200(3c0s 60°) -4, (3) =0
A, =33333N=333N
IZ =0; Tep+373.21433333-350-200-200=0
Tc,-O.SN
IF, =0; A,=0

If, =0 A =0



If the cable can be subjected to a maximum tension
of 300 N determine the maximum force F which may be
applied to the plate. Compute the x, y, Z components of
rcaction at the hinge A for this loading.

H

Te=300 N

M, =0; 3(F)-3000) =0
F =90 N
If, =0, A =0
6 =0 A4 =0
IF, =0 -900+300+A =0 A =600N
IMy = 0, My +900(1) -3(00) = 0; My =0

My, =0, M, =0



Ex. The homogeneous plate has a mass of 100 kg and is subjected to a force and couple moment along its edges. If it is
supported in the horizontal plane by a roller at A, a ball-and-socket joint at B, and a cord at C, determine the components of
reaction at these supports.

Equations of Equilibrium. Since the three-dimensional geometry
is rather simple, a scalar analysis provides a direct solution to this “»
problem. A force summation along each axis yields]

300N 200N - m

SF,=0, B, =0 Ans. = i \,\
N "‘ : -
SF,=0, B,=0 Ans. 1.5m Sl C
._.’-' ‘~.>..
SF,=0; A, +B,+T,—300N—-98IN=0 (1) A<
Recall that the moment of a force about an axis is equal to the product .

of the force magnitude and the perpendicular distance (moment arm)
from the line of action of the force to the axis. Also, forces that are
parallel to an axis or pass through it create no moment about the axis.
Hence, summing moments about the positive x and y axes, we have (a)
SM, =0, Te(2m)— 981N(Im)+ B.(2m) =0 (2)
EM,. =0 JOON(L.Sm) + 98I N(1.5m) — B.(3m) — A_(3m) 2z

— 200N'm =0 (3) o |?
The components of the force at B can be eliminated if moments are . 200N m
summed about the x’ and y" axes. We obtain 98] N "\ tr(_
EM, =0 OBI N(Im) + 300N(2Zm) —A.(2m) =0 (4) {m- 2 \;i : B\
SM, =0, —300N(1.5m) — 981 N(1.5m) — 200N -m e w4 /‘3 m/&

+ Te(Gm) =0 (5) C ) Pamse 15
i :\; /f\

Solving Egs. 1 through 3 or the more convenient Egs. 1.4, and 5 yields ,"/ Bx B) \y,
A, =T79N B,= 217N T.=T07TN Ans, el B.

The negative sign indicates that B, acts downward.



5.7 Constraints and Statical Determinacy

Statically indeterminate : there will be more
unknowns than the equations of equilibrium

Improper Constraints.

P P
A -
Al
A
1 A,

lines of action of the reactive forces are concurent

the beam is improperly constrained, Z3/. #0

\r P
2 g %v. ] T"’
L.

improper constraining leads to instability occurs
when the reactive forces are all parallel

body may have fewerreactive forces than equations of equilibrium that
must be satisfied. The body then becomes only partially constrained. (
unstable)

In engineering practice, these situations should be
avoided at all times since they will cause an unstable
condition.
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6.1 Simple Trusses

A simple truss is a planar truss which composed of triangular
elements. Often used to support roofs and bridges.

truss is a structure assumed to :

e composed of: slender members joined together at
frictionless joints ( smooth pins)

e the members act as two-force members. They are in either
tension or compression.

e Compressive members are made thicker to prevent
buckling

e All loads are applied at the joints.

e The weight of the truss members is often neglected as the
weight is usually small

Assumed smooth Pin joint

&




A simple truss is a planar truss which begins with a triangular element and can be expanded
by adding two members and a joint.

For truss design ; ( members and joints)

It is necessary to determine the forces in each truss member.
This is called the Truss analysis.

Fushing Farce C

https://sites.google.com/site/structuresinigoandsofia/triangi



https://sites.google.com/site/structuresinigoandsofia/triangi

6.2 Method of jOi NS (to analyse or design a truss, it is necessary to determine the
force in each of its members)

This method is based on the fact that if the entire truss is in equilibrium, then each
of its joints is also in equilibrium

To analyse any truss:

1. Draw the FBD of the entire truss to determine the supports reactions applying the
equilibrium equations ( show them on the truss)
2Fx=0 and 2X2Fy=0 and XM=0
2. Draw FBD for each joint assuming tension in each member (start with the one of two
members)
3. Apply equilibrium equation for each joint to find the force in each member
Y Fx=0and Fy=0...if the resultis positive then the member is in tension
and if negative the member is in compression.
4. Show the results on the truss ( show the arrow tip pointing to the joint for compression

and away from the joint for tension) l\

SN

5. Go to the next joint until you finish all the joints and obtain the forces in all members

A lension ) F u (<ompression)

6. Use table to arrange your solution



Find the forces in all members and specify if tension or compression

Joint A.

YXFx=0 -500+AC=0 AC=+500N (T)
XFy=0 AB-500=0 AB=+500N(T)
AC

aaaaa

Ay = -500

Joint C.

YFx=0 -500-BCcos45=0 BC=-707.1N (C)

M,=0 -500x2+2Cy=0
Cy=500N

Fx=0 Ax=-500N -
Fy=0 Ay +500=0
Ay =- 500N l



[ON lon

Ex. Analyse the truss shown (Find the internal forces in all the members) L Sm o
I
Show the results on the truss 5 = ¥ o
B .
. 16
1. Support reactions = "
2Fx=0 = Agt10=0 |[Ax=-loN] A D "
SFy =0 & Ay+Dy-10-10 =0 Py =0 A r 7
= My =0 = r@:x5j FUD:@+D~;:£5'—'EJ =D~ = 20N Ax 'f ?
20N
Ay Dy
Joint FBD Equ. Equ
B il ]
¢ —> 0L 2= = [BC~0
{ 2F, ot = -AB-10 =D =7 )%:-—ID! Compresion
Al
Iui
=F =05 rm;@aﬁsjﬂhﬂ
C @uerl-'——r 1N =7 AC= VT ~‘ T
Jlrf.-/c,f} iﬁ,,{} 2 1o _ACsinhE"-c) =0 gc
= — 08 ~10 =T20
= LD 200
il 1]
D ﬁpq.-j 20 épﬁ =0 5 =0 The results shown on the truss




I GO0 I
Q% 80P(T)
>
S 4m
4
3
; 900 N _
) i
Ky
%
N % ¥ sdom
Q> 4 ~ 4im
3 B
fm

) N

Determine the forces in all the members and specify if it is in tension or

compression
Show your results on the truss

Joint FBD
600
—= Fx=0
D
D / l oC Fy=0
4800
Fx=0
CE
C $ « 900
CB FY=0

! 500 Fx=0

Equ. Equ

-600-3DE/5 =0

-CE - 900=0

DE =-900 N (C)

DE =-1000 N (C)
-DC- (-1000x4/5=0 DC = 800(T)

800- CB =0 CB=800 N (T)

3EA 3000 3EB
— == .900- +=— =0
5 5 5
4EA 4000 4EB _ 0
5 5 5

EB =750 N (T)
EA = 1750 N ( C)



All problem solurions must include FBIs,

Fé—1. Determing the force in each member of the truss
State if the members are In lension o coMpression.

Prob. Fé—1

F&-1. Determing the force in cach member of the truss
State if the members are In lension o CoOMpression.

H

Proh. Fe-2

Fe-3. Determine the force in cach member of the truss
State if the members are in lension or coMpression.

Prot. Fé—3

Fi—4. Determine the greatest kad P that can be applied
1o the truss 0 thal none of the members ane subjected Lo a
force exceeding either 2 kM in tension or 15 kN in
COMTI e SSI0HL

Prob. Fi—d

Fi5. ldentify the zero-force members in the truss.

|1H~I

Im |

1 A i

Prob. Fi—5

Fo—6. Determine the force in each member of the trss
Sate if the members ane in lension OT COMPrESSION.

Acsin 60 +p/2=0
AC = -P/(2sin 60) =-0.58 P (c)

AC cos60 +AB=0
AB = -P cos 60/(2sin60) =0.29 P ( T)

P=2.6 kN
P =0.69 kN

0.58P=1.5
0.29P=2



6.3 Zero force members
To identify zero force members by inspection

Please note that zero-force
members are used to increase
stability and rigidity of the
truss, and to provide support
for various different loading

conditions.
n“
‘0
/ E
\ G
B

= -

If a joint has only two non-
collinear members and there
1s no external load or support
reaction at that joint, then
those two members are zero-

If three members form a truss
joint for which two of the
members are collinear and
there is no external load or
reaction at that joint, then the
third non-collinear member is
a zero force member.



find Zero force members

a3 a3 o3 o3 L foe 5 L e

1500y 15010 1500 1 1500 1b

ia)




6.4 The Method of Sections

The method of joints is used to find the internal forces in all the truss

members.
The method of sections is used to find the internal forces only in a few

specific members of a truss,
Procedure;

e Find support reactions if needed

e Make cut ( section) passing through the required
members

e Don’t cut more than three members ( most of cases) ( the
section must cut the truss into 2 separate parts)

e Draw FBD of one of the 2 different parts of the truss ( take
the simplest) showing all external loads and reactions on it
, assume ten5|on in the 3 members that are cut.

e Apply Ec the required

member: ZP Zf Z w




Ex. Find the internal forces in members BD, BC and AC and indicate if they

are in tension or compression
4. Apply equilibrium equations on the part of the truss

YF. =YF =YM_=0

1. Find support reactions

Y M, =(2sin60°)T . —( 2cos 60° )( 500) =0

. . — T‘,r O - 289 i'\"{
2. make section through the required members

3. Draw FBD of either parts of the truss.. assume tension in the cut Zf}- =500 N =400 N =T - sin 60" =0

members Tb'(." = 115N

SF =T, 4T, +T 4 cos 60° =0

T,y =-346 N

(+) = tension ........ (-) = compression)



Determine the force in members BE, EF, and CB, and
state
if the members are in tension or compression.

C+EMg =0 —-5@) + Fep(4) =0

FI:E' = 5 kN{T}

C+EZIMyz=10; —5@8)—10(4) —5@) + Fep(4)=0
F}_‘F = 25 kN [C}

B 3IF, = 0; 5+ 10 — Fggcosd5® =0

}_74"]_,|



Determine the force in member EB of the roof truss shown. Indicate whether the member is in tension or

compression.

TN M
TN LMD X
I.I".' b
LLHND M Fr}
© \7 i
A . : | O
o]
- m I Im 2m | 2m=—
SUNOH M DO I

(aj

Book solution

1000 N

1000 N

—_——
30 V 30°
FE‘.P

FED = - 3000
Y

(c)
2000 N

From the section

SMg =0 ......4 Fgp sin 30 -1000x2+2000x4=0  Fg, =- 3000 N ( C)

From section B ( joint)
Considering now the free-body diagram of section bb, Fig. c, we have

2 Fx=0;
> 2ZFy=0;

Fer = - 3000 N (C)

- F¢e cos 30 +(- 3000 cos 30) =0
FEB = 2000 N (T)

- 2(-3000sin 30) - 1000N - FEB=0



Determine the force in member CF of the truss. Indicate whether the member is in tension or

compression. Assume each member is pin connected.

iy
H_ = F T Saaway !
¢ N ® 6m,; Fep -
1 Y 4m
4m : .-'; ! |
—ra N 4D E| e s £ -
« B —T— - ng:lh 4mﬁf
~—4m } 4m 4m 4m
S:N 3kN 3kN 475 kN
(@) 4.75 kN ()
3.25 kN
XM, =0; F.g cos 26.5(6) +-(3) (4) +(4.75) (8) =0 F.g =-4.84 kN (C)
SF,=0; -4.84sin 26.5+-(3)+4.75-Fsin45 =0 Fee = - 0.58 kN (C)



Determine the force in member CD of the K-trusstruss shown. Indicate whether the member is in tension or
compression.

|
10 ft
l
|
10 ft
) J
A 8
15t 15 ft 15 ft 15t 15 ft 58 ™
 J \J \J
2000 Ib 3000 b 5000 Ib
£r a D
CD T
\ 10 f
l
I
10 fi
_l C
F B
15 ft | 15 ft 151t
k J

S000 Ib



All proflem solutions must include FRIs

Fit—T. Determine the force in members 8C, CF, and FE.
State if the members are in lension or COMPression.

ﬁ F E

& b G b
B b

Proh. F&T

Fi—8. Determine the force in members LK, KC, and CD
of the Pratl truss State if the members are in lension or
COATIPIESSI 0d1.

E{IhHmkNth

Prosh. Fo—8

Fe—. Determine the force in members KJ, KD, and CD
of the Pratl truss State if the members are in lension or

COATIPIESSI 0d1.

Fé—10. Determing the force in members EF, CF, and BC
of the truss State if the members are in lension or
COMpression.

b Hi bk

Prob. Fe-10

Fe~11. Determine the force in members GF, G0, and CDY
of the truss State if the members are in lension or
COMpPression.

1m

sk FEN

Froh. F&-11

Fi—1L Determine the force in members DC, HE, and ST of
the truss State if the members are in tension or compression.
Sugrestion: Use the sections shaown,

|6 a1~
Proh. Fe—12



6.6 Frames and Machines

Frames and Machines are two common type of "
structures which are often composed of pin-
connected multiforce members.

Frames are generally stationary and support external loads.
Machines contain moving parts and are designed to alter the effect of forces.

Requirements n
e Draw the free body diagram of a frame or machine and its members. ! |

e Determine the forces acting at the joints and supports of a frame or machine. Q , ;




Difference between a truss and a frame

7 P g
(L2 m L2 m U2 my o= 4 m -

Truss Frame

All members are two force members Some of members are multiforce members..
Forces are applied at the joints Forces can be applied at members



Draw FBD of each component of the frame

FBD of the entire frame

FBD of each part

External support reactions ,
Internal forces at the pins



Frame analysis Steps:

1. Draw FBD of the whole frame and determine

the as much external reactions as possible 3. Apply the equilibrium equations to each
part separately and find all the unknowns

W

External support reactions

2. Dismantle the frame and draw FBD of each member applying -;\—DA
internal forces at each pin (joint) f\
A,

Internal forces at the pins



Draw FBD of the entire frame and each part

B 100N II]

FBD of the entire frame

i)

FBD of the each part



2Ma=0
3RF=6(240)
RF=480 kN

>MF=0=MF=0
3Av=3(240)
Av=240 kN

From the FBD of member BG
2MB=0

2Ev=4(240)

Ev=480 kN

Yy =3m

Gv = 240 kNN

Re = 480 kN

Ay = 240 kN

Hiliyg —m
158 1+ 1{240) — 4.5{80) Yl — 1M
Bg — BN 28y — 2(240)
— By — 240 kN
B — B0 EN and By — 240 kR
Ca—8DEN and Gy =0 From the FBD of member CF
By — 16DKN and Hy — ABD kN
il —
Oy |- 450 — ARD

Mz,
R,,:q/m:mgsm T
R‘g:VlﬁI)’+4Bn’:5IB.96]:N — (ST

240 kN

240

iy =0
8C = 1@
Cp =800

e =0
8y = (3= 1))
¥R 2=3160/kN]



Determine the external support reactions at hinges at A and C
Determine the internal forces exerted by Pin at B.

B From the entire frame
There are 4 unknows and 3 equilibrium equations so
" try to find as much unknows as you can if possible

4 m

500 N >XMC=0 ... 0.5x.4+1x.8 -1xAy =0
- NS Ay=1kN
ﬂ_ Pl Ay =1 KN
+ A T B XFy=0......-1-0.5+1 +Cy =0
~02m =~ 02m -~ 02 m-~ 04 m o Ay ST hamE fcv Cy = 0.5 kN
EBD of the entire frame Show the results on the frame then draw FBD for each
~ part

By )
B*JL Ei--;+ BH

0.4m

Apply equilibrium equations to each part and solve for unknowns

1 kN
Member AB
>MB=0 ... 1x0.2+0.4AX-1x0.4=0

Ax =0.5 kN

Ay As |

1 02m  0.2m

Ay =1

FBDs of each Part Member BC

>Fx=0....... —Cx+0.5=0
Cx= 0.5 kN



Determine the horizontal and vertical components of force that the pins at A, B, and C exert on
their connecting members.

 r=ogbm A, = 42kN
— =0.05m
Y g™
=27
r 1m 4y ;
800N - é) EI =4.2kN
800N
Y
B}., = 3.2kN
By applying equilibrium equations to
y applying eq q CI:3.41-:N

member ACor BCD

-

800N C}, = 4 kN



Determine external support reactions and all

internal forces at all pins

3 m —<2 m |
A
1.5m
O.gm = 08"
T B (e (@) o)
15m 5 Iq
R C
1.5m
- ﬂ'@jp 400 kg

1. Draw FBD of the entire

frame

3 Equilibrium equations are
available

R

0 J ‘ - 05m
L
B E ./
1.om J = F
| (o - — 04 981
:(; = 3.92 kN

[SM, = 0]
[SF, = 0]
(F, = 0]
D
A,
A,

5.5(0.4)(981) ~ 5D

A, — 432

A, — 392
4.32 kN
4.32 kN
3.92 kN

2. Draw FBD of each part
knowing that CE is a two force
member

cls ik
) = /

L
4.3:

)

start with Member BEF ( has 3 unknowns)

[2Mg = 0]
[SF, = 0]
[SF, = 0]

Member CE

3.92(5) — $E/8) = 0
B, + 3.92 - 13.08/2 = 0
B, + 892 — 18.08 = 0

Cx=Ex=13.08

18.08 kNN
2.62 kN
9.15 kN



Find the tension in the cables and the force P required to support the
600 N force using the frictionless pulley system (neglect self weight) I\
e

Draw FBD of each pulley ( cutting all the cables) and
apply equilibrium equations

A
C <

l()(')()N
p‘ Tl JP Pulley A
TT +1XF, =0 3P - 600N =0 P =200N
= Pulley B
XN +13F, = 0: T —2P =0 T = 400N
Pf P fp Pulley C
T P +12F, =0 R-2P-T=0 R =800N

l

600 N



. Determine the force P needed to hold the 20kN block in
equilibrium.




All problem solutions must include FBDs. 663, Determine the force P required to hold the 50-kg

: 3 mass in equilibrium.
6-61. Determine the force P required to hold the 100-1b
weight in equilibrium.

Prob. 6-61

*6—64. Determine the force P required to hold the 150-kg

662 In each case, determine the force P required to  CTate in equilibrium.
maintain equilibrium. The block weighs 100 Ih.

Prob. 6-62



Find the reactions

Z Fx - O - R.t\'

D> F =0=R,-70010b
-316.67 Ib

> M, =0==M, =700 Ib(8 ft)
~316.67 Ib(12 ft)

R,, =1016.67 Ib
R, =01b
M, ==9400 Ib-ft

7001b  316.671b

YFE =0=38,

DE=0=R,+5B
~150 b/fi (6 fi)

DM, =0=R,,(6ft)
—150 Ib/fe(6 fi)(3 ft) 800 Ib-fi
R,, =583.331b
B, =01Ib
B, =316.67 Ib




Determine the reactions at the supports A, C, and E of the

3kN/m
compound beam
¥ 1 Y |

_ o _ 2 - 2 -3 |
Equations of Equilibrium. Equilibnum of member DE will be considered first by A B _{i{,- D = 3
referrnng to hig. . ’ h
{_-1,'!,?'1.1—[]: "ﬁ_l_[f"] 1244y = ( _-"il,-__ 1500 kM +_-'I"|.-.|'|+._ —1|.-.|l ’jn.l ﬁn] _'-L _-'v.|_'_|'|—l-
G+2Mp= 0 D6y - 12(3) =0 D, ,= 6.00kN 1 -

HEIE=0: D =0 i

' A 18 kN 4

Next, member BD. Fig. b.

C+EMeo= 0 AdNN2) + 3(6)(1) — B(4) =0 H = 750 kN TomT oy Y ¥

C+IMg= No(4) + 6006 — 3(6)(3) =0 N = 450 kN B C

: —_ 4 12 kN
_'..:h=[]' H.,_=1 e 4 m D Y
2m
Finally, member AB. Fig. a l
: - _ _ D = 5
+TEE =10 A S0=0 A = T750kN I
G+IM, = My —750(3) =0 M, =225kN-m — Om 3m--
&ﬁﬁom 306) ki p,:é.ao/ad 12 kn
A
A :r &=0 ,
W 3m em 3m
@) Ne

(<)



The smooth disk shown in is pinned at D and has a weight of 20 Ib. Neglecting the weights of the
other members, determine the horizontal and vertical components of reaction at pins B and D.

201b
D
lzmh . y. D
D . . - \ 1
. 15 g 'l) i il
g I, C, .
e N —> - *—|- Entire Frame
A 8 b L__ iy GHEM, =0; —20Ib(3ft) + C(35ft) =0 C,=17.11h
Tfﬂl—- B B, i_*EFT=ﬂ; A —171lb=0 A, =1711b
A ) " — — 1
1710 -t l +1EF, = 0; A . —20b=0 A, =7201b
B, ) B )
T‘ 3ft——3M 1 ' Member AB
20 1b . L5k =0 171b—-B,=0 B =171
b
W C+EM,. = 0; —201bi6ft) + Ny(3 ft) = 0 Ny = 401b
. . . H i i
Free-Body Diagrams. The free-body diagrams of the entire HASE = 0 e —
frame and each of its members ' ¥ ’ S ¥
Disk
LIF, =0 D=0

+1EZF, = 401b — 200b — D, =0 D, =201Ib



The two planks in a are connected together by cable BC and a

smooth spacer DE. Determine the reactions at the smooth
supports A and F, and also find the force developed in the

cable and spacer.

100 1k
200 1

i-zft--l-lft /-2 ft —=
L’ l

F

"IIII
I ] { E
= | o — = |
n ' £| | m
—2 ft——2 ft—

(a)

10 1b

l

Al 1 [}

NAT- 2t | 2t i— Zft -T .
Fue Foe

120 |b

d

___
—'.

For the entire beam

XM =0...... 2x200 +100x8 -N, x10=0 N,=1201b
$F,=0; -100-200+120+N;=0 N.= 1801b
Member AD

Considering now the free-body diagram of section AD we have
XM, =0....... Fac X2 +100x4 -120x6 =0 Fgc =1601b

SF,=0; -100-160+ 120 +F,; =0 FDE= 1401b



The frame in Figa supports the 50-kg cylinder. Determine the horizontal and vertical components of reaction at A and
the force at C.

T = 50(981)N Equations of Equilibrium.  We will begin by analyzing the equilibrium

|
= =, 0.1m ‘ﬁ of the pulley. The moment equation of equihbrium 15 automatically
oy :
D,

satisfied with T = 30(9.81) M, and so
LEF =0: D —S50098N=0 D, =4905N

06m +15F,=0; D, —50(981)N =0 D, = 4905N A
_‘_ 5 ﬁ E] Using these results, Fg- can be determined by summing moments
A 7 about point A on member ABD.
W0(AEN C+EM, = 0; Fpr- (06 m) + 4905 N(0.9m) — 4905 N{1.20m) = 0
{a) . A v
T= 50(9.81)N Fge= 24525 N Ans.
two-force member D,=4905N D 94 - Now A, and A, can be determined by summing lorces.
D, = 495N |
'nc . 2, LSF, =0; A, —245235N —4905N =0 A = T736N Ans.
+TEF___. = 0 A, —4905N =0 A =4905N Ans.
0.9m @
S0 (9.81) N
1.20 m

[h} Eainstir



The two-member structure is connected at C by a pin, which is fixed to BDE and passes through the
smooth slot in member AC. Determine the horizontal and vertical components of reaction at the

SuU orts s b

V) s

C

4ft
. GO0 1b - fi
) ift ifn 2 it
001b E-
2 Ne=/20 /b 1
N, .
Ex
[ 3% 34 21

Member AC:

C+EM, =0,
% EF, =0
+1EF, =1,

Member SIVE:

i + E,_"lfg. = {;
5 EF, =0
+1EF, =0,

N (5) = 600 =0

Ne=1M1b
A 120 i 0
X 5 -
A, =9 1b
3
- A, + 120 ; =)
A, =T721b

500 (8) + |zu(%) (5) = D, (2) =0

D, = 2180 1b = 218 kip

4
_E, + |2u(;) =)

E, = 91b

B
=500 = 120 (;) + 2180 - £, =10

E, = 1608 Ib = 1.61 kip




All problem solutions must include FIRDs. Fe—15. If a 100-N force is applied 1o the handles of the
pliers, determine the clamping force exerted on the smooth

Fe—13  Determing the force P needed to hold the 60-1h
pipe B and the magnitude of the resultant force that one of

wiight in equilibrium.
the members exerts on pin 4.
100N
i
50 mm
r 15
. | 250 mm |
100N
Prob. Féi—13 Prob. F&-15

F&-14. Determine the horizontal and vertical components Fé-16. Determine the horizontal and vertical components
of reaction at pin C. of regction at pin C

40

|'_3 i | i1} | 3 it 1 f—
Proh. Fo-14

Proh. Fé-16

Fo-21.

Dtermine the components of reaction at A and C

400 N/m

Froh. Fe-21



Chapter 7

Internal Forces

Igbal Marie



Beams

A beam i1s defined as a
structural member designed

primarily to support forces
acting perpendicular to the (a) Concentrated loads

axis of the member.

(b) Distributed load



Internal Force in Structures

=
\ —— M M
—Shear Forces (V) /ff:——ﬁ ) N . G ‘ i
v

— Bending Moment ( M)

— Normal Forces (N Tension or compression) Sign convention
tension left segment right segment
Ft——— t—
Negative Moment + Normal force j >N N« '
— F F F F
—_— '
Vv
w + Shear force ‘ '
compression
F » . F v

Positive Moment

| " M M
; F F - F + Bending moment ‘) ('

For each cross section, there is a shear force V and a
bending moment M and a normal force N.

Internal forces at section a-a
I"| Pl Pv
P‘-_. =

] A, M, M, Vy

A, E II i“
A B M, A\ 8,
internal forces
a support

reactions +ve sign
convention



Solution Procedure

The general scheme for finding the internal set of forces at
certain point is:

a) Draw the free-body diagram

b) Determine the support reactions by applying equations of equilibrium
Y F =0 YE =0 M =0

Cut F
d) Make section passing througu e puonn
i i
e) Draw free body diagram for either part of the beam ( the - -
one to the right or left of the section) showing the positive (
internal forces on it ( N, V, M) Leit Gecton M Dr
f) Apply equilibrium equations for that part and find the ia A

internal forces ﬁ.? W F

YFE=0 YF=0 YM=0 M V 8,
Aq{T —



Determine the internal forces at point B of the cantilever beam.

800N 1000N

: |/

W
N —)ll—lSm-"

. 4m

200N'm
D Y

Step 1: If necessary, determine external support reaction(s).

800N 1000N

6200N-m y 200N'‘m l /

600N—W
2m l)m—)l J
4m

1600N
Step 2: “Cut” the member at the specified point and note the unknowns.
800N  1000N
6200N'‘m  200N-m l 4
A~ |B ¥ ‘
600N \ \ 1\111 ‘ 1
1600N
Internal Forcss ——
6200N-m  200N-m My My AB l /s
Qi _
600N /; =) \>. .\'5(/’ -
L% e lj L
1600 N

Solving the left segment:

6200N-m 200N-m M
A B

1600N

D> F,=600N+N,=0
> F, =1600N -V, =0
> My =6200N-m—200N-m
—1600N-2m + M, =0

N, =—600N
V, =1600 N
M, =-2800N.m

M it
s
s

right segment:

800N  1000N

V
My AB l f
B 3
IVB(-e —

D F =-N, -% -1000N =0
> F, =V, -800N -%-1000N= 0
> My=-M,—800N-1.5m

—g-lOOON-2m=0

7, ==600 N
V, =1600 N
My =-2800N.m



find internal forces point c and E

5m

M My ¥
s

To find internal forces at the concentrated load. ( Pint D.)
Make two sections; one just to the left of the load and another
just to the right of the load

F G

&m ,1|mu N e _I
)

A w

|
|
|
Cl
H

2m
A
| Ay =50 N

setion C

- Em H
¥ M )y
ﬁ > N X
.4 - 1 2

E Ay=F50N
gection E
N H—G B
E'I-I-t— 2m By = 50

&m
A 9—. Nf
Ay =50 M .'
Vi
2 Fy=0....50-VF=0 ... VF =+ 50N
> Fx=0.... . NF=0
> MF=0 -50x5+MF=0 ... MF = +250
Fy=0....50-Vc=0 ... Ve = + 50N N.m
Fx=0 ....... . Nc=0 _
Mc=0 -50x2 +Mc=0 ... Mc = +100 SectionG 100N
N.m HG
A
f Ay =50 N G
VG
Y Fy=0....50+VE=0 VE = -50N
S Eyen NE0 Y Fy=0....50-100-VG=0 VG = - 50N
S ME=0 +50x2 -ME = 0 ME = +100 N.m 2 Fx=0.... NG=0
2 MG=0 -50x5+MG=0 MG = +250 N.m



40 kN

Find internal forces at the shown sections

Section 1

2F, =0 _20kN-¥=0 1 =-20kN]|

>M_ =0: (20kNYOm)+M;=0 |M;=0

Apply equilibrium equations for all section

V, =-20 kN M, =-50 kN.m
V,=26kN M, =-50kN-m
V,=26kN M, =+28kN-m
V.=—-14kN M, =+28kN-m
Vo =—14kN M, =0

M Wi 1
i

Taking entire beam as a free-body, calculate reactions at B and D.



Find internal forces at point C and D which are 2m and 5m to the right of A respectively

1000N 100N/m

ENEERNERR

A ¢ D | B

in | | - ut

ﬁsuuN o 10m WNT
Support reactions 3

)
)

Section C
100x2 =200N
RSN
A ' ‘ NC
VC
500N

2 Fy=0.... 500-200- Vc =0 Vc = 300N

2 Fx=0..... Nc=0

> Mc=0 -500x2 +200x1+Mc=0 Mc = +800 N.m

Section D
100x5 =500N

| 1y 1 |

A HD
Fy=0... 500-500- VD =0 VD=0
Fx=0 ....... ND=0

MD=0 -500x5 +500x2.5+MD=0 MD =+1250 N.m

M it
- G
s



Determine the internal normal force, shear force.
and moment in the cantilever beam at point B.

M My ¥
v

No need to find the support reaction if taking the right part 0.5 (480) (12) = 2880 N

of the section

600/15 =y/ 12
Y=480 N/m
NB

2 Fy=0..... -2800+VB =0 VB=+2800N
2 Fx=0..... NB=0
~ MB=0 -2880x4 -MB=0 MB =-11520 N.m




. FUNDAMENTAL PROEBLEMS

Fl-1. [Delermame the inlernal noomal Lorce, shear Tomee,
and bending momen! al poant O m the beam.

LOEMN

GOEN-m

g T

Fl-1

o

F1-Z. Delermne the intermal nommal Toroe, shear once,
and bending nxmmenl al poant Cin the beam.

EERE

I 15m I 15m

Fl-2

F1-3. DDetermime the internal normal Torce, shear Torce,
amil heneling momment al paant Cin Che beam.

By = 150

Fl-4. DDetermime the inlernal normal kace, shear Tonce,
amal b neling momment al paanl C mn the beam.

10 KM

F1-5. DDetermime the inlernal normal kace, shear Tonce,
amil heneding moment al paant i the beam .

Mc

Nc

o By = 150

Vc

All problem solutions must include FBDs,

F7-1. Determine the normal force, shear force, and
moment at point C

10kN

A &
C
b15m-—~—15m == 1.5m —~+15m—~
Proh. F7-1
F7-2. Determine the normal force, shear force. and

moment al point C

10 kN

MIKN-m

\A a! C mﬂ

~

el dm o L im o 1L3m o 1im o

Prob, F7-.2

Fy=0......-150+Vc =0
Fx=0 .......
2 MB=0 -150x2 -MB=0

F7-4. Determine the normal lorce, shear force, and
moment at point €,

12k

T

'

T

A

- 15m==15m-=-=-15m-=-=15m-~

Prob, F74

F7-5., Dectermine the normal forge, shear force, and
moment at potnt €.

" im -~

Probh. F7-5

Vc=+ 150N
Nc=0
Mc =-300 N.m

10



7.2and 7.3 Shear and Bending moment Diagrams

a) Draw the free-body diagram
b) Determine the support reactions by applying equations of equilibrium
Y F =0 Y F =0 M =0
d) Make section at points ( where needed) along the axis of the beam

¢) Draw free body diagram for either part of the beam ( the
one to the right or left of the section) showing the positive Cut

internal forces on it ( N, V. M)

f) Apply equilibrium equations for that part and find the -
internal forces

Z;.: -0 E.I ) Z'U. -0 Left Secton ( M
Fl e
A v

11



20 kN

20 kN

20 kN

40 kN Find internal forces at the shown sections

Location (m)

0

25
25
55
55
7.5
75

Shear (kN)
-20
-20
26
26
-14
-14
0

20 kN 40 kN
B
A D
C
<2.5m >3 m —=f{=+2 m»
Moment (kN-m)
0
50 : 26
-50 +
28
28 SD. kN
0 _ -
0 -14
-20
28
BMD. kN.m
a
12




25N

25N

SD. kN

100 N
i
50 N
= 50
75
SD. kN
150
BMD. kN.m A\
BMD. kN.m

10N/m

20 N

13

200 N.m
D * —! 6
.10 m =
50 N 20 N 20 N
V=0
SD. kN
125 >0 20
+120
+
\~/ )
BMD. kN.m w
-80
[ —



282 21N 2.393N 173.872N
4
Y C Y E n
B
() 053m —»¢— 0.047Tm —H4—0.047m —>¢—(0.053m
R, =162.55N Ry=51.8IN
162.55
51.8
SD. (N)
-119.658
-122.06
8.615
\+ J 2.991
MD. (N.m) N A

2'747\/

14



0 | Constant | Linear
Load ~ ; , s
*

. -

-

——————————————————————

Constant Linear Parabolic

Linear Parabolic Cubic

Moment

- A A

15



Draw the shear and moment diagrams for the beam shown i

3 kN
5 kN=m

C D

|‘ im

* 1.5m ’{‘ I_Sm'{

3 kN

0.67 kN )
im * 1.5 tn* I_Stnb
0.67
V (kN)

2.33
.52

2.01
M (kN.m) + +

1.48

-

.33 kN

2.33

16



600 N
7000 N.m

4000 N.m

600

()

SD N

MD N.m

17



DR == Re
D E,=0=R, —20kN/m(6 m)+R,
=R, ,+R.=120kN

> M, =0=-20kN/m(6m)(3m)+R.(9m)
= R, =40 KN& R, =80 kN

20 kN/m

= 40kN

S0 kN

e <

A

18



For the beam shown here draw the shear and moment diagram:

M(k.ft)

3k

w=1.5 k/ft

7 k 20k

12 ft 4

9
12-x =7.33
X=4.67 'w

11

24 19



Draw shear and moment Diagrams

YE=0=R,
> F =0=R, -8kN
-8 kN =15 kN/m(I m)+R,,
> M, =0=-8kN(I m)-20 kN-m
-8 kN(2m)

~15kN/m(1 m)(3.5m)+ Rm(3 m)

Ry, =32.167 kN

R, =0kN
R, =-1.167 kN

Shear (kN)

Moment (kll-m)

8 kN 8 kN 15 kKN/m
20kN-m

A

=== B g D =

' 1.167 32.167
15 —1m v|~0.75m I m 1m——
10 F 0.25 m

5

0 : ;

5@ I 2
-10 |
15 E |

20



>'F, =0=B,

Y F,=0=R +B,

~150 Ib/fi(6 ft)
> M, =0=R(6fi)
~150 Ib/ft(6 ft)(3 ft) - 800 Ib-fi
R, =583331b
B, =01b
B, =316.67 Ib
YE =0=R,
> F,=0=R, -7001b 1000
' 800
-316.67 Ib 500
400 F

o] . s ol D

ZMB=O=—MA—7OO lb(8 ﬁ) _zog ¢ 2 P & N .e 1
316,67 Ib(12 ft) Zeoo |

0]
R,, =1016.67 Ib -2000
R, =01b -4000

M, =-9400 lb-ft -6000
-8000

21



7.3 Relation Between Load, Shear and
Moment



Draw the shear and moment diaarams for the beam shown

(1/2)09(20) =90 kN
(2/3)9=6m |

>

20 kN/m

90-60 = 30 kN

!' O m

90(6)/9

o = 60 kN

V (kN)

M (kKNem]

20X2/9 (1/2)=10X2/9

90-60 = 30 kN

4—

20X/9

M

——

X

SFy=0 30-10X2/9 -V=0

V=30 —(10X2/9)

YM=0 - 30X +10X2/9(X/3) + M=0
M= 30X —(10/9) (X3/3)

V=0 ....... 30 —(10X2/9) =0

X=5.2 m

Y EM =0

. .
HE W3.2)(20

3.2 5.2

)
MW=104 kN*m

AV = / wix) dx
Changein _  Areaunder
shear loading curve

aM _
dx
Slope of
moment diagram

v

= Shear

ﬂ.M=/Fdr

Change in
moment

_ Area under
shear diagram

[ 3 )=30(5.2)=0

23




Draw SD and MD

25N

25N

SD. kN

M. k. A \

Bm

—— 2m

100N

75N

-75

150

50

SD. kN

BMD. kN.m

24

10N/m
200 N.m
D * — 4 6
.10 m =
50 N 20 N 20 N
V=0
SD. kN
50 B
125 -20
+120
\*/
&/
BMD. kN.m



600 N

7000 N.m

600 N

SDN

MD (N.m)

4000 N.m

4000 N.m

7000N.m

25



Draw SD and MD

173 872N

R, =162.55N
162.55
+Al
SD. (N)
-119.658
A1=8.615

MD. (N.m)

51.8

*—(0.053m

R‘B=

51.81N

+A4

-122.06

A1-A2-A3 +A4=0

Al1-A2-A3 ﬁ= -2.747

26



Show the loading system on the beam and show support reactions . Shear and moment diagrams are given

&3 F € ot I >
1m im im ' 1m

Load Diagram

72 kN
= > k
x=18m 48 kN 60 kN
—60 kN Shear Diagram
48 kN-m
4.8 kN-m

T
\ / m
—24 kN-m

—50 kN-m  Moment
Diagram —79 kN-m




Draw SD and MD

X E =0=R,
D F,=0=R, —20 kN/m(6 m)+R.
=R, ,+R.=120kN

> M,=0=-20kN/m(6m)(3m)+R.(9m)
= R, =40 KN &R, =80 kN

80 /X =20
X=4

A

-40

28



Draw SD and MD

For the beam shown here draw the shear and moment diagram:

M(k.ft)

3k

w=1.5 k/ft

7 k 20k

12 ft 4

9
12-x =7.33
X=4.67 'w

11

24 29



Draw SD and MD

30



The slope of the shear diagram at a point 1s equal to the intensity
of the distributed loading, where positive distributed loading is
upward, L.e., dV/dx = w(x).

The change in the shear AV between two points is equal to the
area under the distributed-loading curve between the points.

If a concentrated force acts upward on the beam, the shear will
jump upward by the same amount.

The slope of the moment diagram at a point is equal to the shear,
Le.,dM/dx = V.

The change in the moment AM between two points is equal to
the area under the shear diagram between the two points.

If a clockwise couple moment acts on the beam, the shear will not
be affected; however, the moment diagram will jump upward by
the amount of the moment.

Points of zero shear represent points of maximum or minimum
moment since dM /dx = 0.

Because two integrations of w = w(x) are involved to first
determine the change in shear, AV = f w(x) dx, then to
determine the change in moment, AM = f Vdx, then if the
loading curve w = w(x) is a polynomial of degree n, V = V{x) will
be a curve of degree n + 1, and M = M(x) will be a curve of
degree n + 2.

31



*7-T6. Draw the shear and moment diagrams for the beam.

15 kN

10 kN;/m

Prob. 7T-T6

T-TL. Dwaw the shear and moment diagrams for the beam.

2 kip/it

.11 HH'I—I

Proh., 7-T7

T-T8. Dwaw the shear and moment disgrams for the beam.

EkN

2 kN-m

L —_—
I-_En:l |1 m. Im I Im

Proh., 7-TE

T-T. Draw the shear and moment disgrams for the shaft. The
support at A i a journal bearing and at & it i= a thrust bearing.

b 100 I Ft
00 Ib-ft
l A 4 L F ¥ HJ]
E— | —
sl — |
1ft ! 4t ! 1t ——I
Proh, -T2

=70, Draw the shear and moment diagrams for the beam.

A0 Ib/T 0 b -t

4n f2 fl—ef—3 1. !

Proh, T80

T-81. The beam consisis of three segments pin connected at

B and E. Draw the shear and moment diagrams for the beam.

OkN/m

A

F
B E
L D :rr-l
—i15m— 2|:n-—|r2 m—|—2 -—4m—-|

Proh. 781

32



Chapter 8
Friction

8.1 and 8.2

Igbal Marie



8.1 Characteristics of Dry Friction

Frictionis a force that resists the movement of two contacting surfaces that slide relative to one

another.

Acts tangent to the surface at the points of contact and is directed so as to oppose the possible
or existing motion between the surfaces.

Dry friction, called Coulomb friction since its characteristics were studied extensively by the French

physicist Charles-Augustin de Coulomb in 1781.
Dry friction occurs between the contacting surfaces of bodies when there is no lubricating fluid.

| &)

“- “I
[ f 2q=a /2|
F P
r _h'
AF, |* .
| |
T R
AN, ?I:' ;" ICS= IJSN
Fesultant nonmeal
(b L and frictional forces



* Maximum static-friction force:

W
____, Impending F, =uN
p motion
! . . . ) _ . ‘ +
n Fis directly proportionalto the resultant normal + Kinetic-friction force:
Fs force N. Expressed mathematically, ~= ps V Fp =y N
N h R M. is called the coefficient of static friction M =0.75u;
Equilibrium "~ pis called the coefficient of Kinatic friction

* Maximum static-friction force and kinetic-

angle of static friction = friction force are:

| Fs of BN —| - proportional to normal force
s = tan N — fan N = tan iy - dependent on type and condition of

contact surfaces

- independent of contact area
, . Table 8-1 Typical Values for pu,
No motion Motion

F Contact Coefficient of
. Materials Static Friction ()

F, i Metal on ice 0.03-0.05
_\ Wood on wood 0.30-0.70
F=r Leather on wood 0.20-0.50

Leather on metal 0.30-0.60 the coefficient of frlgtlon shoulc_:l be determined

45° directly by an experiment that involves the two

i P Copper on copper 0.74-1.21 materials to be used.

Motion. If the magnitude of P acting on the block is increased so that it

becomes slightly greater than £, the frictional force at the contacting surface will
drop to a smaller value £, called the kinetic frictional force.



8.2 Problems Involving Dry Friction

Types of Friction Problems. In general, there are three types of static problems involving
dry friction

1. No Apparent Impending Motion number of unknowns to be equa/to the number of
available equilibrium equations

B,
’f B, 1 >R Solve the problem and find F, and F. using equilibrium
7 FBD 1 equation
/ > A A Check their values for friction force at Aand C
/ l l If  F.20.3M. or Fc=0.5MN: then slipping will occur and the
/' // YION 100N . body will not remain in equilibrium

A "’l h —y “_C: F.-1. ["r:

pa =03 pe =05 {, A,
6 unknown
3 equilibrium equation per each member = 6
equations

2 friction equation : ~£.=0.3N. or Fc =0.5M\c



finding the smallest angle 6

_ _ _ The total number of unknowns will equal/the total number
2. Impending Motion at All Points of Contagf available equilibrium equations + the total number of

available frictional equations, F =y M.

5unknowns

3 equilibrium equations
2 static frictional
equations

F.=0.3MN. and Fs= 0.4 N

F must always be shown acting with its
correct sense on the free-body diagram,
whenever the frictional equation is used for
the solution of a problem



3. Impending Motion at Some Points of Contact

determine the horizontal force P needed to cause
movement. p . : .
: number of unknowns will be /essthan the number of available equilibrium
equations plus the number of available frictional equations or conditional
equations for tipping.

several possibilities for motion or impending motion will exist and the
problem will involve a determination of the kind of motion which actually

05 occurs
it will either cause slipping at Aand no slipping at C,

F.= 0.3M..and F-=0.5N:

or
f!y slipping occurs at C and no slipping at A, in which

B, < b 3,
ll:‘:v Fc=0.5M-and Fi< 0.3 N..

' — P
l]uuh‘ ]nu.‘il

3 [—'L..
Fa '
l ],_, 6 equilibrium equations +

7unknowns 2 possible static frictional equations.
F:=0.3N. and  F=0.5M\e

calculating Pfor each case and then choosing the case for which P is smaller.



The uniform crate has a mass of 20 kg. If a force =80 N is applied to the crate,
determine if it remains in equilibrium. The coefficient of static friction is ug= 0.3.

HEF =0 Blcos 30°N — F =10
+TE4";. = () —80sm AP N + Ne = 1962N =0

G+EM, = 0; 80sin 30" N{0.4 m) — 30 cos 30° N(0.2 m) + No(x) = 0

F=693N <Fs=0.3x236.3=7089 — No slipping
Ne=2362N
x = —000%WEm = —908mm — X<0.4 ....No tipping



The uniform 10-kg ladder in Fig. 89a rests against the smooth wall
at B, and the end A rests on the rough horizontal plane for which the
coefficient of static friction is w, = 0.3. Determine the angle of
inclination @ of the ladder and the normal reaction at B if the ladder is
on the verge of slipping.

10(9.81) N

{4 m) sin #

(2m)cos@d

Equations of Equilibrium and Friction. Since the ladder is on the
verge of slipping, then F;, = p N, = 0.3N,. By inspection, N, can be
obtained directly.

+13F, = 0; N, — 1009.81)N = 0 N, =0981N
Using this result, F, = 0.3(98.1 N) = 29.43 N. Now Ny can be found.
LEF =0 2043N — Ny =0
Ng=2943 N = 204N Ans.

Finally, the angle # can be determined by summing moments about
point A.

C+3M, =0; (2943 N)4m)sinf — [10(9.81) N](2m)cos f = 0
S0 n b = 1.6667
cos 0

f = 59.04° = 500° Ans.



Beam AB is subjected to a uniform load of 200 N /m and is supported Member AB

at B by post BC, Fig. 8-10a. If the coefficients of static friction at B _ _
and C are pg = 0.2 and g = 0.5, determine the force P needed to ZMA 0, Ng=400N

pull the post out from under the beam. Neglect the weight of the
members and the thickness of the beam. Member BC

Assume post slip at B
Fz= 0.2 N; = 0.2x 400= 80N

200 N/m

ﬂl‘llllllllﬂ XM.=0, -0.25P+1x80 =0.. P=320N
— — L YF, =0 , -Fc—80+320=0....... F.= 240N
m 0.75 m ¥F,=0 , Nc—400=0.... Nc= 400N
il_;l 25 mP
— Check friction at C
=== Since Fr = 240N = pucNe = 0.5(400N) = 200N, shpping at C
A ' occurs. Thus the other case of movement must be investigated.
—2m
Ay (Post Slips at C and Rotates about B.) Here Fz = pugNg and
Fe = pelNel Fe = 05N
7 unknowns P=20TN < — Ans
6$quilibrium equations N-= 400N
2 friction equation _
Fr= 200N
Fg=0.2 N, FE—E.E?N
Fc= 0.5 N, 5 = 0Ob.

Obviously, this case occurs first since it requires a smaller value for P.



-4, I the cocllicient of statse [nction at coatact points A
and B is u, = 0.3, determine the maximum force P that can
be applicd without causing the 100-kg spool 1o move.

980N z M, = (—980)(0.9) — 0.9(0.3 By) + (By)(0.9) + (1-5)P =0

980N

ZFx=Ax—O.3By=O

Ax = 0.3By

> B =034x+By - 980+ P =0

0.3Ax + By —980+P =0

rob, F5d4

= 0.3 By

Ca 8y P = —By — 0.3(0.3By) + 980

(—980)(0.9) — 0.9(0.3By) + (B,)(0.9) + (1 - 5)(—1.09By + 980) = 0

By = 585

P = 342.35N



All problem salutions must include FBDs.

F#-1. Determine the fction developed between the 50-kg
crate and the ground if a) P = 200 M, and b) P = 400 ML The
coefficicnts of static and kinetic friction between the crate
and the ground are p, = 0.3 and g = 01

Proh. Fi-1

F#-I. Determine the minimum force P to prevent the
0-kg rod AR from sliding. The contact surface al B is
smooth, whereas the coefficient of static friction hetwecn
thi rod and the wall at A is m, = 02

| im |

Proh. F&-2

F&-3. Detlermine the maximum force P that can be applied
without causing the two 50-kg crates to move. The coefficient
of static friction between cach crate and the ground =
iy, = 025

Proh. F&-3

FE-4.  If the coefficient of static friction at contact points A
and 8B is w, = 0.3, determine the maximum force P that can
be applied without causing the 100-kg spool to move.

Prob. F8—4

F&-5 Determine the maximum force P that can be
applicd without causing movement of the 250-1b crate that
has a center of gravity at ¢ The coefficient of static friction
al the floor is p, = 0.4,

L5 6,150,
|
] 1
p 251t
450
350

Prob. F&—5



Blocks A and B have a mass of 3 kg and 9 kg, respectively, and are
connected to the weightless links shown in Fig. 8-11a. Determine the
largest vertical force P that can be applied at the pin C without causing
any movement. The coefficient of static friction between the blocks
and the contacting surfaces i1s p, = 0.3.

Equations of Equilibrium and Friction. The force in links AC and
BC can be related to P by considering the equilibrium of pin C.

+12F, =0 Ficcos30° — P =0, Fye = 1.155P
L 3IF, =0 1.155Psin 30° — Fyp = 0; Fye = 0.5774P
Using the result for F, -, for block A,
HIF, =0, F,—1.155Psin30° = 0; F, = 0.5774P (1)
+13F,=0; N,—1.155Pcos 30° — 3(9.81 N) = 0;

N, =P+2943N (2)
Using the result for Fy, for block B,
L 3IF, =0 (0.5774P) — Fy = 0; Fy = 0.5T74P (3)
+13F, =0 Np — 99.81)N = 0; Np = 88.29N

Movement of the system may be caused by the initial slipping of either
block A or block B. If we assume that block A slips first, then

F, = u,N, = 0.3N, (4)
Substituting Egs. 1 and 2 into Eq. 4,
0.5774P = 0.3(P + 29.43)
P=318N Ans.

Substituting this result into Eq. 3, we obtain F; = 18.4 N. Since the
maximum static frictional force at B 15 (Fg)ye = wNg =
0.3(B8.29 N) = 26.5 N = Fp, block B will not slip. Thus, the above
assumption is correct. Notice that if the inequality were not satisfied,
we would have to assume slipping of block B and then solve for P.

T

(981} N

-~ ¢ Fuec=05T14P
C

Fd{' L\ &

3(9.81) N Ny
30% Fye = 1.155P

7 unknowns
6 equation
F, 2 friction



Chapter 9
Center of Gravity & Centroid
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Cross section of bea

ms

_-._(ci

= =

(e) I-shape

1 | 1 Y
Lol O
t31  |[t4 ' :
o t2
K d
b = =
(b) box (c) circle
) b
Yy y
t1 o
_ﬁi}‘g h - --—,—-—Z
i Lt
= b ==
(f) T-shape (g) L-shape

t2 113

- =

(h) U-shape




9.1 Centroid of an Area i —-
h +C X
The centroid, is a point defining the geometric center of an object. o r 2 .
This point coincides with the center of mass or the center of Rectangular area
gravity only if the material composing the body is uniform or
homogeneous.
9 A= Ibh
. Select deferential element a /S’\ '
Required X’, and Y’ 1 == B S\
¥ - b i 3
¥ ¥
Triangular area

dA =y dx = f(x) dx /_'fcid. /Tdf-‘u
A A

T a [
Vi =v/2 = (x)/2 ﬁ A ;

o=
|




The centroid location (x", y’)

¥
i
dA =y dx = x% dx
- ) _
}I :Il-.d‘ X’—X 2
Lm _— V'=y/2=x%2
¥ \ ()
y ~ ’ I m I m
8 l I y-Y/z LdA = f _\:-dx =/ x:{b; =0.333
( X:L I m - I m
/EM =f xydx = / dr =0.25
A 0 <0
I m Il m
A_Ffd_.cl 0.25 - ﬁ?dﬂ =ﬁ (v/2)y dx =f; (x*/2)x*dx =0.10
T = = —— = \U. m
JA 0.333
A




Find support reactions if the unit weight of the material is y =20 kN/m?2

1 m 1l m
A= /“‘-’1 = f yvdx = f xidr =0.333
A 0 0

Weight W=0.333x 20 =6.67 kN

Im Im
/ X dA / xy dx / x> dx
A 0.250

E =20 = = 0.75m
Im Im 0. 3 3 3
dA y dx / x? dx
A 0 0
Im

Im
/ y dA / (v/2)y dx / (x%/2)x? dx
G A 0 0 0.100




The steel plate is b= 0.3 m thick and has a density of 7850 kg/ms.
find the reactions at the pin and roller support.

W=pgvolume=pgAb
2 m

W1=7850x9.81x0.3x0.5x2x2) = 46205.1N = 46.2 kN

) ! Y

A2= (2)°5 [ (x)05 dx = (2115)/1.5) x 205 =2.67m?

W2=7850x9.81x0.3x2.67) = 60066.63N = 60.1 kN

7 dA
3 J{ = (2)05 [ (x3)05 dx = (229/2.5) x 205 =3.2/2.67=1.2m

A 2.67

C+IM,=10; FB=47.9




9.2 composite body . consists of a series of connected “simpler” shaped
bodies, which may be rectangular, triangular, semicircular

Procedure of Analysis

The location of the center of gravity of a body or the centroid of a composite geometrical object
represented by area

« Locate reference axes
 Divide the areainto a number of simple shapes.

* Find the area of each shape then sum all the areas 2 A.
« If acomposite body has a /#0/e, or a geometric region having no material, then conadgr rhe
composite body without the hole and consider the hole as a negative area X = S
« Determine the coordinates X , )/ , Z of the center of gravity or centroid of each partiwl
* Determine X Y by applying the center of gravity equations, Y=7354
If an object is symmetrical about an axis, the centroid of the object lies on Y
If desired, the calculations can be arranged in tabular form 120 mm
C t A, mm? X, mm ¥, mm XA, mm?® JA, mm? |
il e = i“ 60 mm
"f_ 40 mm
80 lnm <
SA = SFA = SjA = 60 fnm x
t G




Find the centroid of the given body
from the shown x- and y- axes

- 1 3
e Z XA
A,
y=—Y 54
A,
B Area(mm?)  x (mm mm) x"Area (mm®) y*Area (mm°)
A1 3600 40 40 144000 144000
A2 12000 60 110 720000 1320000
Sum
centroid (x) 55.38 mm

centroid (y) 93.85 mm



Locate the centroid of the plate area from the given axes

—

Segment A (%) () (¥ | TARD ¥A (fith
1 HINI) = 45 1 1 45 45
2 () =9 —15 | L5 | —135 13.5
3 (M =-2 | -25 | 2 5 -4
A =115 Fid=-4 E¥A=U1
Thus,
- _ZxA _ -4 _
Y= =15 0348 f Anx
__E¥A 14 ,
.'I-'—ﬂ—”j—l_ﬂﬁ Anx



Determine the location of the centroid from the given axes.

Yy

80 mm

60 mm
b -

120 mm

60 mm

40 mm
80Tm: 105.46 mm
i
X X X
60 mm 60 mm

Component A, mm? X, mm ¥, mm XA, mm? JA, mm?®
Rectangle (120)(80) = 9.6 x 10? 60 40 +576 x 10° +384 x 10°
Triangle $(120)(60) = 3.6 x 10? 40 —-20 +144 x 10° -72 x 10?
Semicircle 3m(60)® = 5.655 x 10? 60 105.46 +339.3 x 10° +596.4 x 10°
Circle —m(40)*> = —=5.027 X 10* | 60 80 -301.6 x 10° —-402.2 x 10°

SA = 13.828 x 10° S¥A = +757.7 x 10° | ZyA = +506.2 X 10°

- 2xA _+757.7x10°mm’
>4 13.828x10° mm?2

X =54.8 mm

Y94 +5062x10°mm”>
go2yA_

T4 13.828x103mm?>
Y =36.6 mm|




Centroids of Common Shapes of Areas and Lines

Shape X 7 Area
3 2
Quarter-circular 4r art
area 3= 4
Semicircular area g.;. %
Semiparabolic 3h 2ah
area 5 3
Parabolic area W dah
Parabolic span- 3h ah
drel 10 3
Circular sector 0 ar?




9.6 Fluid Pressure

According to Pascal’s law, a fluid at rest creates a pressure pat a
point that is the samein al/l directions

The magnitude of p, depends on the specific weight y or mass density p of
the fluid and the depth z of the point from the fluid surface

https://www.google.com/url?sa=i&url=https%3A%2F%2Fwww.watervision.co.nz%

Pw = 1000 kg/m? T
— — 3 — 3
for water or y,,= pyy 9 = 9810 N/m° = 9.81kN/m

P = 7Yl = p8< fluid surface

Any Free surface open to the atmosphere has atmospheric pressure
p=0

fluid surface
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Draw the hydrostatic forces on the surfaces shown

v T 2
IzI
Yw hlb SRR | ‘l‘
T
/é_.r,
z 1,
—
| —| P=y, hb
Jamrima
| // » :
Yw h2b B

47 b.....If b not given ... assume b = 1 unit length




Determine the magnitude and location of the resultant hydrostatic fc R
El 2m

acting on the submerged rectangular plate AB shown
The plate has a width of 1.5 m; p,,= 1000 kg/m3

Y= 1000x9.8=9800 N/m?3 =9.81 kKN/m3

w,= 9.81 x1.5 x2 = 29.43 kN/m
wg= 9.81 x1.5 x5 =73.58 kKN/m

F1 = 29.43x3 = 88.29 kN
F2 = (73.58- 29.43) x3/2 = 66.23 kN
FR =88.29 +66.23 = 154.5 kN

h= =(88.29 x1.5 +66.23x 1)/ 154.5 = 1.29 m

A

im
B Nl
ﬁﬁm

"A Fo-oum—- b

FR=154.5  me— |

ISm l‘m

KN' h=1.29 4 . :

m | -
4415kN/m

*m



When the tide water A subsides, the tide gate automatically swings open to drain the marsh 5.
For the condition of high tide shown, determine the horizontal reactions developed at the hinge C
and stop block D. The length of the gate is 6 m and its heightis 4 m. p,,= 1000 kg/m3

Fluid Pressure: The flad pressure at points D and E can be determined using

Eq.9-13.p = pgz.

Pp =

PF =

1.0{107)(9.81)(2) = 19620 N/m*

1.0(10%)(9.81)(3) = 29430 N/m*

19.62 kN/m*

29.43 kN/m’

wp = 19.62(6) = 117.72 kN/m

wg = 29.43(6) = 176.58 kN/m

Fg, = %[1?&.55}{3; = 264.87 kN

Fp, = %{11?_?11{2] = 117.72kN

C+EIMo =0 264.87(3) — 117.72(3.333) — D, (4) = 0
D, = 100.55kN = 101 kN
HIF =0 264.87 — 117.72 — 100.55 — €, = 0

C, = 46.6 kN



The 2-m-wide rectangular gate is pinned at its center Aand is prevented from rotating by
the block at B. Determine the reactions at these supports due to hydrostatic pressure.

py = 1000 kg/m3.

wy = 1000(9.81)(3)(2) = 58 860 N/m

w2 = 1000(9.81)(3)(2) = 58 860 N/m

F = %(3]{553&}] = §8 200

B = (58 860)(3) = 176 580
C+IM, = 0; 88 200(0.5) — Fp(1.5) =0

Fp = 29430 N = 294 kN

L ¥F, = 0; 887200 + 176580 — 29430 — F, = 0

Fq =235440N = 235kN



Determine the magnitude of the resultant force acting on the gate ABC due to hydrostatic
pressure. The gate has a width of 1.5 m. p,= 1000kg/m?




F9-17. Dwetermine the magnitude of the hydrostatic foroe
acting per meter length of the wall. Water has a density of
pg=1 Hg,l'n:l’.

Froh. FO-17

Fa-18. Determine the magnitude of the hydrostatic force
gcting on gate AB, which has a width of 4 [t The specific
weight of water is ¥ = 62.4 Ih/ft.

41

—3n—
Prob. F9-18

F2-19. Dectermine the magnitude of the hydrostatic foroe
acting on gate AB, which has a width of 1.5 m. Waler has a

density of p = 1 Mg/m’.

2m

A

|—15m—|

Prob. F9-19

F9-2i. Dectermine the magnitude of the hydrostatic foroe
acting on gate AB, which has a width of 2 m. Water has a
density of p = 1 Mg/,

Prob. FO-20

F9-2l. Determine the magnitude of the hydrostatic foroe
acling on gate AR, which has a width of 2 ft. The specific
weight of water is ¥ = 62.4 Ih/fit®,

Froh, Fe-Z1



Chapter 10

Moments of Inertia
MOI

Igbal Marie



10.1 Definition of Moments of Inertia for Areas ( MOI)

The integrals ([)2dA , [x¥2dA ) is sometimes referred to as the “second moment” of the area about
an axis , but more often it is called the moment of inertia of the area.

Although for an area this integral has no physical meaning, it often arises in
formulas used in fluid mechanics, mechanics of materials, structural mechanics,

and mechanical design,

The moments of inertia of a differential area dA about the x and y
axes are dl= )2 dA

— 2 :
dl, = X2 dA, - fy‘.::’ﬂ
1

¥

The polar moment of inertia. It is defined as dJ, = r<dA,

2= x2 +y?2
The units for moment of inertia involve length
7, = f,;,_,m — raised to the fourth power, (m 4, mm?#)

1 .




a. Find moment of inertia about the x axis ( passing through the base of the rectangle) (l,)

Take a differential element of area that is paralle/to the x axis

I = /yldA
A
h 1

h
| = Jy2aa =[y2 (b ay) :bygﬁb = bh3 /3

0

0

b. Find moment of inertia about the y axis (1,)

Take a differential element of area that is paralle/ to the y axis
I = / x dA
A

b b
|, = IX?dA =[ x2 (h ax) :hx‘?/ﬂ = hb? /3

I, = —hb’

0

0



a. Find moment of inertia about the x” axis ( passing through the centroid of the rectangle)

A differential element of area that is paralle/ to the x axis

fx — /}'ldﬂ. _ 1
A I = EEJE
h/2 h/2
| = ly2dA =[y? (b ady) :byg/ﬂ = bW
/12 /2
-h/2

b. Find moment of inertia about the y axis axis ( passing through the centroid of the rectangle)

A differential element of area that is paralle/ to the y axis

— 1
b/2 b/2 L= EH’}
|, = X2dA =] X2 (h dx) :hxé’/ﬂ = b3
/12 -b/2

-b/2

;X’




Ex. Find moment of inertia about the x and Y axes

l!l'.JE

21

L
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10.2 Parallel-Axis Theorem for an Area

The parallel-axis theorem can be used to find the moment of inertia of an area about any axis
that is parallel to an axis passing through the centroid and about which the moment of inertia is

known y ¥
I = f v dA
A

0,Y=0

Ix=f(y’+dy)2dA =

/ A
A

MOI about the
o /4 centroidal axis

‘_ . x
"F.r = "‘II' + A 1— v
A: area
— - P dy: the distance between
I, = Iy + Ad, the two parallel axes




Table:  Area inertia properties for some Common Cross sections
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Find moment of inertia about the x axis ( passing through thg( base of the rectangle)
' b

I = I + Ad;

1 AR
Ebfﬁ-l—fﬂf:( ) —Ebhj

2

Find moment of inertia about the y axis

Use the parallel-axis theorem to find Ix and ly

d, =150m

1 3 1 3 4
ffzﬁbh =E(3{hﬂ}{5m}) =3.125x10° mm

I-= Lop? = lr 500)f 300)° =1.125%10°mm"*
. 3 12
500 mm - —) X
= 250mm ’ _ 2 9 2 _ 10 4
I, =1;+A4d; =3125%10" +(300x500) » 250" =1.25% 10" mm
— X I,=1,+A4d;=1125x10" + +(300x500) x 150" = 4.5x 10" mm*



I =

|
Eﬁ-n-’*




10.3 Radius of Gyration of an Area (k)

The radius of gyration of an area about an axis has units of length (m, cm
or mm)and is a quantity that is often used for the design of columns in
structural mechanics. Provided the areas and moments of inertia are known.
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Fli-1. Determine the moment of inertia of the shaded

arca aboul the r axis

Prob. F1i-1

Fli-2. Determine the moment of inertia of the shaded

arca aboul the r axis

Prob. F1i-2

Fli-3, Determine the moment of inertia of the shaded
arca about the y axis

b
]
"

-]

Proh. F1i-3

Fli—4 Determine the moment of inertia of the shaded
arca abowt the y axis

Proh. Fli—4



10.4 Moments of Inertia for Composite Areas

A composite area:

consists of a series of connected “simpler” shapes, such
as rectangles, triangles, and circles The moment of inertia

of each of these parts about their centroidal axes is

known the Parallel-Axis Theorem Is used to determine the

MOI of the composite area

I =21,3+2AD;

v

\ 4

distance distance
I, bout I, about ) ) Correctedixx | Correctedlyy
Shape Area Centroid Lentroid correction x | correctiony
' ' (d,) (d,) I, +Ady? | I, +Adx?
1
2
h
3
Total ¥ D

v



Find moment of inertia about the x andy axes passing through its centroid

J_!
= =5 mm
—
| 80 mm |

I-= 1%(30)(110)3 —%(70){100)3 =3.04x10%mm*

Igs %{110}(80)3—;5(100)( 70)* =1.835x10°mm"*

100 mm

e



Determine the moments of inertia for the cross-sectional area of the
member shown in Fig. 10-9 about the x and v centroidal axes.

SOLUTION

Composite Parts. The cross section can be subdivided into the three
rectangular areas A, &, and ¥ shown in Fig, 10-96. For the calculation,
the centroid of each of these rectangles is localed in the fgure.

Parallel-Axis Theorem. From the table on the inside back cover, or
Example 1001, the moment of inertia of a rectangle about its centroidal
axis is | = fxbi’. Hence, using the parallel-axis theorem for rectangles A
and [, the calculations are as [ollows:

Rectangles A and D o Summation. The moments of inertia for the entire cross section
arg thus
l -_
I, = Ty + Ad; = —(100X300)* + (100X300)200*  Rectangle B
v Y 9 I = 2[1.425(10%)] + 0.05(10%
= 1.425(10°) mm" _ .
Sl o I = '.I_ﬂf.{mlmﬂ = 0.05(10°) mm* = 2.90{107) mm* Ans
5 1 \ 5 » -
I, =T, + Ad} = —(300X100)° + (100)300X250)° I I, = 2[1.900107)] + 1.BO(10%)
12 I, = —(100X600)" = 1.80(10") mm*
= 1.90(10°) mm"* T 12 = 5.60(10%) mm® Ans
MM“-“- 4y | Iy 4
100x300 1/12(100x 300%) 1/12(100%x 300) -250 1.424 x10° 1.9x10°
B 100x600  1/12(600x 1003)  1/12(100x 600°) 0 0 0.05x10° 1.8x10°
D 100x300 1/12(100x 3003)  1/12(100x 300%) 250 -200 1.424 x10° 1.9x10°

2.9x10° 5.6x10°



F10-5. Determine the moment of incrtia of the beam’s FI0-7 Dectermine the moment of inertia of the
cross-sectional arca about the centroidal x and y axes cross-scctional arca of the channel with respect to the y axis

F10-8. Dctermine the moment of inertia of the cross-
F10-6. Determine the moment of incrtia of the beam’s sectional arca of the T-beam with respect to the x' axis
cross-sectional arca about the centroidal x and y axes. passing through the centroid of the cross section.




& 5
s o | 8o mm |
| 10C moe |
I I
A, mm” X, mm x4, mm’
| 100 x 250 = 25000 Al 1250 %107
2 | —80x 200 =-16000 il ~960x 10°
%' 4 =9000 Y ¥4 =290%10°

o > T4 290%10°
>4 9000

=32222 mm

- =($100x250° |—( 480 x 200° ) = 76.875 x 10°mm*
( L250 %100 } F(250%100)( 50-32.222)°

—(Azzmw:aﬂ] (200 % 80)( 60—32.222)" = 7.8556 % 10°mm*



Find Ix about centroidal axis

| dcm

2cm

3.5-5 _ 8X2+5x8
Y= 16

3:5

3.5-2

4cm

I, = 49.334 cm*



Determine y, which locates the centroidal axis x* for the cross-sectional area of the T-beam, and then find the
moment of inertia about x’ axis

50 m mq_-h'"

250

e




10.5 Product of Inertia for an Area

The product of inertia of the area with respect to the x and ) axes is defined as

Iy = [xvdd  The units for lyy (M2, mm?4)

L, = jyz dA

I, = sz dA |
l, May have —ve or +ve sign depends on the quadrant where the by = oy dA}— gy —| I, =1y dA
area is located. |

|
) |

It is important that the algebraic signs for d,and g be maintained when applying
this equation.

I
|
|||'
1‘

L, = frydAl— ‘__ﬁ\r“ [xy dA




Parallel axis theorem for products of inertia:
0

/)(y: /y+ Ad{(jy

Ixy=jxyd4

When the x axis, the y axis, or both are an axis of symmetry, the product of
inertia is zero.

I, =IxydA

XI




Determine the product of inertia / for the triangle shown in

f____,.-": y/2 =hx/2b

dA = y dx. =hx/b dx

Ixyzj'xydA
b
o A \h o _ xR
v = | \op*)p ¥ T2 e T 8

0

or

A differential element that has a thickness dx, has an area dA = y

ax.
The product of inertia of this element with respect to the x and y

axes is determined using the parallel-axis theorem.

dly, = dlyy + dA 3§

where ¥ and ¥ locate the centroid of the element or the origin of the
x', ¥ axes. ~ 1 Since df = 0, due to symmetry, and
X =ux, v = y/2 then

di, =0+ (y ir}r(%) = (i—:x ir)x(;—bx)

_ h_,,,l::‘ i
2bh°

Integrating with respect to x from x = O to x = b yields

e f” . b2
I, =— dy = Ans.
¥ Eb_ 0 B




Determine the product of inertia for the cross-sectional area of the member
shown, about the xand y centroidal axes.

mn-_-m

B

D

100x300

100x600

100x300

1/12(100x 3003)

1/12(600x 1003)

1/12(100x 3003)

D 3
100 x 300

le = 12
300 x 1003

17T
Ley1 = 0 + 10 0x300 X —250x200 = —1.5x10°

+ 10 0x300 X 200% = 1.424 x10°

+ 10 0x300 X 250% = 1.9 x10°

B
600 x 100003 .
Ly = = = 0.05 x10
100 x 6003 .
y1 = T = 1.8x10

Ly1 =0+0=0

1/12(100% 300)  -250 1.424 x10° 1.9x10°

1/12(100x 600°) O 0 0.05x10° 1.8x10°

1/12(100x 300%) 250  -200 1.424 x10° 1.9x10°
2.9x10° 5.6x10°

-1.5x10°

-1.5x10°

-3x10°




10.6 Moments of Inertia for an Area about Inclined Axes

In structural and mechanical design, it is sometimes necessary to calculate the moment of inertia with
respect to a set of inclined u, v, axes when the values of 0, Ix, ly, Ixy are known.
I,=[y*dd I,=[x%dA

I, = jxydA

u=xcosf + yvsin#

v=vyvcosf —xsinf

I, = I cos" 0 + I, sin” f — 2, sin & cos /\
_ , , dA B
I, =1, sin" 0 + I,cos” 8 + 21, sinf cos 8 “’ﬂrﬂrraﬁn

.
lw=1I,sinflcos® — I,sinfcos® + I, (cos® § — sin” 0) / lﬁl ¥ cos @ .
) . \
: : L : : 8\ ]
Using the trigonometric identiies sin20 = 2sinflcosf  and xsin 8 I'h
cos 20 = cos*@ — sin” @ we can simplify the above expressions, in which case ,_illc‘_‘#--ﬂ--i- -
- >
. I.+1I, I -1 - - ! \ I"ﬁll_'l.”.-;in &
— — 1r —cos 26 — [, sin 2 \
il 2 2 Iy __Jrfr‘
L+1, I -1 | -
I, = 5 T T 5 cos 260 + I, sin 26
I — ‘IJ.'

I = B sin 28 + I, cos 26




Principal Moments of Inertia.

when the orientation of these axes about which the moments of inertia for the area are maximum and
minimum, this particular set of axes is called the principal axes of the area, and the corresponding
moments of inertia with respect to these axes are called the principal moments of inertia.

ﬂr.lrl ‘r_x o "r'r :
d_ﬂi = —2( — | sin 260 — 21, cos 260 = 0




xy

10.7 Mohr’s Circle for Moments of Inertia
Graphical method

Mohr’s circle may be used to graphically or analytically determine the moments and product of
inertia for any rectangular axes including the principal axes and principal moments and products

__(f ) ) Determine £, /, and /.
R= /|—*| +13,
At

-. Determine the center of the circle, O, which is located at a distance (/4 + /)/2 from the
I =\ origin,

f positive, whereas /,can be either positive or negative

Py I

/“" A plot the reference point A having coordinates (/, /). Remember, /is always
26

o |

|
I, —1, / the distance OA by trigonometry. This distance represents the radius of , .
-~ / the circle /

Connect the reference point Awith the center of the circle and determine

.l'

To find the orientation of the major principal axis, use trigonometry —~

— Axis for n'IIJ'IlZJr[‘J'IJ'I{'JPJ.J

]

moment of inertia, [,

L Al
s to find the angle 26,, measured from the radius OA to the /f” \
o positive [ axis, ‘ (

The axis for minimum moment of inertia | ., IS perpendicular to |
the axis for | ;.- / \
vy

N o~

Axis for major prml:lpal
moment of inertia, I,

T



Mohr’s circle

Orientation of the principal axes

¥
v

A

4
N = Auxis for minor principal
moment of inertia, I_;,
I mm 4,
ki ly mm 4

/& lymm 4,

A is for major principal
moment of inertia, I,

2
I, -1, ,
= (T) t

I, + Iy
I'max = 2 T R
min
Ixy
Tan 20, =
p Ix_Iy

Find 1, Ivand | at angle 6=30° CW

20=60°

Ix_Iy

I, +1
qux2 Y + R cos

Iuv = —R sina




Using Mohr’s circle, determine the principal moments of inertia and the orientation of L= 2.90(10 ) mm 4,
the major principal axes for the cross-sectional area of the member shown with

respect to an axis passing through the centroid.

— :
. T
50 min I.-" ¥ Wl mam
X mm D J_
—-I |l—||ll|-|||—|

(h+ £)I2 = (2.90 + 5.60)/2 = 4.25x10
Ch- £)I2 = (2.90 - 5.60)/2 = -1.35x10 ©

R=+(1.35)2+32 =329

Iy =4.25 +3.29 =

¢ 7.54x10 mm?*
min

0.96 x10° mm?*

3
Tan26y, =727 =222 ...0,=32.88°
0,, = 90-32.88 = 57.12° CCW

9
|xyx10

t
!
I

4.25 —1.35

((2.90,-3.00))

/,=5.60(10 %) mm 4
ly=-3.00(10 %) mm 4,



Determine the orientation of the principal
axes having an origin at point O, and the
principal moments of inertia for the
rectangular area about these axes. using
Mohr’s circle.

e Gin. |

0 j > x
67.5°

Inax = 135 +114.555 = 249.55

min 20.45 —
T 20, = 81
an p2 = 81
0,,= 22.5°

0,1 = 90-22.5 =67.5° CW

k=54

=216 | H—)

ly=81

—81

(h+ 1)I2 = (54+216)/2 = 135
(L H)I2 = (54-216)/2 = -81

R = \/(81)24-81 2 =114.55

A




