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Chapter 12:    Vectors and the Geometry of Space
  

Section 12.1: Three-Dimensional Coordinate Systems 
 

 

Definition 12.1.1: 

 The space can be represented by sketching 

 thee perpendicular axes called: the 𝑥-axis, 

the 𝑦-axis, and the 𝑧-axis that are 

intersected at a point called the origin 𝟎. 

 

 These axes (𝑥-axis, 𝑦-axis, 𝑧-axis) are 

called the coordinate axes (المحاور الاحداثية). 

 

 The plane that contains the: 

𝑥-axis and 𝑦-axis is called the 𝑥𝑦-plane 

𝑥-axis and 𝑧-axis is called the 𝑥𝑧-plane 

𝑦-axis and 𝑧-axis is called the 𝑦𝑧-plane 

These planes are called the coordinate planes 

 

Remark 12.1.2:  

 We have 3 coordinate axes: 𝑥-axis, 𝑦-axis, 𝑧-axis 

 We have 3 coordinate planes: 𝑥𝑦-plane, 𝑥𝑧-plane, 𝑦𝑧-plane. 

 The coordinate planes divide the space into 8 

parts. Each part is called an octant. The first octant 

is the part that contains the positive parts of the 

coordinate axes. 

 

 

 

 

 

 

Remark 12.1.3:  

 A point (pt) 𝑃 in the space is represented as 𝑃(𝑎, 𝑏, 𝑐), where: 

𝑎 = 𝑥-coordinate of 𝑃, 𝑏 = 𝑦-coordinate of 𝑃, 𝑐 = 𝑧-coordinate of 𝑃 

 The set of all numbers is ℝ = (−∞,∞). 
 The Cartesian product ℝ× ℝ = {(𝑥, 𝑦): 𝑥, 𝑦 ∈ ℝ} is called the 2-dimensional (2D or the plane) 

rectangular coordinate system. ℝ× ℝ is written as ℝ2 

 The Cartesian product ℝ× ℝ× ℝ = {(𝑥, 𝑦, 𝑧): 𝑥, 𝑦, 𝑧 ∈ ℝ} is called the 3-dimensional (3D or 

space) rectangular coordinate system. ℝ× ℝ× ℝ is written as ℝ3.  
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Example 12.1.4: Plot the following points in the space: 𝐴(1,2,0), 𝐵(1,0,3), 𝐶(0,2,3), 𝐷(1,2,3),
𝐸(−1,2,3), 𝐹(1,−2,3), 𝐺(1,2,−3),𝐻(1,0,0), 𝐼(0,2,0), 𝐽(0,0,3),𝑶(0,0,0) 

Solution: 

 

 
 

  
Remark 12.1.5:  

 The graph of an equation in 2D (the plane ℝ2) is a curve, for example if the equation 𝑦 = 𝑥2 is 

in the plane, then its graph is a curve. 

 The graph of an equation in 3D (the space ℝ3) is a surface, for example if the equation 𝑦 = 𝑥2 

is in the space, then its graph is a surface. 

 

Example 12.1.6: Sketch the graph of the surface whose equation is given by the equation: 

(1) 𝑦 = 𝑥2 (2) 𝑧 = 𝑦 (3) 𝑧 = cos𝑦 

(4) 𝑧 = 3 (5) 𝑥2 = 4 (6) 𝑦 = 1 

 

(1) 

 
(2) 

 
 

 

 

  



4 
 

 

 

(3) 

 

 

 

 

 

 

(4) 

 

 

 

 

(5) 

 

 

 

 

 

 

(6) 

 
Remark 12.1.7:   

(1) The equation of the 𝑥𝑦-plane is 𝑧 = 0   

(2) The equation of the 𝑥𝑧-plane is 𝑦 = 0 

(3) The equation of the 𝑦𝑧-plane is 𝑥 = 0 

(4) In the plane, the equation of the circle centered at the pt. 𝐴(𝑎, 𝑏) of radius 𝑟 is 

(𝑥 − 𝑎)2 + (𝑦 − 𝑏)2 = 𝑟2 

Example 12.1.8:  

(1) Identify and sketch the graph of the equation 𝑥2 + 𝑦2 = 4  in ℝ3. 

Solution: 

 

 

 

(2) Which pts. (𝑥, 𝑦, 𝑧) satisfy the equations 𝑥2 + 𝑦2 = 4, 𝑧 = 3  in ℝ3 

Solution: 
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Rule 12.1.9: Let 𝐴(𝑎, 𝑏, 𝑐) and 𝐵(𝑑, 𝑒, 𝑓) be two pts in ℝ3. 

(1) The distance between the pts 𝐴 and 𝐵 is |𝐴𝐵| = √(𝑎 − 𝑑)2 + (𝑏 − 𝑒)2 + (𝑐 − 𝑓)2 

 

(2) The midpoint (midpt.) of the line segment (قطعة مستقيمة) joining 𝐴 and 𝐵 is:  

𝑃 (
𝑎 + 𝑑

2
,
𝑏 + 𝑒

2
,
𝑐 + 𝑓

2
) 

 

Example 12.1.10: Find the distance from the pt. 𝑃(2,−1,4) to the pt. 𝑄(−2,0,1) and find the midpt. of 

the line segment (القطعة المستقيمة) joining 𝑃 and 𝑄. 

Solution: The distance is dist(𝑃, 𝑄) = √(2 − (−2))2 + (−1 − 0)2 + (4 − 1)2 = √26 

The midpt. is (
2+(−2)

2
,
−1+0

2
,
4+1

2
) = (0,

−1

2
,
5

2
) 

Rule 12.1.11: The standard form of the equation of the sphere centered 

at the pt. 𝐴(𝑎, 𝑏, 𝑐) of radius 𝑟 is: 

(𝑥 − 𝑎)2 + (𝑦 − 𝑏)2 + (𝑧 − 𝑐)2 = 𝑟2 

When the center is the origin and the radius is 1, then the sphere 

𝑥2 + 𝑦2 + 𝑧2 = 1 is called the unit sphere. 

The standard form of the equation of the sphere is:  

 

                                

 

𝑥2 + 2𝑎𝑥 + 𝑦2 + 2𝑏𝑦 + 𝑧2 + 2𝑐𝑧 + 𝑑 = 0 

with center (−𝑎, −𝑏, −𝑐) and radius 𝑟 = √𝑎2 + 𝑏2 + 𝑐2 − 𝑑 

Example 12.1.12: Which of the following is an equation of a sphere and write it in standard form and 

find its center and radius.  

(1) 2𝑥2 − 12𝑥 + 3𝑦2 + 2𝑧2 + 8𝑧 = 1 

(2) 2𝑥2 − 12𝑥 + 2𝑦2 + 2𝑧2 + 8𝑧 = −30 

(3) 𝑥2 − 6𝑥 + 𝑦2 + 𝑧2 + 4𝑧 = −13 

(4) 2𝑥2 − 12𝑥 + 2𝑦2 + 2𝑧2 + 8𝑧 = 6 

(5)  2𝑥2 − 12𝑥 + 2𝑧2 + 8𝑧 = 6 

Solution:  

(1) (Coefficient of 𝑥2) = 2 and (Coefficient of 𝑦2) = 3  ⇒  not equal 

The equation is not for a sphere 

(2) 2𝑥2 − 12𝑥 + 2𝑦2 + 2𝑧2 + 8𝑧 = −30 ⇒ 𝑥2 − 6𝑥 + 𝑦2 + 𝑧2 + 4𝑧 = −15 ⇒ 

𝑥2 − 6𝑥 + 32 + 𝑦2 + 𝑧2 + 4𝑧 + 22 = −15 + 32 + 22⏟                                  
اكمال المربع

 

𝐴 

𝐵 𝑃 
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 ⇒  (𝑥 − 3)2 + 𝑦2 + (𝑧 + 2)2 =      −2     ⏟    
مربع نصف القطر

 which is impossible (مربع نصف القطر مستحيل سالب) 

The equation is not for any surface ⇒ The equation is not for a sphere. 

(3) 𝑥2 − 6𝑥 + 𝑦2 + 𝑧2 + 4𝑧 = −13 ⇒ 𝑥2 − 6𝑥 + 32 + 𝑦2 + 𝑧2 + 4𝑧 + 22 = −13 + 32 + 22 

 ⇒  (𝑥 − 3)2 + 𝑦2 + (𝑧 + 2)2 = 0 ⇒ 𝑥 = 3, 𝑦 = 0, 𝑧 = −2 which is the point (3,0,−2) 

The equation is not for a sphere it is not a surface but it is the point (3,0,−2) 

(4) 2𝑥2 − 12𝑥 + 2𝑦2 + 2𝑧2 + 8𝑧 = 6 ⇒ 𝑥2 − 6𝑥 + 𝑦2 + 𝑧2 + 4𝑧 = 3  

⇒ 𝑥2 − 6𝑥 + 32 + 𝑦2 + 𝑧2 + 4𝑧 + 22 = 3 + 32 + 22 

 ⇒  (𝑥 − 3)2 + 𝑦2 + (𝑧 + 2)2 = 16 

The equation is for a sphere centered at the point (3,0,−2) of radius 4 

The standard form of the sphere is (𝑥 − 3)2 + 𝑦2 + (𝑧 + 2)2 = 16 

(5) (Coefficient of 𝑥2) = 2 and (Coefficient of 𝑦2) = 0  ⇒  not equal  

The equation is not for a sphere 

Example 12.1.13: Find all values of 𝑎 and 𝑏 from which the equation is an equation of a sphere. 

(1) 2𝑥2 − 12𝑥 + 𝑏𝑦2 + 2𝑧2 + 8𝑎𝑧 = −30 

(2) 2𝑥2 − 12𝑥 + 𝑏𝑦2 + 2𝑧2 + 8𝑎𝑧 = −6 

Solution: (Coefficient of 𝑥2, 𝑦2, and 𝑧2 are equal) ⇒  𝑏 = 2  

(1) Equation ⇒  2𝑥2 − 12𝑥 + 2𝑦2 + 2𝑧2 + 8𝑎𝑧 = −30   

⇒  𝑥2 − 6𝑥 + 𝑦2 + 𝑧2 + 4𝑎𝑧 = −15 

⇒ (𝑥 − 3)2 + 𝑦2 + (𝑧 + 2𝑎)2 = −15 + 9 + 4𝑎2 ⇒ −6 + 4𝑎2 > 0 ⇒ 𝑎2 >
6

4
  

⇒ √𝑎2 > √
6

4
 ⇒ |𝑎| >

√6

2
 ⇒ 𝑎 >

√6

2
 or 𝑎 < −

√6

2
 ⇒  𝑎 ∈ (−∞,−

√6

2
) ∪ (

√6

2
,∞) 

(2)  Exercise (𝑏 = 2 and 𝑎 ∈ ℝ 

Example 12.1.14: Find the equation of the sphere centered at 𝐴(0,−2,5) of radius √3 

Solution: The equation is (𝑥 − 0)2 + (𝑦 − (−2))2 + (𝑧 − 5)2 = √3
2
 

⇒  𝑥2 + (𝑦 + 2)2 + (𝑧 − 5)2 = 3 

Example 12.1.15: Find the equation of the sphere if one of its diameters (أحد أقطارها) has end points 

𝑃(2,1,4) and 𝑄(2,−3,0). 

Solution:  The radius is 𝑟 =
1

2
dist(𝑃, 𝑄) 

=
1

2
√(2 − 2)2 + (−3 − 1)2 + (0 − 4)2 =

1

2
√32 =

1

2
4√2 = 2√2  

The center is 𝑚𝑖𝑑𝑝𝑡. = (
2+2

2
,
1+(−3)

2
,
4+0

2
) = (2,−1,2)   

The equation is (𝑥 − 2)2 + (𝑦 + 1)2 + (𝑧 − 2)2 = (2√2)
2
= 8 𝑃 

𝑄 
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Example 12.1.16: Find the equation of the sphere in the first octant of radius 5 that touches the 

coordinate planes.  

Solution: The center is (5,5,5) ⇒  The equation is: 

 (𝑥 − 5)2 + (𝑦 − 5)2 + (𝑧 − 5)2 = 25 

 

Example 12.1.17:  

(1) Find the equation of the spheres centered at the point 𝐴(1,2,−1) that touches the sphere 

2𝑥2 − 12𝑥 + 2𝑦2 + 2𝑧2 + 8𝑧 = 6 

(2) Find the equation of the spheres centered at the point 𝐴(−2,2,−1) that touches the sphere 

2𝑥2 − 12𝑥 + 2𝑦2 + 2𝑧2 + 8𝑧 = 6. 

Solution:  

(1) 2𝑥2 − 12𝑥 + 2𝑦2 + 2𝑧2 + 8𝑧 = 6  ⇒  (𝑥 − 3)2 + 𝑦2 + (𝑧 + 2)2 = 16 

The center is 𝐵(3,0,−2) and radius 4 

Distance between 𝐴 and 𝐵 is √(1 − 3)2 + (2 − 0)2 + (−1 − (−2))
2
= √9 = 3 

 الأخرىلاحظ ان البعد بين المركزين للكرتين اصغر من نصف قطر احدهما وهذا يعني ان الكرتين احدهما داخل 

The radius of the required (مطلوب) sphere is  𝑟 = 4 − 3 = 1.  

The eq. is:   (𝑥 − 1)2 + (𝑦 − 2)2 + (𝑧 + 1)2 = 12 = 1 

 

 

(2) 2𝑥2 − 12𝑥 + 2𝑦2 + 2𝑧2 + 8𝑧 = 6  ⇒  (𝑥 − 3)2 + 𝑦2 + (𝑧 + 2)2 = 16 

The center is 𝐵(3,0,−2) and radius 4 

Distance between 𝐴 and 𝐵 is √(−2 − 3)2 + (2 − 0)2 + (−1 − (−2))
2
= √30 

رتين أكبر من نصف قطر احدهما وهذا يعني ان الكرتين احدهما خارج الأخرىلاحظ ان البعد بين مركزي الك   

The radius of the required (مطلوب) sphere is: 

 𝑟 = √30 − 4. The eq. is  (𝑥 + 2)2 + (𝑦 − 2)2 + (𝑧 + 1)2 = (√30 − 4)2 
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Rule 12.1.18: The distance from the pt. 𝐴(𝑥, 𝑦, 𝑧) to the:  

(1) 𝑥𝑦-plane is |𝑧| 

(2) 𝑥𝑧-plane is |𝑦| 

(3) 𝑦𝑧-plane is |𝑥| 

 

 

Example 12.1.19: Find the equation of the largest sphere in the first octant centered at the point 

𝐴(3,2,5).  

Solution:  

𝐷1 = Dist(𝐴, 𝑥𝑦 − plane) = 5 

𝐷2 = Dist(𝐴, 𝑥𝑧 − plane) = 2 

𝐷3 = Dist(𝐴, 𝑦𝑧 − plane) = 3 

The radius is 𝑟 = min(𝐷1, 𝐷2, 𝐷3) = 2   

⇒  The equation is:  (𝑥 − 3)2 + (𝑦 − 2)2 + (𝑧 − 5)2 = 4 

 

Example 12.1.20: Find the equation of the sphere centered at 𝐴(1,−2,−5) 

and touches the 𝑥𝑧-plane. 

Solution:  

The radius is 𝑟 = dist(𝐴, 𝑥𝑧 − plane) = |−2| = 2 

The equation is (𝑥 − 1)2 + (𝑦 + 2)2 + (𝑧 + 5)2 = 4 

Rule 12.1.21: The distance from the pt. 𝐴(𝑥, 𝑦, 𝑧) to the:  

(1) 𝑥-axis is √𝑦2 + 𝑧2       (2) 𝑦-axis is √𝑥2 + 𝑧2      (3) 𝑧-axis is √𝑥2 + 𝑦2 

Example 12.1.22: Find the distance from the pt. 𝐴(1,4,−3) to the: 

(1) 𝑥-axis (2) 𝑦-axis  (3) 𝑧-axis  

Solution:  

(1) The distance dist(𝐴, 𝑥 − 𝑎𝑥𝑖𝑠) = √42 + (−3)2 = 5 

(2) The distance dist(𝐴, 𝑦 − 𝑎𝑥𝑖𝑠) = √12 + (−3)2 = √10 

(3) The distance dist(𝐴, 𝑧 − 𝑎𝑥𝑖𝑠) = √12 + 42 = √17 

Example 12.1.23: What region in ℝ3 is represented by the inequalities: 

(1)  𝑥2 + 𝑦2 + 𝑧2 > 6𝑧 (2)  𝑥2 + 𝑦2 + 𝑧2 ≤ 6𝑧 (3)  𝑥2 ≥ 4 

(4)  𝑥 < 2 (5) 𝑧 < 0 (6)   𝑦2 + 𝑧2 < 4 
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Solution:  

(1)  𝑥2 + 𝑦2 + 𝑧2 > 6𝑧: ⇒  𝑥2 + 𝑦2 + 𝑧2 = 6𝑧  

⇒  𝑥2 + 𝑦2 + 𝑧2 − 6𝑧 = 0 

⇒  𝑥2 + 𝑦2 + 𝑧2 − 6𝑧 + 9⏟        
اكمال المربع

= 0 + 9                       3 

⇒  𝑥2 + 𝑦2 + (𝑧 − 3)2 = 9    

 

 

 

 

(2)   𝑥2 + 𝑦2 + 𝑧2 ≤ 6𝑧: ⇒  𝑥2 + 𝑦2 + 𝑧2 = 6𝑧  

⇒  𝑥2 + 𝑦2 + 𝑧2 − 6𝑧 = 0       3 

⇒  𝑥2 + 𝑦2 + 𝑧2 − 6𝑧 + 9⏟        
اكمال المربع

= 0 + 9                       

 

(3)  𝑥2 ≥ 4  ⇒  𝑥2 = 4 ⇒  𝑥 = −2 or 𝑥 = 2 

 

 
(4)  𝑥 < 2  ⇒  𝑥 = 2 

 

 
(5)  𝑧 < 0  ⇒  𝑧 = 0 

 
(6)  𝑦 + 𝑧2 < 4  ⇒  𝑦2 + 𝑧2 = 4 
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Section 12.2: Vectors 
 

Definition 12.2.1: A vector 𝑣 is a quantity that has both: magnitude⏟      
①

 (sometimes called length) written 

as |𝑣| and direction⏟      
②

. 

 

Remark 12.2.2: 

  

(1)  A graph of a vector is given by a row: 

 The magnitude of a vector is the distance from its tail to its tip 

 The direction is indicated by the row. 

 

(2) If we move from a pt. 𝐴 to a pt. 𝐵, then the displacement vector ( حةمتجه الازا ) 𝑣 is given by 𝑣 =

𝐴𝐵⃗⃗⃗⃗ ⃗⃗ . In this case |𝑣| = dist(𝐴, 𝐵) 

 

(3) When we write 𝑣 = 𝐴𝐵⃗⃗⃗⃗ ⃗⃗ , then the point 𝐴 is called the initial point and B is called the terminal 

point. 

 

 

 

 

Definition 12.2.3: The zero vector 0⃗⃗ is the vector of length 0 but in any direction ⇒ |0⃗⃗| = 0  

Remark 12.2.4:  

(1) The zero vector 0⃗⃗ is be defined as a vector for which its initial and terminal points are the same.  

(2) If 𝐴, 𝐵, and 𝐶 are pints, then  0⃗⃗ = 𝐴𝐴⃗⃗⃗⃗⃗⃗ = 𝐵𝐵⃗⃗ ⃗⃗ ⃗⃗ = 𝐶𝐶⃗⃗⃗⃗⃗⃗  ⇒ |𝐴𝐴⃗⃗⃗⃗⃗⃗ | = |𝐵𝐵⃗⃗ ⃗⃗ ⃗⃗ | = |𝐶𝐶⃗⃗⃗⃗⃗⃗ | = 0. 

 

Definition 12.2.5: Two vectors �⃗⃗� and 𝑣 are equal, written as �⃗⃗� = 𝑣, if they have the same magnitude 

and the same direction. 

 

Example 12.2.6:   

 

 

�⃗⃗� = 𝑣 (the same length and the same direction) 

�⃗⃗� ≠ �⃗⃗⃗� (different directions) 

𝑣 ≠ �⃗� (different length) 

 

 

tail 

tip 

𝐴 

𝐵 

�⃗� 

�⃗⃗� 

�⃗� 
�⃗⃗⃗� 

𝐴≡ initial pt 

𝐵≡ terminal pt 
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Example 12.2.7:  
 

 

 

 

 

 

�⃗⃗� = �⃗⃗⃗� (the same length and the same direction) 

�⃗⃗� ≠ 𝑣 (different directions) 

�⃗� = 𝑦 (the same length and the same direction) 

𝑣 ≠ �⃗� (different directions) 

 

12.2.8  Scalar multiplication of vectors (ضرب المتجه بعدد):  

Let 𝑐 be a scalar (عدد) and 𝑣 be a vector. Then 𝑐𝑣 is a vector of: 

 

 length⏟  
①

 |𝑐𝑣| = |𝑐| |�⃗�|  

and its   

 direction⏟      
②

 is:{
in the same direction of 𝑣, if 𝑐 > 0      
in the opposite direction of �⃗�, if 𝑐 < 0

 

Example 12.2.9: If 𝑣 is the vector given in the figure with |𝑣| = 3. 

Plot the graph of the following vectors: 2𝑣,   −2𝑣,   
1

2
𝑣, and   −

�⃗⃗�

2
. 

Also, find the lengths of these vectors. 

Solution:  

 

 

 

 

 

⇒ |2𝑣| = 2|𝑣| = 6, |−2𝑣| = 2|𝑣| = 6, |
1

2
𝑣| =

1

2
|𝑣| =

3

2
, and |−

�⃗⃗�

2
| =

1

2
|𝑣| =

3

2
 

Remark 12.2.10: If 𝑣 = 𝐴𝐵⃗⃗⃗⃗ ⃗⃗ , then −𝑣 = 𝐵𝐴⃗⃗⃗⃗ ⃗⃗  that is −𝐴𝐵⃗⃗⃗⃗ ⃗⃗ = 𝐵𝐴⃗⃗⃗⃗ ⃗⃗ . Also, |𝑣| = |−𝑣|  

                 ⇒     

 

 

The Sum Rule 12.2.11: Let �⃗⃗� and 𝑣 be vectors in which the terminal point of �⃗⃗� is the initial point of   

𝑣. The sum of two vectors �⃗⃗� and 𝑣 written as �⃗⃗� + 𝑣 is the vector with initial point as that of �⃗⃗� and 

terminal point as that of 𝑣, that is if �⃗⃗� = 𝐴𝐵⃗⃗⃗⃗ ⃗⃗  and 𝑣 = 𝐵𝐶⃗⃗⃗⃗⃗⃗ , then 

�⃗⃗� + 𝑣 = 𝐴𝐵⃗⃗⃗⃗ ⃗⃗ + 𝐵𝐶⃗⃗⃗⃗⃗⃗ = 𝐴𝐶⃗⃗⃗⃗⃗⃗  

 

�⃗� 

�⃗� 

�⃗⃗� 

�⃗⃗⃗� 

�⃗� 

�⃗� 

2�⃗� 
−2�⃗� 

1

2
�⃗� −

�⃗⃗�

2
  

�⃗� 

𝐴 

𝐵 −�⃗� 

𝐴 

𝐵 
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Remark 12.2.12: To plot the graph of �⃗⃗� + 𝑣 
   

 

 

 

Step 1 

 

 

 

 

Step 2 

 

 

 
 

 

Example 12.2.13: Write the vector 𝑒 as a sum of the vectors 

 �⃗�, �⃗⃗�, 𝑐, and 𝑑 given in the figure 

Solution: 𝑒 = −�⃗� + �⃗⃗� + 𝑐 − 𝑑 

 

Example 12.2.14: Let 𝐴,𝐵, and 𝐶 be three points. Write 𝐴𝐵⃗⃗⃗⃗ ⃗⃗ + 𝐵𝐶⃗⃗⃗⃗⃗⃗ − 𝐴𝐶⃗⃗⃗⃗⃗⃗  in simplicit⏞      
ابسط

 form⏞
صورة

. 

Solution: 𝐴𝐵⃗⃗⃗⃗ ⃗⃗ + 𝐵𝐶⃗⃗⃗⃗⃗⃗ − 𝐴𝐶⃗⃗⃗⃗⃗⃗ = 𝐴𝐶⃗⃗⃗⃗⃗⃗ − 𝐴𝐶⃗⃗⃗⃗⃗⃗ = 𝐴𝐶⃗⃗⃗⃗⃗⃗ + (−𝐴𝐶⃗⃗⃗⃗⃗⃗ ) = 𝐴𝐶⃗⃗⃗⃗⃗⃗ + 𝐶𝐴⃗⃗⃗⃗⃗⃗ = 𝐴𝐴⃗⃗⃗⃗⃗⃗ = 0⃗⃗ 

⇒  𝐴𝐵⃗⃗⃗⃗ ⃗⃗ + 𝐵𝐶⃗⃗⃗⃗⃗⃗ − 𝐴𝐶⃗⃗⃗⃗⃗⃗ = 0⃗⃗ 

 

Example 12.2.15: Draw the vector �⃗� − 2�⃗⃗� −
1

2
𝑐, where 

the vectors  �⃗�, �⃗⃗�, and 𝑐 are given in the figure.  

 

Solution: We deal with the vectors: �⃗�, −2�⃗⃗�, −
1

2
𝑐: 

Let 𝑑 = �⃗� − 2�⃗⃗� −
1

2
𝑐 

Step 1 

 

 

 

 
 

Step 2 

 

 

 

 
 

Step 3 

 

 

 

Step 4 

 

 

 

�⃗⃗� 

�⃗� 

�⃗⃗� 

�⃗� 

�⃗⃗� + �⃗� 

�⃗⃗� 

�⃗� 

𝑒 

�⃗� 

�⃗⃗� 

𝑐 𝑑 

�⃗� 

�⃗⃗� 𝑐 

�⃗� 
−2�⃗⃗� 

−
1

2
𝑐   

�⃗� 
−2�⃗⃗� 

𝑑 

�⃗� 
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Properties of Vectors 12.2.16: Let �⃗⃗�, 𝑣, and �⃗⃗⃗� be vectors and let 𝑐 and 𝑑 be salars. Then 

(1)  �⃗⃗� + 𝑣 = 𝑣 + �⃗⃗� (2)  �⃗⃗� + 0⃗⃗ = 0⃗⃗ + �⃗⃗� = �⃗⃗� (3)  �⃗⃗� − �⃗⃗� = 0⃗⃗ 

(4)  (�⃗⃗� + 𝑣) + �⃗⃗⃗� = 𝑣 + (�⃗⃗� + �⃗⃗⃗�) (5)  (𝑐 + 𝑑)�⃗⃗� = 𝑐�⃗⃗� + 𝑑�⃗⃗� (6)  𝑐(�⃗⃗� + 𝑣) = 𝑐�⃗⃗� + 𝑐𝑣 

(7)  0�⃗⃗� = 0⃗⃗   

 

Component Form of Vectors 12.2.17:  Let 𝐴(𝑎, 𝑏, 𝑐) and 𝐵(𝑑, 𝑒, 𝑓) be points in ℝ3. Then the 

component form of 𝑣 is 𝑣 = 𝐴𝐵⃗⃗⃗⃗ ⃗⃗ = 〈𝐵 − 𝐴〉 = 〈𝑑 − 𝑎, 𝑒 − 𝑏, 𝑓 − 𝑐〉. 

The numbers 𝑑 − 𝑎, 𝑒 − 𝑏, and 𝑓 − 𝑐 are called the components of 𝑣 

Let 𝑃 = (𝑑 − 𝑎, 𝑒 − 𝑏, 𝑓 − 𝑐) and 𝑶 = (0,0,0). Then the position vector of 𝑣 is 𝑣 = 𝑶𝑃⃗⃗⃗⃗⃗⃗⃗ 

Example 12.2.18: Find and sketch the vector 𝐴𝐵⃗⃗⃗⃗ ⃗⃗  where 𝐴(1,−1,−3) and 𝐵(3,1,0) 

Solution:  

𝐴𝐵⃗⃗⃗⃗ ⃗⃗ = 〈𝐵 − 𝐴〉 = 〈3 − 1,1 − (−1), 0 − (−3)〉 = 〈2,2,3〉 

To sketch 𝐴𝐵⃗⃗⃗⃗ ⃗⃗ : we sketch it as a position vector 

so let 𝑃 = (2,2,3) ⇒ 𝐴𝐵⃗⃗⃗⃗ ⃗⃗ = 𝑶𝑃⃗⃗⃗⃗⃗⃗⃗ 

Rule 12.2.19:  

(1) Let  𝑣 = 〈𝑎, 𝑏, 𝑐〉. Then |𝑣| = √𝑎2 + 𝑏2 + 𝑐2 (in 3D) 

(2) Let  𝑣 = 〈𝑎, 𝑏〉. Then |𝑣| = √𝑎2 + 𝑏2   (in 2D) 

Example 12.2.20:  

(1) Let  𝑣 = 〈2,−2,−1〉. Then |𝑣| = √22 + (−2)2 + (−1)2 = √9 = 3 

(2) Let  𝑣 = 〈−5,√11〉. Then |𝑣| = √(−5)2 + √11
2
= √36 = 6 

Rule 12.2.21: Let �⃗⃗� = 〈𝑎, 𝑏, 𝑐〉,  𝑣 = 〈𝑑, 𝑒, 𝑓〉 and let 𝛼 be a scalar. 

(1) �⃗⃗� + 𝑣 = 〈𝑎 + 𝑑, 𝑏 + 𝑒, 𝑐 + 𝑓〉    (2) �⃗⃗� − 𝑣 = 〈𝑎 − 𝑑, 𝑏 − 𝑒, 𝑐 − 𝑓〉  

(3)  𝛼 �⃗⃗� = 〈𝛼𝑎, 𝛼𝑏, 𝛼𝑐〉      (4) �⃗⃗� = 𝑣  ⇔  𝑎 = 𝑑, 𝑏 = 𝑒, 𝑐 = 𝑓 

Example 12.2.22: Let �⃗� = 〈−1,0,3〉 and �⃗⃗� = 〈2,−1,5〉. Find |2 �⃗� −
�⃗⃗�

3
|. 

Solution: First we find the vector 2 �⃗� −
�⃗⃗�

3
: 

2 �⃗� −
�⃗⃗�

3
= 2〈−1,0,3〉 −

〈2,−1,5〉

3
= 〈2(−1) −

2

3
, 2(0) −

−1

3
, 2(3) −

5

3
〉 = 〈−

8

3
,
1

3
, −
13

3
〉 

|2 �⃗� −
�⃗⃗�

3
| = √

64

9
+
1

9
+
169

9
=
√234

3
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Standard Basis Vectors 12.2.23:  

(1) In 3D, let 

 𝑖̂ = 〈1,0,0〉, 𝑗̂ = 〈0,1,0〉, �̂� = 〈0,0,1〉   

⇒  〈𝑎, 𝑏, 𝑐〉 = 𝑎𝑖̂ + 𝑏𝑗̂ + 𝑐�̂� 

 

(2)  In 2D, let 𝑖̂ = 〈1,0〉, 𝑗̂ = 〈0,1〉 

⇒  〈𝑎, 𝑏〉 = 𝑎𝑖̂ + 𝑏𝑗̂ 

 

Example 12.2.24:  

(1) 5𝑖 − 𝑗 − 7𝑘 = 〈5,−1,−7〉  (2) 
𝑖

2
+ 6𝑘 = 〈

1

2
, 0,6〉 

Example 12.2.25: Let �⃗� = 5𝑖 − 𝑗 and �⃗⃗� = 〈2,4,−1〉. Find |2 �⃗� + 3�⃗⃗�| 

Solution: First we find the vector 2 �⃗� + 3�⃗⃗�: 

2 �⃗� + 3�⃗⃗� = 2〈5,−1,0〉 + 3〈2,4,−1〉 = 〈16,10,−3〉 ⇒ |2 �⃗� + 3�⃗⃗�| = √256 + 100 + 9 = √365 

 

Notations 12.2.26:  

(1)  The set of all vectors in ℝ2 is written as 𝑉2. 

(2)  The set of all vectors in ℝ3 is written as 𝑉3. 

 

Example 12.2.27:  

(1)  2𝑖 − 5𝑗 and 〈−1,0.6〉 are vectors in 𝑉2. 

(2)  −3𝑖 + 2𝑘 and 〈3, −2,7〉 are vectors in 𝑉3. 

 

Definition 12.2.28: A vector 𝑣 is called a unit vector if |𝑣| = 1 

 

Example 12.2.29:  

(1) 𝑣 = 〈−
1

3
, −

2

3
,
2

3
〉 ⇒ |𝑣| = √

1

9
+
4

9
+
4

9
= 1  ⇒ 𝑣 is a unit vector. 

 

(2)  �⃗⃗� = 0.5𝑖 − 0.2𝑗 ⇒ |�⃗⃗�| = √0.25 + 0.04 = √0.29 ≠ 1  ⇒ �⃗⃗� is a not unit vector. 

 

(3)  The zero vector 0⃗⃗ is not a unit vector. 

Example 12.2.30: Find all values of 𝑎 that make 𝑣 = 〈−
1

2
,
1

√3
, 𝑎〉 a unit vector 

u  𝑣 a unit vector ⇒  |𝑣| = 1  ⇒  √
1

4
+
1

3
+ 𝑎2 = 1  ⇒ 

7

12
+ 𝑎2 = 1 

⇒  𝑎2 = 1 −
7

12
=

5

12
  ⇒  𝑎 = ±

√5

√12
= ±

√5

2√3
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Rule 12.2.31: If 𝑣 ≠ 0⃗⃗, then 
�⃗⃗�

|�⃗⃗�|
  and −

�⃗⃗�

|�⃗⃗�|
 are two unit vectors.  

In fact: {

�⃗⃗�

|�⃗⃗�|
 is a unit vector in the same direction of 𝑣

−
�⃗⃗�

|�⃗⃗�|
 is a unit vector in the opposit direction of �⃗�

 

If |𝑣| = 2 units

 

Example 12.2.32: Let 𝑣 = 2𝑖 − 2𝑗 + 𝑘. 

(1) Find a unit vector in the same direction of 𝑣 

(2) Find a vector of length 
3

2
 in the same direction of 𝑣 

(3) Find a unit vector in the opposite direction of 𝑣 

(4) Find a vector of length √𝜋 in the opposite direction of 𝑣 

 

Solution: 𝑣 = 2𝑖 − 2𝑗 + 𝑘  ⇒  |𝑣| = 3 

(1) a unit vector in the same direction of 𝑣 is 

𝑣

|𝑣|
=
2𝑖 − 2𝑗 + 𝑘

3
=
2

3
𝑖 −

2

3
𝑗 +

1

3
𝑘 

(2) a vector of length 
3

2
 in the same direction of 𝑣 is 

3

2
(
𝑣

|𝑣|
) =

3

2
(
2

3
𝑖 −

2

3
𝑗 +

1

3
𝑘) = 𝑖 − 𝑗 +

1

2
𝑘 

(3) a unit vector in the opposite direction of 𝑣 is 

−
𝑣

|𝑣|
= −

2𝑖 − 2𝑗 + 𝑘

3
= −

2

3
𝑖 +

2

3
𝑗 −

1

3
𝑘 

(4) a vector of length √𝜋 in the opposite direction of 𝑣 is 

√𝜋(−
𝑣

|𝑣|
) = √𝜋 (−

2

3
𝑖 +

2

3
𝑗 −

1

3
𝑘) = −

2√𝜋

3
𝑖 +

2√𝜋

3
𝑗 −

√𝜋

3
𝑘 

 

Remark 12.2.33: The standard basis vectors 𝑖, 𝑗, 𝑘 are unit vectors since |𝑖| = |𝑗| = |𝑘| = 1 

  

 



16 
 

Section 12.3: The Dot Product 
 

Definition 12.3.1: Let �⃗⃗� = 〈𝑎, 𝑏, 𝑐〉 and 𝑣 = 〈𝑑, 𝑒, 𝑓〉. Then the dot product of �⃗⃗� and 𝑣 is defined by �⃗⃗� ∙
𝑣 = 𝑎𝑑 + 𝑏𝑒 + 𝑐𝑓 

Example 12.3.2: 

  

(1)  〈1,−2,3〉 ∙ 〈6,3,0〉 = 1(6) + (−2)(3) + 3(0) = 0 

(2) 〈2,6〉 ∙ 〈−5,2〉 = 2(−5) + 6(2) = 2 

(3) (3𝑖 − 𝑗) ∙ (−2𝑖 + 4𝑘) = 3(−2) + (−1)(0) + 0(4) = −6 
 

Properties of Dot Product 12.3.3: Let �⃗⃗�,𝑣, and �⃗⃗⃗� be vectors in 𝑉2 or 𝑉3 and let 𝑎, 𝑏 be a scalar. Then 

(1) 0⃗⃗ ∙ 𝑣 = 0     (2) �⃗⃗� ∙ �⃗⃗� = |�⃗⃗�|2   (3) �⃗⃗� ∙ 𝑣 = 𝑣 ∙ �⃗⃗�  

(4) �⃗⃗� ∙ (𝑣 + �⃗⃗⃗�) = �⃗⃗� ∙ 𝑣 + �⃗⃗� ∙ �⃗⃗⃗�  (5) (𝑎�⃗⃗�) ∙ 𝑣 = �⃗⃗� ∙ (𝑎𝑣) = 𝑎(�⃗⃗� ∙ 𝑣) 
(6) |�⃗⃗� + 𝑣|2 = |�⃗⃗�|2 + 2�⃗⃗� ∙ 𝑣 + |𝑣|2 (7) |�⃗⃗� − 𝑣|2 = |�⃗⃗�|2 − 2�⃗⃗� ∙ 𝑣 + |𝑣|2  

(8) |𝑎�⃗⃗� + 𝑏𝑣|2 = 𝑎2|�⃗⃗�|2 + 2𝑎𝑏�⃗⃗� ∙ 𝑣 + 𝑏2|𝑣|2 
(9) |𝑎�⃗⃗� − 𝑏𝑣|2 = 𝑎2|�⃗⃗�|2 − 2𝑎𝑏�⃗⃗� ∙ 𝑣 + 𝑏2|𝑣|2 

 

Definition 12.3.4: The angle 𝜃 between two vectors �⃗⃗� and 𝑣 is the angle between 

them when the vectors have the same initial point, where 0 ≤ 𝜃 ≤ 𝜋. 
 

Rule 12.3.5: �⃗⃗� ∙ 𝑣 = |�⃗⃗�| |𝑣 |cos𝜃  

If �⃗⃗� ≠ 0⃗⃗ and 𝑣 ≠ 0⃗⃗ ⇒ cos 𝜃 =
�⃗⃗� ∙ 𝑣

|�⃗⃗�||�⃗�|
⇒  𝜃 = cos−1 (

�⃗⃗� ∙ 𝑣

|�⃗⃗�| |�⃗�|
) 

Example 12.3.6:  Find the angle between the two vectors �⃗⃗� = −𝑖 + 𝑘 and 𝑣 = 3𝑖 + 𝑗 + 𝑘 

 

Solution: 

𝜃 = cos−1 (
�⃗⃗� ∙ 𝑣

|�⃗⃗�||𝑣|
) = cos−1 (

−1(3) + 0(1) + 1(1)

√2√11
) 

= cos−1 (
−2

√22
) ≅ 115.2°⏟    

𝑖n Degrees

≅ 2.01⏟
in radian

 

 

Example 12.3.7:  Find the value of 𝑥 that makes the angle between the two vectors �⃗⃗� = 〈2,1,−1〉 and 

𝑣 = 〈1, 𝑥, 0〉 is 
𝜋

4
 

Solution: 

�⃗⃗� ∙ 𝑣 = |�⃗⃗�| |𝑣 |cos𝜃 ⇒  2(1) + 1(𝑥) + (−1)(0) = √6√1 + 𝑥2cos
𝜋

4
 

⇒ 2 + 𝑥 =
√6√1+𝑥2

√2
  ⇒  (2 + 𝑥)2 = 3(1 + 𝑥2) ⇒ 𝑥2 + 4𝑥 + 4 = 3 + 3𝑥2 

⇒ 2𝑥2 − 4𝑥 − 1 = 0 ⇒ 𝑥 =
4±√(−4)2−4(2)(−1)

2(2)
=
4±√24

4
=
4±2√6

4
= 1 ±

√6

2
 

 

 

  

�⃗� 

�⃗⃗� 

𝜃 
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Example 12.3.8:  Find the angle between the two lines in ℝ2: 𝑦 = 2𝑥 − 3 and 𝑦 = 7 − 3𝑥 

Solution: Take any 2 pts 𝐴,𝐵 on 𝑦 = 2𝑥 − 3 and 2 pts 𝐶, 𝐷 on 𝑦 = 7 − 3𝑥 

⇒ 𝐴(0,−3), 𝐵(1, −1) and 𝐶(0,7),𝐷(1,4) 

Let 𝐴𝐵⃗⃗⃗⃗ ⃗⃗ = 〈1,2〉 parallel to the line  𝑦 = 2𝑥 − 3  

ملاحظة: الزاوية بين المستقيمات 
 زاوية حادة تؤخذالمتقاطعة 

Let 𝐶𝐷⃗⃗⃗⃗ ⃗⃗ = 〈1,−3〉 parallel to the line 𝑦 = 7 − 3𝑥  

⇒ The angle 𝜃 between the two lines is the angle between 𝐴𝐵⃗⃗⃗⃗ ⃗⃗  and  𝐶𝐷⃗⃗⃗⃗ ⃗⃗  

 

  cos−1 (
𝐴𝐵⃗⃗⃗⃗ ⃗⃗ ∙  𝐶𝐷⃗⃗⃗⃗ ⃗⃗

|𝐴𝐵⃗⃗⃗⃗ ⃗⃗ | |𝐶𝐷⃗⃗⃗⃗ ⃗⃗ |
) = cos−1 (

1 − 6

√5√10
) = cos−1 (

−5

5√2
) = cos−1 (

−1

√2
) =       

3𝜋

4
    

⏟    
الزاوية منفرجة

    

⇒   𝜃 = 𝜋 −
3𝜋

4
=
𝜋

4
 

 

Example 12.3.9:  If �⃗⃗� and 𝑣 are vectors such that |�⃗⃗�| = 4, |𝑣| = 3 and the angle between �⃗⃗� and 𝑣 is 
2𝜋

3
.  

(1) Find �⃗⃗� ∙ 𝑣    (2) Find |2�⃗⃗� − 3𝑣|     (3) Find |3�⃗⃗� + 𝑣|    
Solution: 

(1) �⃗⃗� ∙ 𝑣 = |�⃗⃗�| |𝑣 |cos𝜃 = 4(3)cos (
2𝜋

3
) = 12 (−cos

𝜋

3
) = −12 (

1

2
) = −6 

(2) |2�⃗⃗� − 3𝑣|2 = 4|�⃗⃗�|2 − 2(2)(3)�⃗⃗� ∙ 𝑣 + 9|𝑣|2 = 4(16) − 12(−6) + 9(9) = 217 

⇒   |2�⃗⃗� − 3𝑣| = √217 

(3) |3�⃗⃗� + 𝑣|2 = 32|�⃗⃗�|2 + 2(3)�⃗⃗� ∙ 𝑣 + |𝑣|2 = 9(16) + 6(−6) + 9 = 117 

⇒ |3�⃗⃗� + 𝑣| = √117 

 

Example 12.3.10: If �⃗� and �⃗⃗� are vectors such that |�⃗�| = √3, |2�⃗� − 3�⃗⃗�| = √45  and |�⃗� + 2�⃗⃗�| = √27. 

(1) Find �⃗� ∙ �⃗⃗�     (2) Find the angle between �⃗� and �⃗⃗�        (3) Find |�⃗� + 3�⃗⃗�| 

Solution: 

(1) |2�⃗� − 3�⃗⃗�|
2
= √45

2
  ⇒   4|�⃗�|2 − 2(2)(3)�⃗� ∙ �⃗⃗� + 9|�⃗⃗�|

2
= 45 

⇒   4√3
2
− 12�⃗� ∙ �⃗⃗� + 9|�⃗⃗�|

2
= 45  ⇒   −12�⃗� ∙ �⃗⃗� + 9|�⃗⃗�|

2
= 33  

⇒  −4�⃗� ∙ �⃗⃗� + 3|�⃗⃗�|
2
= 11 …… . .① 

|�⃗� + 2�⃗⃗�|
2
= √27

2
 ⇒   |�⃗�|2 + 2(2)�⃗� ∙ �⃗⃗� + (2)2|�⃗⃗�|

2
= 27 

⇒  √3
2
+ 4�⃗� ∙ �⃗⃗� + 4|�⃗⃗�|

2
= 27  ⇒   4�⃗� ∙ �⃗⃗� + 4|�⃗⃗�|

2
= 24 …… . .② 

①+②: 7|�⃗⃗�|
2
= 35  ⇒  |�⃗⃗�|

2
= 5  ⇒  |�⃗⃗�| = √5 

②: 4�⃗� ∙ �⃗⃗� + 4(5) = 24  ⇒  �⃗� ∙ �⃗⃗� = 1 

(2) 𝜃 = cos−1 (
�⃗⃗�∙�⃗⃗�

|�⃗⃗�||�⃗⃗�|
) = cos−1 (

1

√3(√5)
) =cos−1 (

1

√15
) ≅ 75.04°⏟  

in degrees

≅ 1.31⏟
in radian

 

(3) |�⃗� + 3�⃗⃗�|
2
= |�⃗�|2 + 2(3)�⃗� ∙ �⃗⃗� + (3)2|�⃗⃗�|

2
= 3 + 6(1) + 9(5) = 54 

⇒ |�⃗� + 3�⃗⃗�| = √54 = 3√6 
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Example 12.3.11: Prove that  

(1) |�⃗� + �⃗⃗�|
2
+ |�⃗� − �⃗⃗�|

2
= 2(|�⃗�|2 + |�⃗⃗�|

2
)      (2) |�⃗� + �⃗⃗�|

2
− |�⃗� − �⃗⃗�|

2
= 4�⃗� ∙ �⃗⃗�       

Proof:  

(1)|�⃗� + �⃗⃗�|
2
+ |�⃗� − �⃗⃗�|

2
= (|�⃗�|2 + 2�⃗� ∙ �⃗⃗� + |�⃗⃗�|

2
) + (|�⃗�|2 − 2�⃗� ∙ �⃗⃗� + |�⃗⃗�|

2
) = 2(|�⃗�|2 + |�⃗⃗�|

2
) 

(2) |�⃗� + �⃗⃗�|
2
+ |�⃗� − �⃗⃗�|

2
= (|�⃗�|2 + 2�⃗� ∙ �⃗⃗� + |�⃗⃗�|

2
) − (|�⃗�|2 − 2�⃗� ∙ �⃗⃗� + |�⃗⃗�|

2
) = 4�⃗� ∙ �⃗⃗� 

Example 12.3.12:  If |�⃗�| = 3 and |�⃗⃗�| = 4, find |�⃗� + �⃗⃗�|
2
+ |�⃗� − �⃗⃗�|

2
 

Solution:    |�⃗� + �⃗⃗�|
2
+ |�⃗� − �⃗⃗�|

2
= 2(|�⃗�|2 + |�⃗⃗�|

2
) = 2(9 + 16) = 50 

Remark 12.3.13:  

Two vectors �⃗⃗� and 𝑣 are perpendicular (or orthogonal) written �⃗⃗� ⊥ 𝑣 ⇔ �⃗⃗� ∙ 𝑣 = 0 

Example 12.3.14: Show that 2𝑖 + 2𝑗 − 𝑘 is perpendicular to 5𝑖 − 4𝑗 + 2𝑘 

Solution: 
(2𝑖 + 2𝑗 − 𝑘) ∙ (5𝑖 − 4𝑗 + 2𝑘) = 2(5) + 2(−4) + (−1)(2) = 0 

⇒ (2𝑖 + 2𝑗 − 𝑘) ⊥ (5𝑖 − 4𝑗 + 2𝑘) 

 

Example 12.3.15: Find all values of 𝑎 that make  𝑎𝑖 − 2𝑗 + 𝑘 perpendicular to 2𝑖 + 𝑗 + 𝑎𝑘 

Solution: 
(𝑎𝑖 − 2𝑗 + 𝑘) ∙ (2𝑖 + 𝑗 + 𝑎𝑘) = 0 ⇒  𝑎(2) + (−2)(1) + 1(𝑎) = 0 ⇒ 3𝑎 − 2 = 0 

⇒  𝑎 =
2

3
 

 

Example 12.3.16: If �⃗⃗� and 𝑣 are unit vectors such that �⃗⃗� + 𝑣 + �⃗⃗⃗� = 0, then find |�⃗⃗⃗�| 

 

Solution:  

�⃗⃗� and 𝑣 are unit vectors ⇒  |�⃗⃗�| = 1 and |𝑣| = 1 

�⃗⃗� ⊥ 𝑣 (from figure) ⇒ �⃗⃗� ∙ 𝑣 = 0 

�⃗⃗� + 𝑣 + �⃗⃗⃗� = 0 ⇒ �⃗⃗⃗� = −(�⃗⃗� + 𝑣) 

⇒ |�⃗⃗⃗�|2 = |−(�⃗⃗� + 𝑣)|2 = |�⃗⃗� + 𝑣|2 = |�⃗⃗�|2 + 2�⃗⃗� ∙ 𝑣 + |𝑣|2 = 1+ 0 + 1 = 2 

⇒ |�⃗⃗⃗�| = √2 

Remark 12.3.17: �⃗⃗� ∙ 𝑣 = |�⃗⃗�| |𝑣 |cos𝜃  ⇒ cos 𝜃 =
�⃗⃗⃗�∙�⃗⃗�

|�⃗⃗⃗�||�⃗⃗�|
 

(1) �⃗⃗� ∙ 𝑣 > 0  ⇒ 𝜃 is a cute angle (زاوية حادة) 

(2) �⃗⃗� ∙ 𝑣 < 0  ⇒ 𝜃 is an obtuse angle (زاوية منفرجة) 

(3) �⃗⃗� ∙ 𝑣 = 0  ⇒ 𝜃 is a right angle (زاوية قائمة) 

�⃗� 

�⃗⃗⃗� 

�⃗⃗� 
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Example 12.3.18: The angle between the vectors 2𝑖 − 𝑘 and 𝑗 + 2𝑘 is an obtuse angle since  

(2𝑖 − 𝑘) ∙ (𝑗 + 2𝑘) = −2 < 0 

Definition 12.3.19:  

(1) The scalar projection of the vector �⃗⃗� onto the vector 𝑣 is comp
�⃗⃗�

�⃗⃗� =
�⃗⃗⃗�∙�⃗⃗�

|�⃗⃗�|
 

(2) The vector projection of the vector �⃗⃗� onto the vector 𝑣 is proj
�⃗⃗�

�⃗⃗� = (
�⃗⃗⃗�∙�⃗⃗�

|�⃗⃗�|2
)𝑣 

Remark 12.3.20:  

1) proj
�⃗⃗�

�⃗⃗� = (comp
�⃗⃗�

�⃗⃗�)
�⃗⃗�

|�⃗⃗�|
       2) |proj

�⃗⃗�

�⃗⃗�| = |comp
�⃗⃗�

�⃗⃗�|  

2) comp
�⃗⃗�

�⃗⃗� = |�⃗⃗�|cos𝜃 

4)                                                       ⇒ 

 

 

                                                               ⇒ 

          

                                                               ⇒ 

 

 

 

 

 

 

Example 12.3.21: Find the scalar and vector projections of 𝑣 = 〈1,1,2〉 onto �⃗⃗� = −2𝑖 + 𝑗 − 𝑘 

Solution: The scalar projection of the vector 𝑣 onto the vector �⃗⃗� is: 

comp
�⃗⃗⃗�

𝑣 =
�⃗⃗� ∙ 𝑣

|�⃗⃗�|
=
1(−2) + 1(1) + 2(−1)

√4 + 1 + 1
=
−3

√6
 

The vector projection of the vector 𝑣 onto the vector �⃗⃗� is: 

proj
�⃗⃗⃗�

𝑣 = (
�⃗⃗� ∙ 𝑣

|�⃗⃗�|2
) �⃗⃗� =

−3

6
�⃗⃗� = −

1

2
(−2𝑖 + 𝑗 − 𝑘) = 𝑖 −

1

2
𝑗 +

1

2
𝑘 

 

 

  

�⃗⃗� 

�⃗� 

�⃗⃗� 

�⃗� proj⬚
�⃗⃗�

�⃗⃗� 

�⃗⃗� 

�⃗� 

proj⬚
�⃗⃗�

�⃗⃗� 

�⃗⃗� 

�⃗� 

�⃗⃗� 

�⃗� proj⬚
�⃗⃗�

�⃗⃗� = 0⃗⃗ 

�⃗⃗� 

�⃗� 
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Example 12.3.22:  

(1) If |�⃗⃗�| = 5 and the angle between �⃗⃗� and 𝑣 is 
5𝜋

6
, then find the scalar projection of �⃗⃗� onto 𝑣 

(2) If comp
�⃗⃗�

�⃗⃗� = −4 and 𝑣 = 3𝑗 − 4𝑘, then find the vector projection of �⃗⃗� onto 𝑣 

Solution:  

(1) comp
�⃗⃗�

�⃗⃗� = |�⃗⃗�|cos𝜃 = 5cos
5𝜋

6
= 5(−cos

𝜋

6
) = −

5√3

2
 

(2) proj
�⃗⃗�

�⃗⃗� = (comp
�⃗⃗�

�⃗⃗�)
�⃗⃗�

|�⃗⃗�|
= −4

3𝑗−4𝑘

√9+16
=
−12𝑗+16𝑘

5
 

Example 12.3.23: Show that �⃗⃗� − proj
�⃗⃗�

�⃗⃗� is orthogonal to 𝑣 

Proof: 𝑣 ∙ (�⃗⃗� − proj
�⃗⃗�

�⃗⃗� ) = 𝑣 ∙ �⃗⃗� − 𝑣 ∙ (proj
�⃗⃗�

�⃗⃗� ) 

= �⃗⃗� ∙ 𝑣 − 𝑣 ∙ ((
�⃗⃗� ∙ 𝑣

|𝑣|2
)𝑣 ) = �⃗⃗� ∙ 𝑣 − (

�⃗⃗� ∙ 𝑣

|𝑣|2
)𝑣 ∙ 𝑣 

= �⃗⃗� ∙ 𝑣 − (
�⃗⃗⃗�∙�⃗⃗�

|�⃗⃗�|2
) |𝑣|2 = �⃗⃗� ∙ 𝑣 − �⃗⃗� ∙ 𝑣 = 0     ⇒  (�⃗⃗� − proj

�⃗⃗�

�⃗⃗�) ⊥ 𝑣 

Remark 12.3.24: Let 𝐿 a line that pass through the points 𝐵 and 𝐶. 

Then the distance from the point 𝐴 to the line 𝐿 is: 

|�⃗⃗� − proj
�⃗⃗�

�⃗⃗�| , where �⃗⃗� = 𝐵𝐴⃗⃗⃗⃗ ⃗⃗  and 𝑣 = 𝐵𝐶⃗⃗⃗⃗⃗⃗  

 

Example 12.3.25: Find the distance from the point 𝐴(1,2,3) and the 

line that pass through the points 𝐵(2,1,3) and 𝐶(0,1,0) 

Solution: �⃗⃗� = 𝐵𝐴⃗⃗⃗⃗ ⃗⃗ = 〈𝐴 − 𝐵〉 = 〈−1,1,0〉 and 𝑣 = 𝐵𝐶⃗⃗⃗⃗⃗⃗ = 〈𝐶 − 𝐵〉 = 〈−2,0,−3〉 

�⃗⃗� − proj
�⃗⃗�

�⃗⃗� = �⃗⃗� − (
�⃗⃗� ∙ 𝑣

|𝑣|2
)𝑣 = �⃗⃗� − (

2

13
)𝑣 

= 〈−1 −
2

13
(−2), 1 −

2

13
(0), 0 −

2

13
(−3)〉 = 〈−

9

13
, 1,

6

13
〉 

Distance = |�⃗⃗� − proj
�⃗⃗�

�⃗⃗�| = √
81

169
+ 1 +

36

169
= √

286

169
=
√286

13
 

 هناك طريقة اسهل لحل هذا السؤال ستأتي في 

Section 12.4: The Cross Product 
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Section 12.4: The Cross Product 
 

 

Definition 12.4.1: The Cross product of two vectors �⃗� = 〈𝑎1, 𝑎2, 𝑎3〉 and �⃗⃗� = 〈𝑏1, 𝑏2, 𝑏3〉 is given by: 

�⃗� × �⃗⃗� = |
𝑖 𝑗 𝑘
𝑎1 𝑎2 𝑎3
𝑏1 𝑏2 𝑏3

| = (𝑎2𝑏3 − 𝑎3𝑏2)𝑖 − (𝑎1𝑏3 − 𝑎3𝑏1)𝑗 + (𝑎1𝑏2 − 𝑎2𝑏1)𝑘 

⇒  �⃗� × �⃗⃗� is a vector in 𝑉3. 

Remark 12.4.2: 

(1) To find �⃗� × �⃗⃗� we must have �⃗� and �⃗⃗� in 𝑉3. 

(2) To find �⃗� ∙ �⃗⃗�, the vectors �⃗� and �⃗⃗� may be in 𝑉2 or 𝑉3. 

(3) �⃗� × �⃗⃗� is a vector orthogonal (يعامد) to the vectors �⃗� and �⃗⃗� and 

so �⃗� × �⃗⃗� is orthogonal to the plane containing both vectors �⃗� 

and �⃗⃗�. The direction of �⃗� × �⃗⃗� is determined by the right hand 

rule. 

 Example 12.4.3: Let �⃗� = 〈3,2,1〉 and �⃗⃗� = 〈−1,1,0〉 

(1) Find �⃗� × �⃗⃗� and �⃗⃗� × �⃗� 

(2) Find two vectors perpendicular (orthogonal) to both �⃗� and �⃗⃗� 

(3) Find two unit vectors orthogonal to both �⃗� and �⃗⃗� 

(4) Find two unit vectors orthogonal to the plane that pass through the points 𝐴(1,2,3), 𝐵(4,4,4), 
and 𝐶(0,3,3) 

Solution: 

(1) �⃗� × �⃗⃗� = |
   𝑖 𝑗 𝑘
   3 2 1
−1 1 0

| = 𝑖(2(0) − 1(1)) − 𝑗(3(0) − 1(−1)) + 𝑘(3(1) − 2(−1)) 

= −𝑖 − 𝑗 + 5𝑘 

 

�⃗⃗� × �⃗� = |
   𝑖 𝑗 𝑘
−1 1 0
   3 2 1

| = 𝑖(1(1) − 2(0)) − 𝑗(−1(1) − 3(0)) + 𝑘(−1(2) − 3(1)) 

= 𝑖 + 𝑗 − 5𝑘 

(2) Two vectors orthogonal to both �⃗� and �⃗⃗� are �⃗� × �⃗⃗� and −�⃗� × �⃗⃗� 

⇒ −𝑖 − 𝑗 + 5𝑘  and 𝑖 + 𝑗 − 5𝑘 are orthogonal to both �⃗� and �⃗⃗� 

(3) Two unit vectors orthogonal to both �⃗� and �⃗⃗� are 
�⃗⃗�×�⃗⃗�

|�⃗⃗�×�⃗⃗�|
 and −

�⃗⃗�×�⃗⃗�

|�⃗⃗�×�⃗⃗�|
 

⇒  
−𝑖−𝑗+5𝑘

|−𝑖−𝑗+5𝑘|
  and 

𝑖+𝑗−5𝑘

|𝑖+𝑗−5𝑘|
 are unit vectors orthogonal to both �⃗� and �⃗⃗� 

⇒  
−𝑖−𝑗+5𝑘

√27
  and 

𝑖+𝑗−5𝑘

√27
 are unit vectors orthogonal to both �⃗� and �⃗⃗� 

(4) Let �⃗� = 𝐴𝐵⃗⃗⃗⃗ ⃗⃗ = 〈𝐵 − 𝐴〉 = 〈3,2,1〉  and �⃗⃗� = 𝐴𝐶⃗⃗⃗⃗⃗⃗ = 〈𝐶 − 𝐴〉 = 〈−1,1,0〉 

⇒ �⃗� × �⃗⃗� and �⃗⃗� × �⃗� are orthogonal to both �⃗� and �⃗⃗� 
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⇒ �⃗� × �⃗⃗� and �⃗⃗� × �⃗� are orthogonal to the plane containing both �⃗� and �⃗⃗� 

⇒ −𝑖 − 𝑗 + 5𝑘  and 𝑖 + 𝑗 − 5𝑘 are orthogonal to the plane containing both �⃗� and �⃗⃗� 

⇒ 
−𝑖−𝑗+5𝑘

|−𝑖−𝑗+5𝑘|
  and 

𝑖+𝑗−5𝑘

|𝑖+𝑗−5𝑘|
 are orthogonal to the plane containing both �⃗� and �⃗⃗� 

⇒ 
−𝑖−𝑗+5𝑘

√27
  and 

𝑖+𝑗−5𝑘

√27
 are unit vectors orthogonal to the plane containing both �⃗� and �⃗⃗� 

Rule 12.4.4:   𝑖 × 𝑗 = 𝑘,   𝑗 × 𝑘 = 𝑖, 𝑘 × 𝑖 = 𝑗,   𝑗 × 𝑖 = −𝑘,   𝑘 × 𝑗 = −𝑖,     𝑖 × 𝑘 = −𝑗 

 

Properties of Cross Product 12.4.5: Let �⃗⃗�,𝑣, and �⃗⃗⃗� be vectors 𝑉3 and let 𝑎 be a scalar. Then 

(1) �⃗⃗� × �⃗⃗� = 0⃗⃗ 

(2) �⃗⃗� × 𝑣 = −(𝑣 × �⃗⃗�) 

(3) 0⃗⃗ × 𝑣 = 𝑣 × 0⃗⃗ = 0⃗⃗ 

(4) (𝑎�⃗⃗�) × 𝑣 = �⃗⃗� × (𝑎𝑣) = 𝑎(�⃗⃗� × 𝑣) 
(5) �⃗⃗� × (𝑣 + �⃗⃗⃗�) = (�⃗⃗� × 𝑣) + (�⃗⃗� × �⃗⃗⃗�) 
(6) (�⃗⃗� + 𝑣) × �⃗⃗⃗� = (�⃗⃗� × �⃗⃗⃗�) + (𝑣 × �⃗⃗⃗�) 

In general 

�⃗� × (�⃗⃗� × 𝑐) ≠ (�⃗� × �⃗⃗�) × 𝑐 

For Example: 

𝑗 × (𝑗 × 𝑘) = 𝑗 × (𝑖) = −𝑘 

(𝑗 × 𝑗) × 𝑘 = 0⃗⃗ × 𝑘 = 0⃗⃗ 

 

Rule 12.4.6: �⃗� × (�⃗⃗� × 𝑐) = (�⃗� ∙ 𝑐)�⃗⃗� − (�⃗� ∙ �⃗⃗�)𝑐⏟                    
قاعدة مهمة

 

Example 12.4.7:  Let �⃗� and �⃗⃗� be orthogonal such that |�⃗�| = 2 and |�⃗⃗�| = 3.  

Find (�⃗⃗� × �⃗�) × �⃗� and |(�⃗⃗� × �⃗�) × �⃗�| 

Solution:  

(�⃗⃗� × �⃗�) × �⃗� = −�⃗� × (�⃗⃗� × �⃗�) = −((�⃗� ∙ �⃗�)�⃗⃗� − (�⃗� ∙ �⃗⃗�)�⃗�) = −(|�⃗�|2�⃗⃗� − 0�⃗�) = −4�⃗⃗� 

|(�⃗⃗� × �⃗�) × �⃗�| = |−4�⃗⃗�| = 4|�⃗⃗�| = 4(3) = 12 

Example 12.4.8: Simplify (بس ِّط)  (�⃗� − �⃗⃗�) × (�⃗� + �⃗⃗�) 

Solution: (�⃗� − �⃗⃗�) × (�⃗� + �⃗⃗�) = �⃗� × �⃗� + �⃗� × �⃗⃗� − �⃗⃗� × �⃗� − �⃗⃗� × �⃗⃗� 

= 0⃗⃗ + �⃗� × �⃗⃗� + �⃗� × �⃗⃗� − 0⃗⃗ 

= 2�⃗� × �⃗⃗� 

Rule 12.4.9:  

(1) The length of �⃗� × �⃗⃗� is given by: |�⃗� × �⃗⃗�| = |�⃗�| |�⃗⃗�|sin𝜃 

(2) The length of �⃗� × �⃗⃗� is given by: |�⃗� × �⃗⃗�| = √|�⃗�|2|�⃗⃗�|
2
− (�⃗� ∙ �⃗⃗�)

2
 (Lagrange identity) 
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Proof. (2) sin𝜃 =
|�⃗⃗�×�⃗⃗�|

|�⃗⃗�| |�⃗⃗�|
 and cos𝜃 =

�⃗⃗�∙�⃗⃗�

|�⃗⃗�| |�⃗⃗�|
 

Now, sin2 𝜃 + cos2 𝜃 = 1 ⇒ 
|�⃗⃗�×�⃗⃗�|

2

|�⃗⃗�|2 |�⃗⃗�|
2 +

(�⃗⃗�∙�⃗⃗�)
2

|�⃗⃗�|2 |�⃗⃗�|
2 = 1 ⇒ |�⃗� × �⃗⃗�|

2
+ (�⃗� ∙ �⃗⃗�)

2
= |�⃗�|2 |�⃗⃗�|

2
 

⇒ |�⃗� × �⃗⃗�|
2
= |�⃗�|2 |�⃗⃗�|

2
− (�⃗� ∙ �⃗⃗�)

2
 ⇒ |�⃗� × �⃗⃗�| = √|�⃗�|2 |�⃗⃗�|

2
− (�⃗� ∙ �⃗⃗�)

2
 

 

Example 12.4.10: if �⃗� = 〈2,−1,0〉 and �⃗⃗� = 〈3,0,4〉, then |�⃗� × �⃗⃗�| = √5(25) − (6)2 = √89 

 

Rule 12.4.11: Let 𝐿 a line that pass through the points 𝐵 and 𝐶. 

Then the distance from the point 𝐴 to the line 𝐿 is:  

Distance =
|𝐵𝐴⃗⃗ ⃗⃗ ⃗⃗ ×𝐵𝐶⃗⃗ ⃗⃗ ⃗⃗ |

|𝐵𝐶⃗⃗ ⃗⃗ ⃗⃗ |
  

Proof: sin𝜃 =
𝑑

|𝐵𝐴⃗⃗ ⃗⃗ ⃗⃗ |
 ⇒ 𝑑 = |𝐵𝐴⃗⃗⃗⃗ ⃗⃗ |sin𝜃 =

|𝐵𝐴⃗⃗ ⃗⃗ ⃗⃗ ||𝐵𝐶⃗⃗ ⃗⃗ ⃗⃗ |sin𝜃

|𝐵𝐶⃗⃗ ⃗⃗ ⃗⃗ |
=

|𝐵𝐴⃗⃗ ⃗⃗ ⃗⃗ ×𝐵𝐶⃗⃗ ⃗⃗ ⃗⃗ |

|𝐵𝐶⃗⃗ ⃗⃗ ⃗⃗ |
 

 

Example 12.4.12: Find the distance from the point 𝐴(1,2,3) and the line that pass through the points 

𝐵(2,1,3) and 𝐶(0,1,0) 

Solution: 𝐵𝐴⃗⃗⃗⃗ ⃗⃗ = 〈𝐴 − 𝐵〉 = 〈−1,1,0〉 and 𝐵𝐶⃗⃗⃗⃗⃗⃗ = 〈𝐶 − 𝐵〉 = 〈−2,0,−3〉 

Distance =
|𝐵𝐴⃗⃗⃗⃗ ⃗⃗ × 𝐵𝐶⃗⃗⃗⃗⃗⃗ |

|𝐵𝐶⃗⃗⃗⃗⃗⃗ |
=
√|𝐵𝐴⃗⃗⃗⃗ ⃗⃗ |

2
|𝐵𝐶⃗⃗⃗⃗⃗⃗ |

2
− (𝐵𝐴⃗⃗⃗⃗ ⃗⃗ ∙ 𝐵𝐶⃗⃗⃗⃗⃗⃗ )

2

|𝐵𝐶⃗⃗⃗⃗⃗⃗ |
=
√2(13) − (2)2

√13
=
√22

√13
 

 

Example 12.4.13: Find |�⃗� × �⃗⃗�|, where �⃗� and �⃗⃗� are given 

in the figure with |�⃗�| = 8, |�⃗⃗�| = 6 

Solution: |�⃗� × �⃗⃗�| = |�⃗�| |�⃗⃗�| sin𝜃 = 8(6)sin (
𝜋

6
) = 48 (

1

2
) = 24 

 

 

Example 12.4.14: Find |�⃗� × �⃗⃗�| and �⃗� × �⃗⃗�, where |�⃗�| = 2 and |�⃗⃗�| =
1

2
 and |�⃗� + 2�⃗⃗�| = 3 

Solution: |�⃗� + 2�⃗⃗�|
2
= 32   ⇒   |�⃗�|2 + 4�⃗� ∙ �⃗⃗� + 4|�⃗⃗�|

2
= 9  ⇒   4 + 4�⃗� ∙ �⃗⃗� + 1 = 9 ⇒ �⃗� ∙ �⃗⃗� = 1 

⇒ |�⃗� × �⃗⃗�| = √|�⃗�|2|�⃗⃗�|
2
− (�⃗� ∙ �⃗⃗�)

2
= √4(

1

4
) − (1)2 = 0  ⇒   �⃗� × �⃗⃗� = 0⃗⃗ 

 

�⃗�  

�⃗⃗�  
𝜋

6
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Rule 12.4.15: Two vectors �⃗� and �⃗⃗� are parallel written �⃗�//�⃗⃗� if �⃗� × �⃗⃗� = 0⃗⃗. 

 

Observe the following:  

(1) in Example 12.4.12 we have �⃗� × �⃗⃗� = 0⃗⃗ so �⃗�//�⃗⃗�. 

(2) If �⃗� is any vector then �⃗�//0⃗⃗ since �⃗� × 0⃗⃗ = 0⃗⃗ 

 

Remark 12.4.16: �⃗�//�⃗⃗�  ⇔  �⃗� = 𝑐�⃗⃗� or �⃗⃗� = 𝑐�⃗� for some scalar 𝑐. 

Consequently: Let �⃗� = 〈𝑎1, 𝑎2, 𝑎3〉 and �⃗⃗� = 〈𝑏1, 𝑏2, 𝑏3〉, Then �⃗�//�⃗⃗�  ⇔ 
𝑎1

𝑏1
=
𝑎2

𝑏2
=
𝑎3

𝑏3
, where 𝑏1, 𝑏2, 𝑏3 

are nonzero scalars. 

 

Example 12.4.17:  

(1) 〈6,3,15〉//〈4,2,10〉 since the ratio 
6

4
:
3

2
:
15

10
  are all equal 

 

(2) 〈4,6,−28〉 and 〈2,3,14〉 are not parallel since the ratios 
4

2
:
6

3
: 
−28

7
    are not all equal 

Example 12.4.18: Find the value of 𝑥 that makes �⃗� = 〈2, 𝑥 − 1, 𝑥〉 and �⃗⃗� = 〈𝑥2 − 1,0, 𝑥 + 1〉 parallel. 

 Solution: 
𝑥2−1

2
=

0

𝑥−1
=

𝑥+1

𝑥
  ⇒ We have 2 equations: 

 
𝑥2−1

2
=

0

𝑥−1
 …..①    and  

0

𝑥−1
=
𝑥+1

𝑥
…....② 

Solving equation ②: 
0

𝑥−1
=
𝑥+1

𝑥
 ⇒ 𝑥 = −1  

Check using equation ①: 
𝑥2−1

2
=

0

𝑥−1⏟      
𝑥=−1 ِّض عو 

  ⇒  
0

2
=

0

−2
=

0

−1
 (no error)  

⇒  the value of 𝑥 is 𝑥 = −1. 

Another solution: Solving equation ①: 
𝑥2−1

2
=

0

𝑥−1
 ⇒     𝑥2 − 1 = 0  ⇒   𝑥 = ±1 

Check using equation ②: 

②: 
0

𝑥−1
=

𝑥+1

𝑥⏟      
𝑥=−1 ِّض عو 

  ⇒  
0

2
=

0

−2
=

0

−1
 (which is true) ⇒ 𝑥 = −1 is a correct value 

 
𝑥2−1

2
=

0

𝑥−1
=

𝑥+1

𝑥⏟          
𝑥=1 ِّض عو 

 ⇒  
0

2
=
0

0
=

2

1
 (which is false) ⇒ 𝑥 = 1 is a false value ⇒ 𝑥 ≠ 1   

⇒  𝑥 = −1 is the only value only for 𝑥 
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Exercise 12.4.19: Find the value of 𝑥 that makes: 

�⃗� = 〈3𝑥2 − 3,3, 𝑥2 − 𝑥 − 3〉 and �⃗⃗� = 〈3,1,1〉 parallel. 

Answer is 𝑥 = −2 

 

Definition 12.4.20: Three points 𝐴,𝐵, 𝐶 are collinear (على استقامة واحدة) ⇔ 𝐴𝐵⃗⃗⃗⃗ ⃗⃗ //𝐴𝐶⃗⃗⃗⃗⃗⃗  

 

Example 12.4.21: Determine whether the points 𝐴(2,4,−3), 𝐵(3,−1,1), 𝐶(4,−6,5) are collinear or 

not. 

Solution: 

𝐴𝐵⃗⃗⃗⃗ ⃗⃗ = 〈1,−5,4〉 and 𝐴𝐶⃗⃗⃗⃗⃗⃗ = 〈2,−10,8〉 ⇒  
2

1
:
−10

−5
:
8

4
 are all equal ⇒  𝐴𝐵⃗⃗⃗⃗ ⃗⃗ //𝐴𝐶⃗⃗⃗⃗⃗⃗  

⇒  The points 𝐴,𝐵, 𝐶 are collinear 

Another solution: 𝐴𝐶⃗⃗⃗⃗⃗⃗ = 2𝐴𝐵⃗⃗⃗⃗ ⃗⃗  ⇒  𝐴𝐵⃗⃗⃗⃗ ⃗⃗ //𝐴𝐶⃗⃗⃗⃗⃗⃗  ⇒  The points 𝐴,𝐵, 𝐶 are collinear 

 

Rule 12.4.22:  

(1) The area (مساحة) of the parallelogram determined by the vectors �⃗� and �⃗⃗� is 

𝐴 = |�⃗� × �⃗⃗�| 

(2) The area of the triangle determined by the vectors �⃗� and �⃗⃗� is 𝐴 =
1

2
|�⃗� × �⃗⃗�| 

Remark 12.4.23:  Let 𝐴, 𝐵, 𝐶,𝐷 be points. 

(1) The area of the parallelogram (متوازي اضلاع) with vertices 𝐴,𝐵, 𝐶, 𝐷 is 𝐴 = |𝐴𝐵⃗⃗⃗⃗ ⃗⃗ × 𝐴𝐶⃗⃗⃗⃗⃗⃗ | 

(2) The area of the triangle  (مثلث) with vertices 𝐴,𝐵, 𝐶 is 𝐴 =
1

2
|𝐴𝐵⃗⃗⃗⃗ ⃗⃗ × 𝐴𝐶⃗⃗⃗⃗⃗⃗ | 

 

Example 12.4.24: let �⃗� = 𝑖 + 2𝑗 − 𝑘 and �⃗⃗� = 𝑗 + 3𝑘 and let 𝐴(1,0,1),𝐵(2,2,0),𝐶(1,1,4), 𝐷 be four points. 

(1) Find the area of the parallelogram determined by the vectors �⃗� and �⃗⃗�. 

(2) Find the area of the triangle determined by the vectors �⃗� and �⃗⃗�. 

(3) Find the area of the parallelogram with vertices 𝐴,𝐵, 𝐶, 𝐷 

(4) Find the area of the triangle with vertices 𝐴, 𝐵, 𝐶 

Solution: 

(1) Area = |�⃗� × �⃗⃗�| = √|�⃗�|2|�⃗⃗�|
2
− (�⃗� ∙ �⃗⃗�)

2
= √(6)(10) − (−1)2 = √59 

(2) Area =
√59

2
 

(3) 𝐴𝐵⃗⃗⃗⃗ ⃗⃗ = 〈1,2,−1〉 = �⃗� and 𝐴𝐶⃗⃗⃗⃗⃗⃗ = 〈0,1,3〉 = �⃗⃗� ⇒ Area = |�⃗� × �⃗⃗�| = √59 

(4) Area =
√59

2
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Definition 12.4.25: Let �⃗� = 〈𝑎1, 𝑎2, 𝑎3〉, �⃗⃗� = 〈𝑏1, 𝑏2, 𝑏3〉, and 𝑐 = 〈𝑐1, 𝑐2, 𝑐3〉 be vectors. The scalar triple 

of the vectors �⃗�, �⃗⃗�, 𝑐 written �⃗� ∙ (�⃗⃗� × 𝑐) is defined by 

�⃗� ∙ (�⃗⃗� × 𝑐) = |

𝑎1 𝑎2 𝑎3
𝑏1 𝑏2 𝑏3
𝑐1 𝑐2 𝑐3

| = 𝑎1(𝑏2𝑐3 − 𝑏3𝑐2) − 𝑎2(𝑏1𝑐3 − 𝑏3𝑐1) + 𝑎3(𝑏1𝑐2 − 𝑏2𝑐1) 

 

Rule 12.4.26: �⃗� ∙ (�⃗⃗� × 𝑐) = �⃗⃗� ∙ (𝑐 × �⃗�) = 𝑐 ∙ (�⃗� × �⃗⃗�) 

 

Example 12.4.27: If �⃗� ∙ (�⃗⃗� × 𝑐) = −3, find 2𝑐 ∙ (�⃗⃗� × 3�⃗�) 

Solution: 2𝑐 ∙ (�⃗⃗� × 3�⃗�) = 2(3)𝑐 ∙ (�⃗⃗� × �⃗�) = 6 (−�⃗� ∙ (�⃗⃗� × 𝑐)) = −6(−3) = 18 

 

Rule 12.4.28: The volume of the parallelepiped (متوازي السطوح)  

determined by the vectors �⃗�, �⃗⃗�, 𝑐 is 

𝑉 = |�⃗� ∙ (�⃗⃗� × 𝑐)|⏟        
القيمة المطلقة

 

Remark 12.4.29: Let 𝐴,𝐵, 𝐶, 𝐷 be vertices of a parallelepiped not in 

the same plane and let �⃗� = 𝐴𝐵⃗⃗⃗⃗ ⃗⃗ , �⃗⃗� = 𝐴𝐶⃗⃗⃗⃗⃗⃗ , 𝑐 = 𝐴𝐷⃗⃗ ⃗⃗ ⃗⃗ . Then the volume of this parallelepiped is 

𝑉 = |�⃗� ∙ (�⃗⃗� × 𝑐)|⏟        
القيمة المطلقة

 

Example 12.4.30: Find the volume of the parallelepiped: 

(1) Determined by the vectors �⃗� = 〈0,−2,5〉, �⃗⃗� = 〈0,1,2〉, 𝑐 = 〈6,3, −1〉 

(2) With adjacent edges 𝑃𝑄, 𝑃𝑅, 𝑃𝑆, where 𝑃(−2,1,0), 𝑄(−2, −1,5), 𝑅(−2,2,2), and  𝑆(4,4,−1). 

Solution: 

(1)  �⃗� ∙ (�⃗⃗� × 𝑐) = |
0 −2    5
0    1    2
6    3 −1

| 

= 0(−1 − 6) − (−2)(0 − 12) + 5(0 − 6) = 0 − 24 − 30 = −54 

Volume = |�⃗� ∙ (�⃗⃗� × 𝑐)| = |−54| = 54 

(2) Let �⃗� = 𝑃𝑄⃗⃗⃗⃗ ⃗⃗ = 〈0,−2,5〉, �⃗⃗� = 𝑃𝑅⃗⃗⃗⃗ ⃗⃗ = 〈0,1,2〉, 𝑐 = 𝑃𝑆⃗⃗ ⃗⃗ ⃗ = 〈6,3,−1〉 

⇒  �⃗� ∙ (�⃗⃗� × 𝑐) = −54  (by part (1))⇒  Volume = |�⃗� ∙ (�⃗⃗� × 𝑐)| = |−54| = 54 

 

Rule 12.4.31:  

(1) Three vectors �⃗�, �⃗⃗�, and 𝑐 in 𝑉3 are coplanar (lie in the same plane) if 

�⃗� ∙ (�⃗⃗� × 𝑐) = 0. 

(2) Four points 𝐴,𝐵, 𝐶, 𝐷 in ℝ3 are coplana if �⃗� ∙ (�⃗⃗� × 𝑐) = 0, where �⃗� = 𝐴𝐵⃗⃗⃗⃗ ⃗⃗ , �⃗⃗� = 𝐴𝐶⃗⃗⃗⃗⃗⃗ , and 𝑐 = 𝐴𝐷⃗⃗ ⃗⃗ ⃗⃗  
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Example 12.4.32:  

(1) Find the value of 𝑥 that makes �⃗� = 〈1, 𝑥, 0〉, �⃗⃗� = 〈𝑥, 2,1〉, 𝑐 = 〈0,1,1〉 coplanar 

(2) Find the value of 𝑥 that makes the points 𝐴(1,−1,2), 𝐵(2, 𝑥 − 1,2), 

𝐶(𝑥 + 1,1,3), and 𝐷(1,0,3) lie in the same plane. 

Solution:  

(1) �⃗� ∙ (�⃗⃗� × 𝑐) = |
1 𝑥 0
𝑥 2 1
0 1 1

| = 1(2 − 1) − 𝑥(𝑥 − 0) + 0(𝑥 − 1) = 1 − 𝑥2 

�⃗� ∙ (�⃗⃗� × 𝑐) = 0 ⇒   1 − 𝑥2 = 0  ⇒   𝑥 = ±1  

(2) �⃗� = 𝐴𝐵⃗⃗⃗⃗ ⃗⃗ = 〈1, 𝑥, 0〉, �⃗⃗� = 𝐴𝐶⃗⃗⃗⃗⃗⃗ = 〈𝑥, 2,1〉, and 𝑐 = 𝐴𝐷⃗⃗ ⃗⃗ ⃗⃗ = 〈0,1,1〉 

�⃗� ∙ (�⃗⃗� × 𝑐) = 1 − 𝑥2 (by part (1)) 

�⃗� ∙ (�⃗⃗� × 𝑐) = 0 ⇒   1 − 𝑥2 = 0  ⇒   𝑥 = ±1  

 

Section 12.5: Equations of lines and Planes 
 

 

Definition 12.5.1: Let 𝐿 be the line that pass through the pt 𝐴(𝑥0, 𝑦0, 𝑧0) and parallel to the vector 

𝑣 = 〈𝑎, 𝑏, 𝑐〉. Then 

(1) The parametric (param.) eqs of 𝐿 are: 

𝑥 = 𝑥0 + 𝑎𝑡,   𝑦 = 𝑦0 + 𝑏𝑡,   𝑧 = 𝑧0 + 𝑐𝑡,  where 𝑡 ∈ ℝ 

(2) The vector eq. of 𝐿 is 𝑟(𝑡) = 〈𝑥0, 𝑦0, 𝑧0〉 + 〈𝑎, 𝑏, 𝑐〉𝑡, 𝑡 ∈ ℝ 

⇒ 𝑟(𝑡) = 〈𝑥0 + 𝑎𝑡, 𝑦0 + 𝑏𝑡, 𝑧0 + 𝑐𝑡〉 
(3) The symmetric (symm) eqs of 𝐿 are: 

𝑥−𝑥0

𝑎
=

𝑦−𝑦0

𝑏
=
𝑧−𝑧0

𝑐
, whenever 𝑎 ≠ 0, 𝑏 ≠ 0, 𝑐 ≠ 0  

 If 𝑎 ≠ 0, 𝑏 ≠ 0, 𝑐 = 0, the symm. Eqs are:  
𝑥−𝑥0

𝑎
=
𝑦−𝑦0

𝑏
, 𝑧 = 𝑧0 

 If 𝑎 ≠ 0, 𝑐 ≠ 0, 𝑏 = 0, the symm. Eqs are: 
𝑥−𝑥0

𝑎
=
𝑧−𝑧0

𝑐
, 𝑦 = 𝑦0 

 If 𝑏 ≠ 0, 𝑐 ≠ 0, 𝑎 = 0, the symm. Eqs are 
𝑦−𝑦0

𝑏
=

𝑧−𝑧0

𝑐
, 𝑥 = 𝑥0 

 

Example 12.5.2: Find param, symm, and vector equations of the line through the pt 𝐴(1,2,3) and 

parallel to the vector 6𝑖̂ − 7�̂�. Also: 

(1) find two pts on the line other than 𝐴. 

(2) at what pts the line intersects: 

(a) The 𝑥𝑦-plane  (b) the 𝑥𝑧-plane  (c) the 𝑦-axis 

Solution: The parallel 6𝑖̂ − 7�̂� = 〈6,0,−7〉   
The param. Eqs are: 𝑥 = 1 + 6𝑡,   𝑦 = 2 + 0𝑡,   𝑧 = 3 − 7𝑡,  𝑡 ∈ ℝ 

⇒ 𝑥 = 1 + 6𝑡,   𝑦 = 2,   𝑧 = 3 − 7𝑡,  𝑡 ∈ ℝ 

The vector eq is: 𝑟(𝑡) = 〈1,2,3〉 + 〈6,0,−7〉𝑡, 𝑡 ∈ ℝ ⇒ 𝑟(𝑡) = 〈1 + 6𝑡, 2,3 − 7𝑡〉, 𝑡 ∈ ℝ 

The symm. Eqs are: 
𝑥−1

6
=

𝑧−3

−7
, 𝑦 = 2 ⇒  

𝑥−1

6
=
3−𝑧

7
, 𝑦 = 2 

𝐿 �⃗� 

𝐴 
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(1)  To find pts on the line we use the parmm eqs: 𝑥 = 1 + 6𝑡,   𝑦 = 2,   𝑧 = 3 − 7𝑡,  𝑡 ∈ ℝ 

Taking 𝑡 = 0 ⇒ 𝑥 = 1, 𝑦 = 2, 𝑧 = 3 ⇒ a pt on the line is (1,2,3) which is the pt Taking Taking 𝑡 = 1 ⇒ 

𝑥 = 7, 𝑦 = 2, 𝑧 = −4 ⇒ a pt on the line is 𝐵(7,2,−4) 
Taking 𝑡 = −1 ⇒ 𝑥 = −5, 𝑦 = 2, 𝑧 = 10 ⇒ a pt on the line is 𝐶(−5,2,10) 

We can find infinitely many pts on the line 

(2)  

(a) The intersects the 𝑥𝑦-plane when 𝑧 = 0 ⇒ 3 − 7𝑡 = 0 ⇒ 𝑡 =
3

7
 

In the param. Eqs (𝑥 = 1 + 6𝑡,   𝑦 = 2,   𝑧 = 3 − 7𝑡) substitute 𝑡 =
3

7
: 

𝑥 = 1 + 6(
3

7
) =

25

7
, 𝑦 = 2, 𝑧 = 𝑥 = 3 − 7(

3

7
) = 0 

The intersects the 𝑥𝑦-plane at the pt (
25

7
, 2,0) 

(b) The line intersects the 𝑥𝑧-plane when 𝑦 = 0  but in the param. Eqs 𝑦 = 2 ≠ 0 

  ⇒ the line does not intersect the 𝑥𝑧-plane 

(c) The line intersects the 𝑦-axis when 𝑥 = 0 and 𝑧 = 0 

From the param. Eqs. 𝑥 = 1 + 6𝑡,   𝑧 = 3 − 7𝑡  

⇒ {
1 + 6𝑡 = 0 ⇒ 𝑡 = −

1

6

3 − 7𝑡 = 0 ⇒  𝑡 =
3

7
   
}  but −

1

6
≠

3

7
 ⇒ the does not intersect the 𝑦-axis 

 

Example 12.5.3: Find a vector parallel to the given line: 

(1)  𝑥 = 2 − 𝑡, 𝑦 = 𝑡, 𝑧 = 2𝑡 − 2  (2)  𝑟(𝑡) = 〈−1,1,0〉 + 〈0,1,3〉𝑡 

(3)  
2−𝑥

3
=
𝑦+1

−2
, 𝑧 = 4 

Solution: The vectors are: 

(1) 𝑣 = 〈−1,1,2〉     (2) 𝑣 = 〈0,1,3〉      (3)  𝑣 = 〈−3, −2,0〉 

 

 

Remark 12.5.4: Let 𝐿1 and 𝐿2 be two lines such that �⃗⃗�//𝐿1 and 𝑣//𝐿2 

(1) 𝐿1//𝐿2  ⇔  �⃗⃗�//�⃗�  ⇔  �⃗⃗� = 𝑐𝑣 or 𝑣 = 𝑐�⃗⃗�  

⇔  the ratios of the components of �⃗⃗� and 𝑣 remains the same ( تبقى ثابتةالنسبة  ) 

(2) If 𝐿1 and 𝐿2 are not parallel, the they are interesected (متقاطعين) or skew (متخالفين). 

 

 

 

    𝐿1 and 𝐿2 in the figure are skew 

 

 

 

𝐿2 𝐿1 
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Example 12.5.5: Determine whether the given two lines are parallel, skew or intersects. If they are 

intersecting, find the pt of intersection: 

(1) 𝐿1: 𝑥 = 2 − 3𝑡, 𝑦 = 2𝑡, 𝑧 = 7 

𝐿2: 𝑥 = 5 + 9𝑠, 𝑦 = 3 − 6𝑠, 𝑧 = 1 

(2) 𝐿1: 𝑥 = 𝑡, 𝑦 = 3 − 𝑡, 𝑧 = 2 + 3𝑡 
𝐿2: 𝑥 = 1 + 𝑠, 𝑦 = 2 + 𝑠, 𝑧 = −3 

(3) 𝐿1: 𝑥 = 6 + 𝑡, 𝑦 = −2 + 3𝑡, 𝑧 = 4 + 2𝑡   -3,2 

𝐿2: 𝑥 = −1 + 2𝑠, 𝑦 = −1 − 5𝑠, 𝑧 = 2 − 2𝑠 

Solution:  

(1) 𝐿1: 𝑥 = 2 − 3𝑡, 𝑦 = 2𝑡, 𝑧 = 7 ⇒ �⃗⃗� = 〈−3,2,0〉//𝐿1 
𝐿2: 𝑥 = 5 + 9𝑠, 𝑦 = 3 − 6𝑠, 𝑧 = 1 ⇒ 𝑣 = 〈9,−6,0〉//𝐿2 
Observe that 𝑣 = −3�⃗⃗� ⇒ �⃗⃗�//𝑣  ⇒  𝐿1//𝐿2. 

,�⃗⃗�ندرس التوازي بين المتجهات  𝑣 

لدراسة من خلال لاحظ ان طريقة ا

في كلا  𝑧االنسب تفشل لان الإحداثي 

 0المتجهين 

(2) 𝐿1: 𝑥 = 𝑡, 𝑦 = 3 − 𝑡, 𝑧 = 2 + 3𝑡 ⇒ �⃗⃗� = 〈1, −1,3〉//𝐿1 
𝐿2: 𝑥 = 1 + 𝑠, 𝑦 = 2 + 𝑠, 𝑧 = −3 ⇒ 𝑣 = 〈1,1,0〉//𝐿2 

Ratio method: 
1

1
,
1

−1
,
0

3
 are not equal ⇒  𝐿1 and 𝐿2 are not parallel 

⇒  𝐿1 and 𝐿2 are interesected or skew 

To determine whether they are interesected or skewed: 

Assume that the are intersected: 

 (اذا حصلنا على شيء مستحيل التحقق تكون فرضيتنا خطأ وبالتالي لا تتقاطع المستقيمات ويحدث التخالف)

𝐿1: 𝑥 = 𝑡, 𝑦 = 3 − 𝑡, 𝑧 = 2 + 3𝑡  

𝐿2: 𝑥 = 1 + 2𝑠, 𝑦 = 2 + 𝑠, 𝑧 = −3 

⇒ {

𝑡 = 1 + 𝑠 ⇒ 𝑡 − 𝑠 = 1…①

3 − 𝑡 = 2 + 𝑠 ⇒  −𝑡 − 𝑠 = −1…②

2+ 3𝑡 = −3 ⇒  𝑡 = −1…③

}  

للتحقق: ②للحل والمعادلة  ③،①اخترت المعادلات   

③: 𝑡 = −1 and ① ⇒ −1 − 𝑠 = 1 ⇒ 𝑠 = −2 

∴ 𝑡 = −1 and 𝑠 = −2 

𝑡− :② (التحقق) − 𝑠 = −1  

 خطة الحل

فنحصل على  𝐿2معادلات و 𝐿1نساوي بين معدلات 

,𝑡معادلات بمتغييرين هما  3 𝑠  نختار معادلتين للحل

ومعادلة للتحقق: معادلتي الحل نجد من خلالهما قيم 

𝑡, 𝑠  :ثم نذهب لمعادلة التحقق ونعوض هذه القيم فيها 
  فإن لم تتحقق المعادلة يكون الفرض بالتقاطع

 خطأ وبالتالي تكون الخطوط متخالفة
 ققت المعادلة )أي حدثت المساواة( فإن تح

فتكون الخطوط متقاطعة ولإيجاد نقطة 
في  𝑠أو قيمة  𝐿1في  𝑡التقاطع نعوض قيمة 

𝐿2  يجب ان نحصل من كليهما على نفس
 النقطة

⇒ −(−1) − (−2) = 3 ≠ −1 

Eq ② does not satisfied ⇒ our assumption is false  

⇒ the lines are not intersected but they are not parallel 

∴ the lines are skewed 

(3) 𝐿1: 𝑥 = 6 + 𝑡, 𝑦 = −2 + 3𝑡, 𝑧 = 4 + 2𝑡   ⇒ �⃗⃗� = 〈1,3, −1〉//𝐿1 
𝐿2: 𝑥 = −1 + 2𝑠, 𝑦 = −1 − 5𝑠, 𝑧 = 2 − 2𝑠 ⇒ 𝑣 = 〈2,−5,3〉//𝐿2 

Ratio method: 
1

2
,
3

−5
,
2

−2
 are not equal ⇒  𝐿1 and 𝐿2 are not parallel 

⇒  𝐿1 and 𝐿2 are interesected or skew 

To determine whether they are interesected or skewed: 
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Assume that the are intersected: 

𝐿1: 𝑥 = 6 + 𝑡, 𝑦 = −2 + 3𝑡, 𝑧 = 4 + 2𝑡  

𝐿2: 𝑥 = −1 + 2𝑠, 𝑦 = −1 − 5𝑠, 𝑧 = 2 − 2𝑠 

⇒ {

6 + 𝑡 = −1 + 2𝑠 ⇒ 𝑡 − 2𝑠 = −7…①

−2 + 3𝑡 = −1 − 5𝑠 ⇒  3𝑡 + 5𝑠 = 1…②

4 + 2𝑡 = 2 − 2𝑠 ⇒  2𝑡 + 2𝑠 = −2…③

}  

للتحقق: ③للحل والمعادلة  ②،①اخترت المعادلات   

{
−3 ×①: − 3𝑡 + 6𝑠 = 21  

       ②:      3𝑡 + 5𝑠 = 1
} ⇒ 11𝑠 = 22 ⇒  𝑠 = 2 

 

① ⇒ −3𝑡 + 6(2) = 21 ⇒ −3𝑡 = 9 ⇒ 𝑡 = −3 

∴ 𝑡 = −3 and 𝑠 = 2 

2𝑡 :③ (التحقق) + 2𝑠 = −2 ⇒ 2(−3) + 2(2) = −6 + 4 = −2  

Eq ② is satisfied  

⇒ our assumption is true ⇒ the lines are intersected  

To find the pt of intersection: substitute 𝑡 = −3 in 𝐿1 (or 𝑠 = 2 in 𝐿2): 

𝑡 = −3: 𝑥 = 6 + 𝑡 = 6 − 3 = 3 

𝑦 = −2+ 3𝑡 = −2 + 3(−3) = −11 

𝑧 = 4 + 2𝑡 = 4 + 2(−3) = −2  

The pt of intersection is (3,−11,−2) 

 :𝐿2صحة الحل نحسب نقطة التقاطع من خلال الخط   للتأكد من
𝑠 = 2: 𝑥 = −1 + 2𝑠 = −1 + 2(2) = 3 

𝑦 = −1 − 5𝑠 = −1 − 5(2) = −11 
𝑧 = 2 − 2𝑠 = 2 − 2(2) = −2 

The pt of intersection is (3,−11,−2)   (لاحظ الناتج نفس النقطة) 

 

Example 12.5.6: Find param. Eqs of the line through the points 𝐴(1,2,8) and 𝐵(−2,8, −4) 

Solution:  

A vector parallel to the line is 𝐴𝐵⃗⃗⃗⃗ ⃗⃗ = 〈𝐵 − 𝐴〉 = 〈−2 − 1,8 − 2,8 − (−4)〉 = 〈−3,6,12〉 

 انتبه لما يلي:
المتجه  أو تقسم  بل ممكن تغييره بأي متجه اخر يوازيه: يعني ممكن تضرب 〈3,6,12−〉انت غير مضطر انك تتعامل مع المتجه 

 〈4−,2−,1〉: المتجه الجديد 3−قل وافضل لذلك سوف اقسم المتجه على العدد بأي عدد لجعل مركبات المتجه ا
 A pt. on the line: 𝐴(1,2,8) and a parallel vector: 〈1,−2, −4〉 

⇒ Param. Eqs are: 𝑥 = 1 + 𝑡, 𝑦 = 2 − 2𝑡, 𝑧 = 8 − 4𝑡 
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 انتبه هناك حلول أخرى للسؤال ولكنها جميعاً متكافئة:

 فيكون الجواب: 〈4−,2−,1〉والمتجه  𝐵(−2,8,−4)( اذا بنينا الحل على النقطة 1

𝑥 = −2 + 𝑡, 𝑦 = 8 − 2𝑡, 𝑧 = −4 − 4𝑡 
فيكون  〈1,2,4−〉أي المتجه  1−ولكن على متجه آخر بضرب المتجه الأصلي بــ  𝐴(−2,8,−4)( اذا بنينا الحل على النقطة 2

𝑥  الجواب: = −2 − 𝑡, 𝑦 = 8 + 2𝑡, 𝑧 = −4 + 4𝑡 
 

Definition 12.5.7:  The eq. of the plane 𝑃 that passes through                   �⃗⃗� 

the point 𝐴(𝑥0, 𝑦0, 𝑧0) and with 

normal (عامودي) vector �⃗⃗� = 〈𝑎, 𝑏, 𝑐〉 is:             𝐴(𝑥0, 𝑦0, 𝑧0) 

𝑎(𝑥 − 𝑥0) + 𝑏(𝑦 − 𝑦0) + 𝑐(𝑧 − 𝑧0) = 0                 𝑃 

⇔ 𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 = 𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0 

A vector eq of the plane is: �⃗⃗� ∙ 𝑟 = �⃗⃗� ∙ 𝑟0, where 𝑟 = 〈𝑥, 𝑦, 𝑧〉 and 𝑟0 = 〈𝑥0, 𝑦0, 𝑧0〉 
 

Example 12.5.8: Find the equation of the plane through the pt (0,−6,7) with normal vector 〈2,5,6〉. 
Find the intercepts (التقاطعات مع المحاور الإحداثية) and sketch the graph of the plane. 

Solution: The eq is 2𝑥 + 5𝑦 + 6𝑧 = 2(0) + 5(−6) + 6(7) ⇒ 2𝑥 + 5𝑦 + 6𝑧 = 12 

The intercepts: 

 The 𝑥 − intercept⏞        
المقطع السيني

: when 𝑦 = 0, 𝑧 = 0 ⇒ 2𝑥 + 5(0) + 6(0) = 12⏞              

2𝑥+5𝑦+6𝑧=12
⇩

 ⇒ 𝑥 = 6⏞  
𝑥−intercept

 

 The 𝑦 − intercept⏞        
المقطع الصادي

: when 𝑥 = 0, 𝑧 = 0 ⇒ 2(0) + 5𝑦 + 6(0) = 12⏞              

2𝑥+5𝑦+6𝑧=12
⇩

 ⇒ 𝑦 =
12

5

⏞  
𝑦−intercept

 

 The 𝑧 − intercept⏞        
𝒛 المقطع

: when 𝑥 = 0, 𝑦 = 0 

⇒ 2(0) + 5(0) + 6𝑧 = 12⏞              

2𝑥+5𝑦+6𝑧=12
⇩

 ⇒  𝑧 = 2⏞  
𝑧−intercept

 

The Graph is: 

 

Example 12.5.9: Find the pt at which the line 𝑥 = 2 + 3𝑡, 𝑦 = −4𝑡, 𝑧 = 5 + 𝑡 intersects the plane 

4𝑥 + 5𝑦 − 2𝑧 = 18. 

Solution: Substitute (عوض) the eqs of the in the eq of the plane: 

4(2 + 3𝑡) + 5(−4𝑡) − 2(5 + 𝑡) = 18 ⇒ 8 + 12𝑡 − 20𝑡 − 10 − 2𝑡 = 18  

⇒ −10𝑡 = 20 ⇒ 𝑡 = −2. Now substitute this value in the eqs of the line: 

𝑥 = 2 + 3(−2) = −4, 𝑦 = −4(−2) = 8,   𝑧 = 5 + (−2) = 3 

The pt of intersection is (−4,8,3) 
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Example 12.5.10: Find the eq. of the plane that pass through the pts 𝐴(1,3,2),𝐵(3,−1,6), 𝐶(5,2,0)  

Solution: 𝐴𝐵⃗⃗⃗⃗ ⃗⃗ = 〈2,−4,4〉 and 𝐴𝐶⃗⃗⃗⃗⃗⃗ = 〈4,−1,−2〉 

𝐴𝐵⃗⃗⃗⃗ ⃗⃗ × 𝐴𝐶⃗⃗⃗⃗⃗⃗ = |
𝑖     𝑗    𝑘
2 −4    4
4 −1 −2

| 

=⊕ 𝑖(−4(−2) − 4(−1))

⊝ 𝑗(2(−2) − 4(4))

⊕ 𝑘(2(−1) − 4(−4)) 

= 12𝑖 + 20𝑗 + 14𝑘 is normal on the plane 

جه الناتج موازيا للمتجه الأصلي وبالتالي يكون فيكون المت 2لاحظ ان المتجه الذي حصلنا عليه مركباته كبيره ويمكن قسمته على 
 عاموديا على المستوى

⇒ A vector normal to the plane is: 
12𝑖+20𝑗+14𝑘

2
= 6𝑖 + 10𝑗 + 7𝑘 and a pt is 𝐴(1,3,2) 

The eq of the plane is: 6𝑥 + 10𝑦 + 7𝑧 = 6(1) + 10(3) + 7(2) 

⇒ 6𝑥 + 10𝑦 + 7𝑧 = 50 

فلاحظ أن المعادلة النهائية بعد التبسيط ستكون هي نفس معادلتنا التي  𝐶أو  𝐵تخدام أي من النقاط يمكن ان نجد معادلة المستوى باس
 اوجدناها، مثلاً:

6𝑥 + 10𝑦 + 7𝑧 = 6(3) + 10(−1) + 7(6) = 18 − 10 + 42 = 50 
Example 12.5.11: Find param. eqs of the line of intersection of the two planes: 

𝑃1: 𝑥 + 𝑦 − 𝑧 = 1 and 𝑃2: 3𝑥 − 3𝑦 + 𝑧 = 3 

Solution: First we find 2 pts on the line of intersection of 𝑃1 and 𝑃2: 

Take 𝑥 = 0: 

{
𝑃1: : 𝑥 + 𝑦 − 𝑧 = 1   ⇒      𝑦 − 𝑧 = 1……①  

𝑃2: 3𝑥 − 3𝑦 + 𝑧 = 3 ⇒  −3𝑦 + 𝑧 = 3 … . .②
} ⇒ {

−2𝑦 = 4 ⇒ 𝑦 = −2

①: − 2 − 𝑧 = 1
⇒   𝑧 = −3

}  

A pt on the line is 𝐵(0,−2,−3) 
Take 𝑥 = 1: 

{
𝑃1: : 𝑥 + 𝑦 − 𝑧 = 1   ⇒      𝑦 − 𝑧 = 0……③  

𝑃2: 3𝑥 − 3𝑦 + 𝑧 = 3 ⇒  −3𝑦 + 𝑧 = 0 … . .④
} ⇒ {

−2𝑦 = 0 ⇒ 𝑦 = 0

③: 0 − 𝑧 = 0
⇒   𝑧 = 0

}  

A pt on the line is 𝐶(1,0,0) 

⇒ 𝐵𝐶⃗⃗⃗⃗⃗⃗ = 〈1,2,3〉 parallel to the line of intersection 

To find param. eqs of the line of intersection  we use the point 𝐵(0,−2,−3). The eqs are: 

𝑥 = 0 + 1𝑡, 𝑦 = −2 + 2𝑡, 𝑧 = 3 + (−3)𝑡 ⇒ 𝑥 = 𝑡, 𝑦 = −2 + 2𝑡, 𝑧 = 3 + 3𝑡 
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Example 12.5.12: Find the eq of the plane through the pt 𝐴(−3,1,1) and contains the line of 

intersection of the two planes 𝑃1: 𝑧 = 𝑦 and 𝑃2: 𝑥 + 𝑧 = −1. 

Solution:  First we find 2 pts on the line of intersection 

of 𝑃1 and 𝑃2: 
 

 ملاحظة:
متغييرات ونريد نقطة تحقق المعتدلتين  3اذا كان لدينا معادلتين بـ 

فنقوم بما يلي: نأخذ قيمة لأحد المتغيرات ونعوضها في المعادلتين 
بمتغيرين فنحل المعادلتين بالحذف او فنحصل على معادلتين 

التعويض لنحصل على قيم المتغيرين الذين بقيا، وإن أردنا نقطة 
 اخرى نعيد العملية السابقة مرة اخرى.

 

 

Take 𝑥 = 0: 

{
𝑃1: 𝑧 = 𝑦                                  ⇒  −𝑦 + 𝑧 = 0……①

𝑃2: 𝑥 + 𝑧 = −1 ⇒  0 + 𝑧 = −1 ⇒  𝑧 = −1 … . .②
} ⇒ {

𝑧 = −1
−𝑦 + (−1) = 0
⇒   𝑦 = −1

}  

A pt on the line is 𝐵(0,−1,−1) 
Take 𝑥 = 1: 

{
𝑃1: 𝑧 = 𝑦                                  ⇒  −𝑦 + 𝑧 = 0……③

𝑃2: 𝑥 + 𝑧 = −1 ⇒  1 + 𝑧 = −1 ⇒  𝑧 = −2 … . .④
} ⇒ {

𝑧 = −2
−𝑦 + (−2) = 0
⇒   𝑦 = −2

}  

A pt on the line is 𝐶(0,−2,−2) 
Since the line in the required plane ⇒ the pts 𝐵(0,−1,−1), 𝐶(1,−2, −2) are in the plane 

In our plane we get 3 pts: 𝐴(−3,1,1), 𝐵(0,−1, −1), 𝐶(1,−2, −2) 
 لذلك نريد صنع المتجه العامودي على المستوى المطلوب: Example 10اصبح الحل مثل 

𝐴𝐵⃗⃗⃗⃗ ⃗⃗ = 〈3,−2,−2〉 and 𝐴𝐶⃗⃗⃗⃗⃗⃗ = 〈4,−3, −3〉 

𝐴𝐵⃗⃗⃗⃗ ⃗⃗ × 𝐴𝐶⃗⃗⃗⃗⃗⃗ = |
𝑖     𝑗    𝑘
3 −2 −2
4 −3 −3

| 

=⊕ 𝑖(6 − 6)⊝ 𝑗(−9 − (−8))⊕ 𝑘(−9 − (−8)) 

= 𝑗 − 𝑘 is normal on the plane 

To find the eq. of the plane we use the point 𝐴(−3,1,1). The eq is: 

0𝑥 + 1𝑦 − 1𝑧 = 0(−3) + 1(1) − 1(1) ⇒ 𝑦 − 𝑧 = 0 
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Example 12.5.13:  

(1) Find the eq of the plane through the pt 𝐴(−3,1,1) and perpendicular to the line: 

𝑥 = 𝑡, 𝑦 = −2 + 2𝑡, 𝑧 = 3 + 3𝑡 
(2) Find the eq of the plane through the pt 𝐴(−3,1,1) and perpendicular to the line of intersection of 

the two planes 𝑃1: 𝑧 = 𝑦 and 𝑃2: 𝑥 + 𝑧 = −1. 

Solution:  

(1) A vector parallel to the line is: 

𝑣 = 〈1,2,3〉 ⇒ 𝑣 normal to the plane 

The eq of the plane is: 

1𝑥 + 2𝑦 + 3𝑧 = 1(−3) + 2(1) + 3(1) 
⇒ 𝑥 + 2𝑦 + 3𝑧 = 2 

(2) First we find two on the line of intersection: 

See example 12: the pts 𝐵(0,−1,−1), 𝐶(1,−2,−2) are on the 

line of intersection 

𝐵𝐶⃗⃗⃗⃗⃗⃗ = 〈1,−1,−1〉// line of intersection 

⇒ 𝐵𝐶⃗⃗⃗⃗⃗⃗ = 〈1,−1,−1〉 normal to the required plane 

To find the eq. of the plane we use the point 𝐴(−3,1,1). The 

eq is: 

1𝑥 − 1𝑦 − 1𝑧 = 1(−3) − 1(1) − 1(1) ⇒ −𝑦 − 𝑧 = −5 ⇒ 𝑦 + 𝑧 = 5 

 

Definition 12.5.14: Let 𝑃1 and 𝑃2 be two planes and let �⃗⃗�1 ⊥ 𝑃1 and �⃗⃗�2 ⊥ 𝑃2. 

(1) 𝑃1//𝑃2  ⇔ �⃗⃗�1//�⃗⃗�2 
(2) 𝑃1 and 𝑃2 are intersected (at a line)  ⇔ �⃗⃗�1 and �⃗⃗�2 are not parallel 

 

Rule 12.5.15: Let 𝑃1 and 𝑃2 be two planes and let �⃗⃗�1 ⊥ 𝑃1 and �⃗⃗�2 ⊥ 𝑃2. If 𝑃1 and 𝑃2 are intersected, then 

the angle 𝜃 between 𝑃1 and 𝑃2 is the same angle between �⃗⃗�1 and �⃗⃗�2, that is cos𝜃 =
�⃗⃗�1∙�⃗⃗�2

|�⃗⃗�1||�⃗⃗�2|
  ⇔  𝜃 =

cos−1 (
�⃗⃗�1∙�⃗⃗�2

|�⃗⃗�1||�⃗⃗�2|
) where 0 ≤ 𝜃 ≤

𝜋

2
 

 

Example 12.5.16: Find the angle between the planes 𝑃1: 𝑥 − 𝑦 = 3 and 𝑃2: 𝑥 + 2𝑦 − 𝑧 = 1 

 Solution: �⃗⃗�1 = 〈1,−1,0〉 and �⃗⃗�2 = 〈1,2,−1〉 

cos−1 (
�⃗⃗�1 ∙ �⃗⃗�2
|�⃗⃗�1||�⃗⃗�2|

) = cos−1 (
1 − 2

√2√6
) = cos−1 (

−1

2√3
) ≅ 106.7∘ 

⇒ 𝜃 ≅ 180 − 106.7 = 73.3  ⇒ 𝜃 ≅ 73.3 
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Example 12.5.17: Find all values of 𝑎 (if exist) that make the planes 𝑃1: 4𝑥 + 3𝑎𝑦 − 2𝑧 = 1 and 

𝑃2:
3

2
𝑎𝑥 + 9𝑦 − 3𝑧 = 0:   (1)  perpendicular   (2)  parallel 

Solution: �⃗⃗�1 = 〈4,3𝑎, −2〉 and �⃗⃗�2 = 〈
3

2
𝑎, 9,−3〉 

(1) 𝑃1 perpendicular to 𝑃2  ⇔  �⃗⃗�1 ⊥ �⃗⃗�2 ⇔  �⃗⃗�1 ∙ �⃗⃗�2 = 0   ⇒  4 (
3

2
𝑎) + 3𝑎(9) − 2(−3) = 0 

⇒ 6𝑎 + 27𝑎 + 6 = 0 ⇒ 33𝑎 = −6 ⇒  𝑎 = −
6

33
= −

2

11
  

(2) 𝑃1 and 𝑃2 parallel ⇒ �⃗⃗�1 and �⃗⃗�2 are parallel 

Ratio Method: 

3

2
𝑎

4
=

9

3𝑎
=
−3

−2
  ⇒ {

3

2
𝑎

4
=
−3

−2
 ⇒  

3𝑎

8
=
3

2
 ⇒  𝑎 = 4

9

3𝑎
=
−3

−2
 ⇒ 𝑎 = 2

}  which is impossible 

There is no value of 𝑎 that make 𝑃1 and 𝑃2 parallel 
 

Rule 12.5.18: The distance from the pt 𝐴(𝑥0, 𝑦0, 𝑧0) to the plane 𝑃: 𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 + 𝑑 = 0 is: 

distance =
|𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0 + 𝑑|

√𝑎2 + 𝑏2 + 𝑐2
 

If the distance equals 0, then the point 𝐴 is on the plane. 

 

Example 12.5.19: Find the distance from the pt 𝐴(−1,2,3) to the plane 2𝑥 − 4𝑦 + 𝑧 = 1 

Solution: Eq of the plane 2𝑥 − 4𝑦 + 𝑧 = 1 ⇒  2𝑥 − 4𝑦 + 𝑧 − 1 = 0 

⇒  distance =
|2(−1)−4(2)+3−1|

√(2)2+(−4)2+(1)2
=

|−8|

√21
=

8

√21
 

 

Rule 12.5.20: Let 𝑃1 and 𝑃2 be two planes. 

(1) If 𝑃1 and 𝑃2 are intersected then the distance between 𝑃1 and 𝑃2 is zero 0 

(2) The distance between two parallel planes: 

𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 + 𝑑1 = 0 and 𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 + 𝑑2 = 0  is 

distance =
|𝑑1 − 𝑑2|

√𝑎2 + 𝑏2 + 𝑐2
 

Example 12.5.21:  Find the distance between the given two planes: 

(1) 𝑃1: 𝑥 − 2𝑦 + 𝑧 = 3 and 𝑃2: 2𝑥 − 𝑦 + 2𝑧 = 6 

(2) 𝑃1: 10𝑥 + 2𝑦 − 2𝑧 = 5 and 𝑃2: 5𝑥 + 𝑦 − 𝑧 = 1 

Solution: 

(1) �⃗⃗�1 = 〈1, −2,1〉 and �⃗⃗�2 = 〈2,−1,2〉 ⇒ To check if �⃗⃗�1 and �⃗⃗�2 are parallel or not: 

Ratio Method: 
1

2
,
−2

−1
,
1

2
 are not all equal ⇒ �⃗⃗�1 and �⃗⃗�2 are not parallel 

⇒ 𝑃1 and 𝑃2 are intersected ⇒ distance between 𝑃1 and 𝑃2 is 0 

 

(2) �⃗⃗�1 = 〈10,2,−2〉 and �⃗⃗�2 = 〈5,1,−1〉 ⇒ To check if �⃗⃗�1 and �⃗⃗�2 are parallel or not: 

Ratio Method: 
10

5
,
2

1
,
−2

−1
 are all equal to 2 ⇒ �⃗⃗�1 and �⃗⃗�2 are parallel 

,𝑥نعيد كتابة معالات المستويات لتكون معاملات ) 𝑦, 𝑧:متماثلة ) 
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𝑃1: 10𝑥 + 2𝑦 − 2𝑧 = 5 ⇒ 5𝑥 + 𝑦 − 𝑧 =
5

2
 ⇒ 5𝑥 + 𝑦 − 𝑧 −

5

2
= 0 ……….① 

𝑃2: 5𝑥 + 𝑦 − 𝑧 − 1 = 0……….② 

The distance between 𝑃1 and 𝑃2 is distance(𝐴, 𝑃2) =
|−
5

2
−(−1)|

√(5)2+(1)2+(−1)2
=

|−
3

2
|

√27
=

1

2√3
  

 

Section 12.6: Cylinders and Quadric Surfaces 
 
Definition 12.6.1: Cylinders are surfaces that results (ينتج) by moving a curve in a direction of a fixed 

axis (line). 

 

Example 12.6.2: Each of the following are cylinders: 

(1) 𝑧 = 𝑥2 (we move the curve along the 𝑦-axis) 

(2) 𝑥2 + 𝑦2 = 4 (we move the curve along the 𝑧-axis) 

(3) The plane 𝑥 − 2𝑦 + 𝑧 = 1 (we move line 𝐿 in the plane along a line in the plane perpendicular 

to 𝐿) 

(4) All planes are cylinders ⇒  𝑥 = 3,2𝑥 − 𝑧 = 1, and 2𝑥 + 3𝑦 − 𝑧 = 2 are all cylinders 

Example 12.6.3: Each of the following are not cylinders: 

(1) 𝑥2 − 3 + 𝑧 = 5   (2) 𝑥 + 2𝑦 = cos 𝑧  (3)  𝑧 = 𝑒𝑥 − 3 ln𝑦 

Definition 12.6.4: A quadric surface is the graph of a second-degree equation in the form 

𝐴𝑥2 + 𝐵𝑦2 + 𝐶𝑧2 + 𝐷𝑥𝑦 + 𝐸𝑥𝑧 + 𝐹𝑦𝑧 + 𝐺𝑥 + 𝐻𝑦 + 𝐼𝑧 + 𝐽 = 0, 
where 𝐴, 𝐵, 𝐶, … , 𝐽 are scalars. 

 

Example 12.6.5: Identify (أعط الإسم) the trace of the quadric surface 2𝑥2 + 𝑦2 − 𝑧2 = 16 in the: 

(1) plane 𝑧 = 1  (2) plane 𝑦 = 4   

Solution: (1) Substitute 𝑧 = 1 in the surface ⇒ 2𝑥2 + 𝑦2 − 12 = 16  

⇒ The trace is 2𝑥2 + 𝑦2 = 17 which is an ellipse (قطع ناقص) in the plane 

(2) Substitute 𝑦 = 1 in the surface ⇒ 2𝑥2 + 12 − 𝑧2 = 16  

⇒ The trace is 2𝑥2 − 𝑧2 = 15 which is a hyperbola (قطع زائد) in the plane  

  

Example 12.6.6: Identify the trace of the quadric surface 𝑥2 + 𝑦 + 𝑧2 = 2 in the: 

(1) plane 𝑧 = 1  (2) plane 𝑦 = 1   

Solution: (1) Substitute 𝑧 = 1 in the surface ⇒ 𝑥2 + 𝑦 + 1 = 2  

⇒ The trace is 𝑦 − 1 = −𝑥2 which is a parabola (قطع مكافيء) in the plane 

(2) Substitute 𝑦 = 1 in the surface ⇒ 𝑥2 + 1+ 𝑧2 = 2  

⇒ The trace is 𝑥2 + 𝑧2 = 1 which is a circle (دائرة) in the plane  
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Remark 12.6.7:  

 

 
 

Example 12.6.8: Use traces to sketch the surface  𝑥2 +
𝑦2

9
+
𝑧2

4
= 1. Show the intercepts and give the 

name. 

 

Solution: The surface name is Ellipsoid  

Intercepts: 

𝒙-intercept: 𝑦 = 0, 𝑧 = 0:  𝑥2 +
02

9
+
02

4
= 1⇒ 𝑥2 = 1 ⇒ 𝑥 = 1,−1 

𝒚-intercept: 𝑥 = 0, 𝑧 = 0:  02 +
𝑦2

9
+
02

4
= 1⇒ 𝑦2 = 9 ⇒ 𝑦 = 3,−3 

𝒛-intercept: 𝑥 = 0, 𝑦 = 0:  02 +
02

9
+
𝑧2

4
= 1⇒ 𝑧2 = 4 ⇒ 𝑧 = 2,−2 

 

Example 12.6.9: Classify and sketch each of the following surfaces: 

(1) 𝑥2 + 2𝑧2 − 6𝑥 − 𝑦 + 10 = 0  (2)  𝑥2 + 2𝑧2 − 6𝑥 + 𝑦 + 10 = 0. 

Solution: 

(1) 
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 (2) 

 

 

 

 

 

 

 

 

 

Example 12.6.10: Identify and sketch the surfaces: 

 

(1)  𝑧 = 4𝑥2 + 𝑦2      
 

(2) 
𝑥2

4
+ 𝑦2 − 6𝑦 +

𝑧2

3
= 0. 

 

(3) 
𝑥2

4
− 𝑦 +

𝑧2

4
+ 2𝑧 = 1. 

 

(4) 𝑧2 = 2𝑥2 + 𝑦2 
 

(5) 𝑧2 = 2𝑥2 + 𝑦2 
 

 

 

 

 

 

 

(6) 𝑦2 = 𝑥2 + 4𝑧2 
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(7) 𝑧 = √2𝑥2 + 𝑦2 
 

 

 

 

 

(8) 𝑧 = −√2𝑥2 + 𝑦2 
 

 

 

(9) 2 − 𝑦 = √2𝑥2 + 𝑧2 
 

 

 

 

 

 

(10) 𝑥 − 1 = √(𝑦 − 1)2 + 𝑧2 

 

 

 

 

 

End of Chapter 12 

Study Hard - Good Luck 
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Chapter 13: Vector Functions 
 

Section 13.1: Vector Functions and vector curves 
 

Definition 13.1.1: A vector function, denoted by 𝐫(𝑡), is a function in the variable 𝑡 with domain 𝐴 ⊆
ℝ and its range is the set of vectors: 

𝐫(𝑡) = 〈𝑓(𝑡), 𝑔(𝑡), ℎ(𝑡)〉 = 𝑓(𝑡)𝑖 + 𝑔(𝑡)𝑗 + ℎ(𝑡)𝑘,   𝑡 ∈ 𝐴 

that is 𝐴 = dom 𝐫(𝑡) = dom(𝑓) ∩ dom(𝑔) ∩ dom(ℎ) 

 

Example 13.1.2: Find the domain of 𝐫(𝑡) = 〈
𝑡

𝑡2−1
, ln(3 − 𝑡) , √𝑡〉. 

Solution:  

 
𝑡

𝑡2−1
: ⇒ 𝑡2 − 1 ≠ 0 ⇒ 𝑡 ≠ ±1 ⇒ dom(

𝑡

𝑡2−1
) = (−∞,∞)\{±1}. 

 ln(3 − 𝑡): ⇒ 3 − 𝑡 > 0 ⇒ 𝑡 < 3 ⇒ dom(ln(3 − 𝑡)) = (−∞, 3) 

 √𝑡: ⇒ 𝑡 ≥ 0 ⇒ dom(√𝑡) = [0,∞) 

⇒dom 𝐫(𝑡) = dom(
𝑡

𝑡2−1
) ∩ dom(ln(3 − 𝑡)) ∩ dom(√𝑡) ⇒dom 𝐫(𝑡) = [0,1) ∪ (1,3). 

 

Geometrically 13.1.3: The vector function: 

𝐫(𝑡) = 〈𝑓(𝑡), 𝑔(𝑡), ℎ(𝑡)〉 

Defines a vector curve 𝐶 traced out by the tip of the moving 

vector 𝐫(𝑡). The direction of 𝐶 is as the direction of the 

moving tip when 𝑡 increases as shown in the figure. The 

vector 𝐫(𝑡) is called the position vector. The parametric eqs 

of 𝐶 are: 𝑥 = 𝑓(𝑡), 𝑦 = 𝑔(𝑡), 𝑧 = ℎ(𝑡) 

 

 

Example 13.1.4: Sketch the curve and show the direction for each of the following vector functions: 

(1) 𝐫(𝑡) = 〈1 + 𝑡, 3 − 4𝑡, −2 + 5𝑡〉  (2)  𝐫(𝑡) = cos 𝑡 𝐢 + sin 𝑡 𝐣 + 𝑡𝐤 

(3) 𝐫(𝑡) = 〈1 + 4 sin 𝑡 , 3 cos 𝑡〉  (4) 𝐫(𝑡) = 〈𝑡, sin 𝑡〉 
 

Solution: 

(1) 𝐫(𝑡) = 〈1 + 𝑡, 3 − 4𝑡,−2 + 5𝑡〉 ⇒ 𝑥 = 1 + 𝑡, 𝑦 = 3 − 4𝑡, 𝑧 = −2 + 5𝑡  
⇒ The curve is a line in 3D 

To determine direction: Find 2 pts on the curve 

 𝑡 = 0 ⇒ 𝑥 = 1, 𝑦 = 3, 𝑧 = −2 ⇒ 𝑃(1,3,−2) 
 𝑡 = 1 ⇒ 𝑥 = 2, 𝑦 = −1, 𝑧 = 3 ⇒ 𝑄(2,−1,3) 
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(2)  𝐫(𝑡) = cos 𝑡 𝐢 + sin 𝑡 𝐣 + 𝑡𝐤 ⇒ 𝑥 = cos 𝑡 , 𝑦 = sin 𝑡 , 𝑧 = 𝑡 
⇒ 𝑥2 + 𝑦2 = cos2 𝑡 + sin2 𝑡 = 1  

the curve lies on the circular cylinder 𝑥2 + 𝑦2 = 1 

Since 𝑧 = 𝑡, the curve spirals upward around the cylinder as t increases. 

This curve is called a helix. 

To determine direction: Find 2 pts on the curve 

 𝑡 = 0 ⇒ 𝑥 = cos0 = 1, 𝑦 = sin 0 = 0, 𝑧 = 0 ⇒ 𝑃(1,0,0) 

 𝑡 =
𝜋

2
 ⇒ 𝑥 = cos

𝜋

2
= 0, 𝑦 = sin

𝜋

2
= 1, 𝑧 =

𝜋

2
 ⇒ 𝑄 (0,1,

𝜋

2
) 

 

(3) 𝐫(𝑡) = 〈1 + 4 sin 𝑡 , 3 cos 𝑡〉 ⇒  𝑥 = 1 + 4 sin 𝑡 , 𝑦 = 3 cos 𝑡  

⇒ sin 𝑡 =
𝑥−1

4
 and cos 𝑡 =

𝑦

3
 

cos2 𝑡 + sin2 𝑡 = 1 ⇒ 
(𝑥−1)2

16
+
𝑦2

9
= 1 (Ellipse) 

To determine direction: Find 2 pts on the curve 

 𝑡 = 0 ⇒ 𝑥 = 1 + 4sin 0 = 1, 𝑦 = 3 cos 0 = 3 ⇒ 𝑃(1,3) 

 𝑡 =
𝜋

2
 ⇒ 𝑥 = 1 + 4 sin

𝜋

2
= 5, 𝑦 = 3 cos

𝜋

2
= 0 ⇒ 𝑄(5,0) 

 

 
(4) 𝐫(𝑡) = 〈𝑡, sin 𝑡〉 ⇒  𝑥 = 𝑡, 𝑦 = sin 𝑡 ⇒ 𝑦 = sin 𝑥 

To determine direction: Find 2 pts on the curve 

 𝑡 = 0 ⇒ 𝑥 = 0, 𝑦 = sin 0 = 0 ⇒ 𝑃(0,0) 

 𝑡 =
𝜋

2
 ⇒ 𝑥 =

𝜋

2
, 𝑦 = sin

𝜋

2
= 1 ⇒ 𝑄 (

𝜋

2
, 1) 

 

 

Exercise 13.1.5:  Sketch the curve defined by the vector functions  

(1) 𝐫(𝑡) = 〈1 −
1

2
cos 𝑡 , 4𝑡, 3 + 2sin 𝑡〉. 

(2) 𝐫(𝑡) = 〈𝑡, 5 − 𝑡2〉. 
 
 

Remark 13.1.6: In general, the curve defined by the vector function 

𝐫(𝑡) = 〈𝑎 + 𝑏 cos 𝑡 , 𝑐 + 𝑑 sin 𝑡 , 𝑒𝑡〉 
is called a Helix. When 𝑏 = 𝑑 it is called a circular Helix. 

 

Example 13.1.7: Find a vector function that represents the curve of intersection of the two surfaces: 

(1) 9(𝑥 − 1)2 + 2𝑦2 = 36, 𝑧 = 𝑥𝑦 

(2) 𝑥2 + 𝑧2 = 1, 𝑦 = 𝑥2 − 𝑧2 

Solution:  

(1) 9(𝑥 − 1)2 + 2𝑦2 = 36 ⇒ 
(𝑥−1)2

4
+
𝑦2

18
= 1 ⇒  (

𝑥−1

2
)
2

+ (
𝑦

√18
)
2

= 1 

Let 
𝑥−1

2
= cos 𝑡 ,

𝑦

√18
= sin 𝑡 ⇒  𝑥 = 1 + 2 cos 𝑡 , 𝑦 = √18 sin 𝑡  ⇒ 𝑦 = 3√2sin 𝑡 

𝑧 = 𝑥𝑦 = (1 + 2 cos 𝑡)(3√2 sin 𝑡) = 3√2 sin 𝑡 + 6√2cos 𝑡 sin 𝑡 = 3√2sin 𝑡 + 2√2sin(2𝑡) 

The vector function is 𝐫(𝑡) = 〈1 + 2 cos 𝑡 , 3√2sin 𝑡 , 3√2sin 𝑡 + 2√2 sin(2𝑡)〉 
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(2) 𝑥2 + 𝑧2 = 1 ⇒ 𝑥 = sin 𝑡 , 𝑧 = cos 𝑡 

𝑦 = 𝑥2 − 𝑧2 = sin2 𝑡 −cos2 𝑡 = −(cos2 𝑡 −sin2 𝑡) = − cos(2𝑡)  

The vector function is 𝐫(𝑡) = sin 𝑡 𝐢 − cos(2𝑡)𝐣 + cos 𝑡 𝐤 

 

Example 13.1.8: Find a surface on which the vector curve lies on: 

(1) 𝐫(𝑡) = 〈cos 𝑡 , sin 𝑡 , 𝑡〉  (2)  𝐫(𝑡) = 〈𝑡 cos 𝑡 , 𝑡 sin 𝑡 , 𝑡〉 

(3) 𝐫(𝑡) = 〈𝑒𝑡, 𝑡2 + 2𝑒2𝑡, 𝑡〉  (4)  𝐫(𝑡) = 〈cos 𝑡 , sin 𝑡 ,− cos 𝑡〉 

Solution:  

(1) 𝑥 = cos 𝑡 , 𝑦 = sin 𝑡 , 𝑧 = 𝑡  
⇒ cos2 𝑡 + sin2 𝑡 = 1 ⇒  𝑥2 + 𝑦2 = 1 ⇒ The curve lies on a cylinder 

(2) 𝑥 = 𝑡 cos 𝑡 , 𝑦 = 𝑡 sin 𝑡 , 𝑧 = 𝑡 

cos2 𝑡 + sin2 𝑡 = 1 ⇒  
𝑥2

𝑡2
+
𝑦2

𝑡2
= 1 ⇒ 𝑥2 + 𝑦2 = 𝑡2 ⇒ 𝑥2 + 𝑦2 = 𝑧2  

⇒ 𝑧2 = 𝑥2 + 𝑦2 ⇒ The curve lies on a cone 

(3) 𝑥 = 𝑒𝑡, 𝑦 = 𝑡2 + 2𝑒2𝑡, 𝑧 = 𝑡 ⇒ 𝑦 = 𝑧2 + 2𝑥2 ⇒ The curve lies on a paraboloid 

(4) 𝑥 = cos 𝑡 , 𝑦 = sin 𝑡 , 𝑧 = −cos 𝑡 ⇒ 𝑧 = −𝑥 ⇒ The curve lies on a plane 

Also, since cos2 𝑡 + sin2 𝑡 = 1 ⇒  𝑥2 + 𝑦2 = 1 ⇒ The curve lies on a cylinder 

 

Remark 13.1.9: A vector function for the line segment (القطعة المستقيمة) from the pt 𝑃 to the pt 𝑄 is  

𝐫(𝑡) = 〈(1 − 𝑡)𝑃 + 𝑡𝑄〉, where 0 ≤ 𝑡 ≤ 1. 

Example 13.1.10: Find a vector function for the line segment from the pt (1,0,2) to the pt (2,3,1). 

Solution: 𝐫(𝑡) = 〈(1 − 𝑡)𝑃 + 𝑡𝑄〉, where 0 ≤ 𝑡 ≤ 1  

⇒ 𝐫(𝑡) = 〈(1 − 𝑡)(1,0,2) + 𝑡(2,3,1)〉 = 〈1 + 𝑡, 3𝑡, 2 − 𝑡〉, where 0 ≤ 𝑡 ≤ 1 

 

Rule 13.1.11: The vector function 𝐫(𝑡) is continuous at 𝑡 = 𝑎 ⇔ {
①: 𝑎 ∈ dom(𝐫(𝑡))

②: lim
𝑡→𝑎
𝐫(𝑡) = 𝐫(𝑎)

} 

 

Example 13.1.12: Find where the vector function 𝐫(𝑡) = 〈
𝑡

tan(𝑡)
,
1

𝑡−1
, ln(𝑡)〉 is continuous. 

Solution: 𝑟(𝑡) is continuous on its domain 

 
𝑡

tan(𝑡)
=

𝑡

tan(𝑡)
 is continuous on: ℝ\ ({0,±𝜋, ±2𝜋,… } ∪ {±

𝜋

2
, ±

3𝜋

2
, ±

5𝜋

2
, … }) 

 
1

𝑡−1
 is continuous on: ℝ\{1} 

 ln(𝑡) is continuous on: (0,∞). 

⇒ 𝐫(𝑡) is continuous on its dom(𝐫(𝑡)) = (0,∞)\ {1,
𝜋

2
, 𝜋,

3𝜋

2
, 2𝜋,

5𝜋

2
, 3𝜋, … } 
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Section 13.2: Derivative and Integral of Vector Functions 
 

Definition 13.2.1: Let 𝐫(𝑡) be a smooth curve. Then the derivative of  𝐫(𝑡) is defined by: 

𝑑𝐫

𝑑𝑡
= lim
ℎ→0

 𝐫(𝑡 + ℎ) −  𝐫(𝑡)

ℎ
 

If the limit exists. The derivative 
𝑑𝐫

𝑑𝑡
 is written as 

𝑑𝐫

𝑑𝑡
= 𝐫′(𝑡). 

Moreover, if 𝐫(𝑡) = 〈𝑓(𝑡), 𝑔(𝑡), ℎ(𝑡)〉 is a smooth curve, then 𝐫′(𝑡) = 〈𝑓′(𝑡), 𝑔′(𝑡), ℎ′(𝑡)〉 
 

Geometrically 13.2.2: Let 𝐶 be the curve defined by the vector function 𝐫(𝑡) at a pt 𝑃 on the curve 𝐶.  

(1) 𝐫′(𝑡) is a tangent vector to the curve 𝐶 at 𝑃 points in the direction of increasing 𝑡.  

(2) The vector 𝐫′(𝒕) is called the tangent vector to 𝐫(𝑡) at the pt 𝑃. 

(3) The unit tangent vector to the curve is given by 𝐓(𝑡) =
𝐫′(𝑡)

|𝐫′(𝑡)|
 

The tangent line to the curve 𝐶 at the pt 𝑃 is the line parallel to the tangent vector 𝐫(𝑡). 

 

Example 13.2.3:  For the curve 𝐫(𝑡) = √𝑡𝐢 + (2 − 𝑡)𝐣, find  𝐫′(𝑡) and sketch the position vectors 

 𝐫(1) and 𝐫′(1) 

Solution:  𝐫′(𝑡) =
𝐢

2√𝑡
− 𝐣. To sketch 𝐫(1) and 𝐫′(1): First we need to sketch 

the curve 𝐫(𝑡) = √𝑡𝐢 + (2 − 𝑡)𝐣   (We are in 2D) 

⇒ 𝑥 = √𝑡, 𝑦 = 2 − 𝑡 ⇒  𝑡 = 𝑥2 ⇒ 𝑦 = 2 − 𝑥2 is a parabola 

𝐫(1) = 𝐢 + 𝐣 = 〈1,1〉 and 𝐫′(1) =
𝐢

2
− 𝐣 = 〈

1

2
, −1〉 

 

Example 13.2.4: Find a tangent vector and a unit tangent vector to the curve: 

𝐫(𝑡) = 〈1 + 𝑡3, ln 𝑡 , sin(𝜋𝑡)〉  
(1)  at 𝑡 = 1   (2) at the point 𝐴(9, ln 2 , 0) 

Solution: (1) 𝐫′(𝑡) = 〈3𝑡2,
1

𝑡
, 𝜋 cos(𝜋𝑡)〉 ⇒  𝐫′(1) = 〈3,1,−𝜋〉 is a tangent vector to 𝐫(𝑡) 

The unit tangent vector is 𝐓(1) =
𝐫′(1)

|𝐫′(1)|
=

〈3,1,−𝜋〉

√10+𝜋2
 

(2) At 𝐴(9, ln 2 , 0) we have to find the value of 𝑡: 
𝐴(9, ln2 , 0): 𝑥 = 9, 𝑦 = ln 2 , 𝑧 = 0 ⇒ 1 + 𝑡3 = 9, ln 𝑡 = ln2 , sin(𝜋𝑡) = 0 ⇒ 𝑡 = 2 

𝐫′(2) = 〈12,
1

2
, 𝜋〉 is a tangent line ⇒ The unit tangent vector is 𝐓(2) =

𝐫′(2)

|𝐫′(2)|
=

〈12,
1

2
,𝜋〉

√144.25+𝜋2
 

 

Example 13.2.5: Find all unit vectors parallel to the tangent line to the parabola 𝑦 = 𝑥2 at the point 

(2,4). 
Solution:  

Step 1: We write the curve 𝑦 = 𝑥2 in parametric form: Let 𝑥 = 𝑡 ⇒ 𝑦 = 𝑡2 

⇒ the curve is 𝐫(𝑡) = 〈𝑡, 𝑡2〉 ⇒ 𝐫′(𝑡) = 〈1,2𝑡〉 
Step 2: We find the value of 𝑡 at the pt (2,4): 𝑥 = 2, 𝑦 = 4 but 𝑥 = 𝑡, 𝑦 = 𝑡2 ⇒ 𝑡 = 2 

Step 3: A vector parallel to the curve at (2,4) is 𝐫′(2) = 〈1,4〉 

The unit vectors are ±
𝐫′(2)

|𝐫′(2)|
= ±

〈1,4〉

√17
= ± 〈

1

√17
,
4

√17
〉 
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Example 13.2.6: Find parametric equations of the tangent line to the curve: 

𝑥 = 2 cos 𝑡 , 𝑦 = sin 𝑡 , 𝑧 = 𝑡 at the pt 𝐴 (0,1,
𝜋

2
). 

Solution:   

 First we write the vector function of the curve: 𝐫(𝑡) = 〈2 cos 𝑡 , sin 𝑡 , 𝑡〉 
⇒ 𝐫′(𝑡) = 〈−2 sin 𝑡 , cos 𝑡 , 1〉 

 Second we have to find the value of 𝑡 at the pt 𝐴 (0,1,
𝜋

2
): 

𝑥 = 0, 𝑦 = 1, 𝑧 =
𝜋

2
 but 𝑥 = 2 cos 𝑡 , 𝑦 = sin 𝑡 , 𝑧 = 𝑡 ⇒ 𝑡 =

𝜋

2
 

A vector parallel to the line is: 𝐫′ (
𝜋

2
) = 〈−2 sin (

𝜋

2
) , cos (

𝜋

2
) , 1〉 = 〈−2,0,1〉 

Parametric equations of the tangent line are: 

𝑥 = 0 + (−2)𝑡, 𝑦 = 1 + 0𝑡, 𝑧 =
𝜋

2
+ 1𝑡 ⇒  𝑥 = −2𝑡, 𝑦 = 1, 𝑧 =

𝜋

2
+ 𝑡 

 

Properties 13.2.7: Let 𝐮(𝑡), 𝐯(𝑡) be vector functions, 𝑓(𝑡) is a function and 𝑎, 𝑏 are scalars. Then 

(1)  
𝑑

𝑑𝑡
(𝑎𝐮(𝑡) + 𝑏𝐯(𝑡)) = 𝑎𝐮′(𝑡) + 𝑏𝐯′(𝑡) 

(2) 
𝑑

𝑑𝑡
(𝐮(𝑡) ∙ 𝒗(𝑡)) = 𝒖(𝑡) ∙ 𝒗′(𝑡) + 𝒖′(𝑡) ∙ 𝒗(𝑡) 

(3) 
𝑑

𝑑𝑡
(𝒖(𝑡) × 𝒗(𝑡)) = 𝒖(𝑡) × 𝒗′(𝑡) + 𝒖′(𝑡) × 𝒗(𝑡) 

(4) (Chain Rule): 
𝑑

𝑑𝑡
(𝒖(𝑓(𝑡))) = 𝑓′(𝑡)𝒖′(𝑓(𝑡)) 

Example 13.2.8:  

(1) Show that 
𝑑

𝑑𝑡
(𝐫(𝑡) × 𝐫′(𝑡)) = 𝐫(𝑡) × 𝐫′′(𝑡). 

(2) Let 𝐫(𝑡) be a smooth curve such that |𝐫(𝑡)| = 𝐶 (constant for all 𝑡). Show that 𝐫(𝑡) is 

orthogonal to 𝐫′(𝑡) for all 𝑡 

Proof:  

(1) 
𝑑

𝑑𝑡
(𝐫(𝑡) × 𝐫′(𝑡)) = 𝐫(𝑡) × 𝐫′′(𝑡) + 𝐫′(𝑡) × 𝐫′(𝑡)⏟        

=𝟎

= 𝐫(𝑡) × 𝐫′′(𝑡) 

(2) |𝐫(𝑡)| = 𝐶 ⇒ |𝐫(𝑡)|2 = 𝐶2 ⇒  𝐫(𝑡) ∙ 𝐫(𝑡) = 𝐶2 ⇒  
𝑑

𝑑𝑡
(𝐫(𝑡) ∙ 𝐫(𝑡)) =

𝑑

𝑑𝑡
(𝐶2) 

⇒  𝐫(𝑡) ∙ 𝐫′(𝑡) + 𝐫′(𝑡) ∙ 𝐫(𝑡) = 0 ⇒ 2𝐫(𝑡) ∙ 𝐫′(𝑡) = 0  ⇒ 𝐫(𝑡) ∙ 𝐫′(𝑡) = 0 

⇒  𝐫(𝑡) ⊥ 𝐫′(𝑡) 

Rule 13.2.9: Let 𝐫(𝑡) = 〈𝑓(𝑡), 𝑔(𝑡), ℎ(𝑡)〉. Then ∫ 𝐫(𝑡)
𝑏

𝑎
𝑑𝑡 = 〈∫ 𝑓(𝑡)

𝑏

𝑎
𝑑𝑡, ∫ 𝑔(𝑡)

𝑏

𝑎
𝑑𝑡, ∫ ℎ(𝑡)

𝑏

𝑎
𝑑𝑡〉 

Example 13.2.10: Let 𝐫(𝑡) = 2 cos 𝑡 𝐢 + sin 𝑡 𝐣 + 2𝑡𝐤. Then 

(1) ∫ 𝐫(𝑡)𝑑𝑡 = (∫ 2 cos 𝑡 𝑑𝑡)𝐢 + (∫ sin 𝑡 𝑑𝑡)𝐣 + (∫2𝑡 𝑑𝑡)𝐤 

= (2 sin 𝑡 + c1)𝐢 + (−cos 𝑡 + c2)𝐣 + (𝑡
2 + c3)𝐤 

= 2 sin 𝑡 𝐢 − cos 𝑡 𝐣 + 𝑡2𝐤 + 𝐂, where 𝐂 is a vector constant of integration 

(2) ∫ 𝐫(𝑡)
𝜋/2

0
𝑑𝑡 = (∫ 2 cos 𝑡

𝜋

2
0

𝑑𝑡) 𝐢 + (∫ sin 𝑡
𝜋

2
0

𝑑𝑡) 𝐣 + (∫ 2𝑡
𝜋

2
0

𝑑𝑡) 𝐤 

= 2 sin 𝑡⟧0
𝜋/2
𝐢 − cos 𝑡⟧0

𝜋/2
𝐣 + 𝑡2⟧0

𝜋/2
𝐤 

= 2(sin (
𝜋

2
) − sin 0)𝐢 − ( cos (

𝜋

2
) − cos0)𝐣 + ((

𝜋

2
)
2

− 0)𝐤 = 2𝐢 + 𝐣 +
𝜋2

4
𝐤 
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Section 13.3: Arc length and Curvature (طول القوس والإنحناء) 
 

Definition 13.3.1: The arc length (طول القوس) of the curve 𝐫(𝑡), 𝑎 ≤ 𝑡 ≤ 𝑏 is 𝐿 = ∫ |𝐫′(𝑡)|
𝑏

𝑎
𝑑𝑡 

 

Example 13.3.2: Find the arc length of the helix 𝐫(𝑡) = 4 cos 𝑡 𝐢 + 𝑡𝐣 + 4 sin 𝑡 𝐤 from the pt 𝐴(4,0,0) 

to the pt 𝐵 (0,
𝜋

2
, 4) 

Solution:  

Step 1: 𝐫′(𝑡) = 〈−4 sin 𝑡 , 1,4 cos 𝑡〉  

⇒ |𝐫′(𝑡)| = √16 sin2 𝑡 + 1 + 16 cos2 𝑡 = √1 + 16(sin2 𝑡 + cos2 𝑡) = √17 

Step 2: We find the values of 𝑡 at the pts 𝐴 and 𝐵: 

 𝐴(4,0,0) ⇒ 𝑥 = 4, 𝑦 = 0, 𝑧 = 0 but 𝑥 = 4 cos 𝑡 , 𝑦 = 𝑡, 𝑧 = 4 sin 𝑡 ⇒ 𝑡 = 0 

 𝐵 (0,
𝜋

2
, 4) ⇒ 𝑥 = 0, 𝑦 =

𝜋

2
, 𝑧 = 4 but 𝑥 = 4 cos 𝑡 , 𝑦 = 𝑡, 𝑧 = 4 sin 𝑡 ⇒ 𝑡 =

𝜋

2
 

⇒  0 ≤ 𝑡 ≤
𝜋

2
 

Step 3: 𝐿 = ∫ |𝐫′(𝑡)|
𝜋

2
0

𝑑𝑡 = ∫ √17
𝜋

2
0

𝑑𝑡 =
𝜋√17

2
 

Example 13.3.3: Find the arc length of the following curves: 

(1) 𝐫(𝑡) = cos 𝑡 𝑖 + sin 𝑡 𝑗 + ln(cos 𝑡) ,
3𝜋

4
≤ 𝑡 ≤ 𝜋 

(2) 𝐫(𝑡) = 4 cos 𝑡 𝐢 + 𝑡𝐣 + 4 sin 𝑡 𝐤 from the pt 𝐴(4,0,0) to the pt 𝐵 (0,
𝜋

2
, 4) 

(3) 𝐫(𝑡) = 〈2𝑡, 𝑡2,
𝑡3

3
〉 , 0 ≤ 𝑡 ≤ 1 

(4) 𝐫(𝑡) = 〈√2 𝑡, 𝑒𝑡, 𝑒−𝑡〉, 0 ≤ 𝑡 ≤ 2 

Solution:  

(1) Step 1: 𝐫′(𝑡) = 〈−sin 𝑡 , cos 𝑡 ,
− sin 𝑡

cos 𝑡
〉 = 〈− sin 𝑡 , cos 𝑡 , − tan 𝑡〉   

⇒ |𝐫′(𝑡)| = √sin2 𝑡 + cos2 𝑡 + tan2 𝑡 = √1 + tan2 𝑡 = √sec2 𝑡 = |sec 𝑡| 

Step 2: 𝐿 = ∫ |𝐫′(𝑡)|
𝜋
3𝜋

4

𝑑𝑡 = ∫ |sec 𝑡|
𝜋
3𝜋

4

𝑑𝑡 = −∫ sec 𝑡
𝜋
3𝜋

4

𝑑𝑡 = −ln|sec 𝑡 + tan 𝑡|⟧3𝜋
4

𝜋  

= −[ln|−1 + 0| − ln|−√2 + (−1)|] = ln(√2 + 1) 

(2) Step 1: 𝐫′(𝑡) = 〈−4 sin 𝑡 , 1,4 cos 𝑡〉  

⇒ |𝐫′(𝑡)| = √16 sin2 𝑡 + 1 + 16 cos2 𝑡 = √1 + 16(sin2 𝑡 + cos2 𝑡) = √17 

Step 2: Find the values of 𝑡 at the pts 𝐴 and 𝐵: 

 𝐴(4,0,0) ⇒ 𝑥 = 4, 𝑦 = 0, 𝑧 = 0 but 𝑥 = 4 cos 𝑡 , 𝑦 = 𝑡, 𝑧 = 4 sin 𝑡 ⇒ 𝑡 = 0 

 𝐵 (0,
𝜋

2
, 4) ⇒ 𝑥 = 0, 𝑦 =

𝜋

2
, 𝑧 = 4 but 𝑥 = 4 cos 𝑡 , 𝑦 = 𝑡, 𝑧 = 4 sin 𝑡 ⇒ 𝑡 =

𝜋

2
 

⇒  0 ≤ 𝑡 ≤
𝜋

2
 

Step 3: 𝐿 = ∫ |𝐫′(𝑡)|
𝜋

2
0

𝑑𝑡 = ∫ √17
𝜋

2
0

𝑑𝑡 =
𝜋√17

2
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(3) Step 1: 𝐫′(𝑡) = 〈2,2𝑡, 𝑡2〉  ⇒ |𝐫′(𝑡)| = √4 + 4𝑡2 + 𝑡4 = √(𝑡2 + 2)2 = 𝑡2 + 2 

Step 2: 𝐿 = ∫ |𝐫′(𝑡)|
1

0
𝑑𝑡 = ∫ (𝑡2 + 2)

1

0
𝑑𝑡 =

𝑡3

3
+ 2𝑡⟧

0

1

= (
1

3
+ 2) − (0) =

7

2
 

(4) Step1: 𝐫′(𝑡) = 〈2,2𝑡, 𝑡2〉  ⇒ |𝐫′(𝑡)| = √4 + 4𝑡2 + 𝑡4 = √(𝑡2 + 2)2 = 𝑡2 + 2 

Step 2: 𝐿 = ∫ |𝐫′(𝑡)|
1

0
𝑑𝑡 = ∫ (𝑡2 + 2)

1

0
𝑑𝑡 =

𝑡3

3
+ 2𝑡⟧

0

1

= (
1

3
+ 2) − (0) =

7

3
 

(5) Step 1: 𝐫′(𝑡) = 〈√2, 𝑒𝑡, −𝑒−𝑡〉  

⇒ |𝐫′(𝑡)| = √2 + (𝑒𝑡)2 + (−𝑒−𝑡)2 = √2 + 𝑒2𝑡 + 𝑒−2𝑡 

= √𝑒−2𝑡(2𝑒2𝑡 + 𝑒4𝑡 + 1) = √𝑒−2𝑡√𝑒4𝑡 + 2𝑒2𝑡 + 1 

= 𝑒−𝑡√(𝑒2𝑡 + 1)2 = 𝑒−𝑡(𝑒2𝑡 + 1) = 𝑒𝑡 + 𝑒−𝑡 

Step 2: 𝐿 = ∫ |𝐫′(𝑡)|
2

0
𝑑𝑡 = ∫ (𝑒𝑡 + 𝑒−𝑡)

2

0
𝑑𝑡 = 𝑒𝑡 +

𝑒−𝑡

−1
⟧
0

2

= (𝑒2 − 𝑒−2) − (1 − 1) = 𝑒2 − 𝑒−2 

Exercise 13.3.4: Find the arc length (or the length of the arc) of the following curves: 

(1) 𝐫(𝑡) = 𝒊 + 𝑡2𝐣 + 𝑡3𝐤, 0 ≤ 𝑡 ≤ 1 

(2) 𝐫(𝑡) = 12𝑡𝐢 + 8𝑡3/2𝐣 + 3𝑡2𝐤, 0 ≤ 𝑡 ≤ 4 

Example 13.3.5: Find the arc length of the curve of intersection of the parabolic cylinder 𝑥2 = 2𝑦 and 

the surface 3𝑧 = 𝑥𝑦 from the origin to the pt 𝐴(6,18,36) 

Solution: First we parametrize the curve: 𝑦 =
𝑥2

2
 and 𝑧 =

𝑥𝑦

3
 

Let 𝑥 = 𝑡 ⇒ 𝑦 =
𝑡2

2
 and 𝑧 =

𝑡(𝑡2)

6
=
𝑡3

6
 ⇒ 𝐫(𝑡) = 〈𝑡,

𝑡2

2
,
𝑡3

6
〉 ⇒ 𝐫′(𝑡) = 〈1, 𝑡,

𝑡2

2
〉 

 

 

Definition 13.3.6:  

(1) The curvature (الإنحناء) of a curve 𝐫(𝑡) is defined by 𝜅(𝑡) =
|𝐫′(𝑡)×𝐫′′(𝑡)|

|𝐫′(𝑡)|3
 

(2) The curvature of a curve 𝑦 = 𝑓(𝑥) (a curve in the plane) is defined by 𝜅(𝑥) =
|𝑓′′(𝑥)|

[1+(𝑓′(𝑥))
2
]
3/2 

Example 13.3.7:  

(1) Find the curvature of the curve 𝐫(𝑡) = 〈𝑡, 𝑡2, 𝑡3〉  

(2) Find the curvature of the curve 𝐫(𝑡) = 〈𝑡2 − 𝑡 + 1, ln(1 − 𝑡) , (1 − 𝑡) ln(1 − 𝑡)〉 at the point 

(1,0,0) 

(3) Find the curvature of the curve with parametric equations 𝑥 = sin 𝑡 , 𝑦 = cos 𝑡,  𝑧 = sin 5𝑡 at the 

point 𝐴(0,1,0). 

(4) Find the curvature of the parabola 𝑦 = 1 − 𝑥2 at the point (2,−3). 
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Solution: 

(1) 𝐫′(𝑡) = 〈1,2𝑡, 3𝑡2〉 ⇒ 𝐫′′(𝑡) = 〈0,2,6𝑡〉 

|𝐫′(𝑡)| = √1 + 4𝑡2 + 9𝑡4 and |𝐫′′(𝑡)| = √4 + 36𝑡2 

𝜅(𝑡) =
|𝐫′(𝑡) × 𝐫′′(𝑡)|

|𝐫′(𝑡)|3
=
√|𝐫′(𝑡)|2|𝐫′′(𝑡)|2 − (𝐫′(𝑡) ∙ 𝐫′′(𝑡))

2

|𝐫′(𝑡)|3
 

=
√(1 + 4𝑡2 + 9𝑡4)(4 + 36𝑡2) − (4𝑡 + 18𝑡3)2

(1 + 4𝑡2 + 9𝑡4)3/2
 

(2) 𝐫(𝑡) = 〈𝑡2 − 𝑡 + 1, ln(1 − 𝑡) , (1 − 𝑡) ln(1 − 𝑡)〉 at the point (1,0,0) 

 𝑡2 − 𝑡 + 1 = 1 ⇒ 𝑡2 − 𝑡 = 0 ⇒ 𝑡(𝑡 − 1) = 0 ⇒ 𝑡 = 0 or 𝑡 = 1. 

but ln(1 − 𝑡) is undefined at 𝑡 = 1. So, we must have 𝑡 = 0. 

 𝐫′(𝑡) = 〈2𝑡, −
1

1−𝑡
, −1 − ln(1 − 𝑡)〉 ⇒ 𝐫′(0) = 〈0,−1,−1〉 

 𝐫′′(𝑡) = 〈2,
1

(1−𝑡)2
,
1

1−𝑡
〉 ⇒ 𝐫′′(0) = 〈2,1,1〉 

 |𝐫′(0)| = √2, |𝐫′′(0)| = √6 and 𝐫′(0) ∙ 𝐫′′(0) = −2 

 𝜅(0) =
|𝐫′(0)×𝐫′′(0)|

|𝐫′(0)|3
=

√|𝐫′(0)|2|𝐫′′(0)|2−(𝐫′(0)∙𝐫′′(0))
2

|𝐫′(0)|3
 

=
√2(6) − (−2)2

(2)3/2
=
√8

2√2
=
2√2

2√2
= 1 

(3) 𝐫(𝑡) = 〈sin 𝑡 , cos 𝑡, sin 5𝑡〉  

 At the pt 𝐴(0,1,0) ⇒ sin 𝑡 = 0, cos 𝑡 = 1, sin 5𝑡 = 0 ⇒ 𝑡 = 0 

 𝐫′(𝑡) = 〈cos 𝑡 , − sin 𝑡 , 5 cos 𝑡〉 ⇒ 𝐫′(0) = 〈1,0,5〉 

 𝐫′′(𝑡) = 〈− sin 𝑡 ,− cos 𝑡 ,−25sin 𝑡〉 ⇒ 𝐫′′(0) = 〈0,−1,0〉 

 |𝐫′(0)| = √26, |𝐫′′(0)| = √1 and 𝐫′(0) ∙ 𝐫′′(0) = 0 

 𝜅(0) =
|𝐫′(0)×𝐫′′(0)|

|𝐫′(0)|3
=

√|𝐫′(0)|2|𝐫′′(0)|2−(𝐫′(0)∙𝐫′′(0))
2

|𝐫′(0)|3
=

√26

(26)3/2
=

1

26
 

(4) 𝑓(𝑥) = 1 − 𝑥2 at the pt (2,−3) ⇒ 𝑥 = 2, 𝑓′(𝑥) = −2𝑥 and 𝑓′′(𝑥) = −2  

⇒  𝑓′(2) = −4 and 𝑓′′(2) = −2. 

⇒ 𝜅(2) =
|𝑓′′(2)|

[1+(𝑓′(2))
2
]
3/2 =

|−2|

[1+(−4)2]3/2
=

2

(17)3/2
=

2

17√17
 

Example 13.3.8:  

(1) Find the curvature of the curve with parametric equations 𝑥 = sin 𝑡 , 𝑦 = cos 𝑡,  𝑧 = sin 5𝑡 at the 

point 𝐴(0,1,0). 

(2) Find the curvature of each of the following curves: (a) 𝑦 = tan 𝑥       (b) 𝑦 = 𝑥𝑒𝑥  

(3) Find the curvature of the parabola 𝑦 = 1 − 𝑥2 at the point (2,−3). 
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Example 13.3.9:  

(1) Show that the curvature of any line is zero. 

(2) Show that the curvature of any circle of radius 𝑎 is 
1

𝑎
. 

Proof:  

(1) First we give a vector function of the line in 3D: 

𝑥 = 𝑥0 + 𝑎𝑡, 𝑦 = 𝑦0 + 𝑏𝑡, 𝑧 = 𝑧0 + 𝑐𝑡, 𝑡0 ≤ 𝑡 ≤ 𝑡1 
Let 𝐫(𝑡) = 〈𝑥0 + 𝑎𝑡, 𝑦0 + 𝑏𝑡, 𝑧0 + 𝑐𝑡〉  ⇒ 𝐫′(𝑡) = 〈𝑎, 𝑏, 𝑐〉 ⇒ 𝐫′′(𝑡) = 〈0,0,0〉 

𝜅(𝑡) =
|𝐫′(𝑡) × 𝐫′′(𝑡)|

|𝐫′(𝑡)|3
=
√|𝐫′(𝑡)|2|𝐫′′(𝑡)|2 − (𝐫′(𝑡) ∙ 𝐫′′(𝑡))

2

|𝐫′(𝑡)|3
 

=
|𝐫′(𝑡) × 𝐫′′(𝑡)|

|𝐫′(𝑡)|3
=
√|𝐫′(𝑡)|2|𝐫′′(𝑡)|2 − (𝐫′(𝑡) ∙ 𝐫′′(𝑡))

2

|𝐫′(𝑡)|3
 

=
√|𝐫′(𝑡)|20 − (0)2

|𝐫′(𝑡)|3
= 0 

 

(2) First we give a vector function of the circle in 3D: 𝑥2 + 𝑦2 = 𝑎2, 𝑧 = 0 

Let 𝑥 = 𝑎cos 𝑡 and 𝑦 = 𝑎 sin 𝑡 , 𝑧 = 0 ⇒ 𝐫(𝑡) = 〈𝑎cos 𝑡 , 𝑎 sin 𝑡 , 0〉 

⇒ 𝐫′(𝑡) = 〈−𝑎sin 𝑡 , 𝑎 cos 𝑡 , 0〉 and 𝐫′′(𝑡) = 〈−𝑎cos 𝑡 , −𝑎 sin 𝑡 , 0〉 

|𝐫′(𝑡)| = √𝑎2 sin2 𝑡 + 𝑎2 cos2 𝑡 = √𝑎2(sin2 𝑡 + cos2 𝑡) = √𝑎2 = 𝑎 

|𝐫′′(𝑡)| = √𝑎2 cos2 𝑡 + 𝑎2 sin2 𝑡 = √𝑎2(cos2 𝑡 + sin2 𝑡) = √𝑎2 = 𝑎 

𝐫′(𝑡) ∙ 𝐫′′(𝑡) = −𝑎sin 𝑡 (−𝑎cos 𝑡) + 𝑎 cos 𝑡 (−𝑎 sin 𝑡) = 0 

𝜅(𝑡) =
|𝐫′(𝑡) × 𝐫′′(𝑡)|

|𝐫′(𝑡)|3
=
√|𝐫′(𝑡)|2|𝐫′′(𝑡)|2 − (𝐫′(𝑡) ∙ 𝐫′′(𝑡))

2

|𝐫′(𝑡)|3
 

=
√𝑎2(𝑎2) − (0)2

(𝑎)3
=
𝑎2

𝑎3
=
1

𝑎
 

Definition 13.3.10: Let 𝐫(𝑡) be a vector function. 

(1) The unit normal vector is defined by 𝐍(𝑡) =
𝐓′(𝑡)

|𝐓′(𝑡)|
. 

(2) The Binormal vector is defined by 𝐁(𝑡) = 𝐓(𝑡) × 𝐍(𝑡). 

Example 13.3.11:  

(1) Find the unit normal and binormal vectors of the circular helix 

𝐫(𝑡) = cos 𝑡 𝐢 + sin 𝑡 𝐣 + 𝑡 𝐤 

(2) Find the unit normal and binormal vectors of the circular helix 

𝐫(𝑡) = cos 𝑡 𝐢 + sin 𝑡 𝐣 + 𝑡 𝐤 at the point (1,0,2𝜋) 

Solution: 

(1) 𝐫′(𝑡) = −sin 𝑡 𝐢 + cos 𝑡 𝐣 +  𝐤 ⇒ |𝐫′(𝑡)| = √cos2 𝑡 + sin2 𝑡 + 1 = √2 
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 𝐓(𝑡) =
𝐫′(𝑡)

|𝐫′(𝑡)|
=

1

√2
(−sin 𝑡 𝐢 + cos 𝑡 𝐣 +  𝐤) = 〈−

sin 𝑡

√2
,
cos 𝑡

√2
,
1

√2
〉 

𝐓′(𝑡) =
1

√2
(−cos 𝑡 𝐢 − sin 𝑡 𝐣)  ⇒  |𝐓′(𝑡)| = √

cos2 𝑡

2
+
sin2 𝑡

2
=

1

√2
 

The unit normal is: 

𝐍(𝑡) =
𝐓′(𝑡)

|𝐓′(𝑡)|
=

1

√2
(−cos 𝑡 𝐢 − sin 𝑡 𝐣)

1

√2

= −cos 𝑡 𝐢 − sin 𝑡 𝐣 = 〈−cos 𝑡 , − sin 𝑡 , 0〉 

The Binormal vector is: 

𝐁(𝑡) = 𝐓(𝑡) × 𝐍(𝑡) = |

𝐢 𝐣 𝐤

−
sin 𝑡

√2

cos 𝑡

√2

1

√2

−cos 𝑡 − sin 𝑡 0

| = 𝐢 (0 +
sin 𝑡

√2
) − 𝐣 (0 +

cos 𝑡

√2
) + 𝐤 (

sin2 𝑡

√2
+
cos2 𝑡

√2
)  

=
sin 𝑡

√2
𝐢 −

cos 𝑡

√2
𝐣 +

1

√2
𝐤 

 

(2) 𝐫(𝑡) = cos 𝑡 𝐢 + sin 𝑡 𝐣 + 𝑡 𝐤 ⇒ pt on carve is (cos 𝑡 , sin 𝑡 , 𝑡) 

At the pt (1,0,2𝜋) we have (1,0,2𝜋) = (cos 𝑡 , sin 𝑡 , 𝑡) ⇒ 𝑡 = 2𝜋 

𝐍(𝑡) = 〈−cos 𝑡 ,− sin 𝑡 , 0〉 ⇒  𝐍(2𝜋) = 〈−cos 2𝜋 , − sin 2𝜋 , 0〉 = 〈−1,0,0〉 

𝐁(𝑡) = 〈
sin 𝑡

√2
, −

cos 𝑡

√2
,
1

√2
〉 ⇒ 𝐁(2𝜋) = 〈

sin 2𝜋

√2
, −

cos 2𝜋

√2
,
1

√2
〉 = 〈0, −

1

√2
,
1

√2
〉 

 

Example 13.3.12: Let 𝐫(𝑡) be a smooth curve. Show that the unit tangent vector 𝐓(𝑡) is orthogonal to 

unit normal vector 𝐍(𝑡) 

Proof: 𝐓(𝑡) is a unit vector ⇒ |𝐓(𝑡)|2 = 1 ⇒ 𝐓(𝑡) ∙ 𝐓(𝑡) = 1, for all 𝑡 

𝑑

𝑑𝑡
(𝐓(𝑡) ∙ 𝐓(𝑡)) =

𝑑

𝑑𝑡
(1) ⇒ 𝐓(𝑡) ∙ 𝐓′(𝑡) + 𝐓′(𝑡) ∙ 𝐓(𝑡) = 0 

2(𝐓(𝑡) ∙ 𝐓′(𝑡)) = 0 ⇒  𝐓(𝑡) ∙ 𝐓′(𝑡) = 0 ……….① 

Divide ① by |𝐓′(𝑡)| we have: 
𝟏

|𝐓′(𝑡)|
(𝐓(𝑡) ∙ 𝐓′(𝑡)) = 0  

⇒   𝐓(𝑡) ∙
𝐓′(𝑡)

|𝐓′(𝑡)|
= 0  ⇒  𝐓(𝑡) ∙ 𝐍(𝑡) = 0 ⇒  𝐓(𝑡) ⊥ 𝐍(𝑡). 

Exercise 13.3.13: Find the vectors 𝐓,𝐍,𝐁 at the given point: 

(1) 𝐫(𝑡) = 〈𝑡2,
2

3
𝑡3, 𝑡〉, (1,

2

3
, 1) 

(2) 𝐫(𝑡) = 〈cos 𝑡 , sin 𝑡 , ln(cos 𝑡〉, (1,1,0). 

End of Chapter 13 

Study Hard - Good Luck 
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Chapter 14: Partial Derivatives 
 

 

Section 14.1:   Functions of Several Variables 
 
 

Definition 14.1.1:  A function f of two variables is a rule that assigns 

to each ordered pair of real numbers  x, y  in a set D a unique real 

number denoted by 𝑓(𝑥, 𝑦). The set D is the domain of f and its range 

is the set of values that f takes on, that is, 

𝐷 = {(𝑥, 𝑦) ∈ ℝ2: 𝑓(𝑥, 𝑦) ∈ ℝ} and Range = {𝑧 ∈ ℝ: 𝑧 = 𝑓(𝑥, 𝑦), (𝑥, 𝑦) ∈ 𝐷}. 
 

Example 14.1.2: Let 𝑓(𝑥, 𝑦) = 𝑥 + ln(𝑦2 − 𝑥). Then 𝑓(3,2) = 3 + ln(22 − 3) = 3 + ln 1 = 3 

 

Example 14.1.3: Find and sketch the domain of the functions: 

(1) 𝑓(𝑥, 𝑦) =
√𝑥+𝑦+1

𝑥−1
  (2) 𝑓(𝑥, 𝑦) = ln(𝑦2 − 𝑥)  (3) 𝑓(𝑥, 𝑦) = √𝑥2 + 𝑦2 − 9 

(4) 𝑓(𝑥, 𝑦) = √𝑥𝑦  (5) 𝑓(𝑥, 𝑦) = √𝑦 + √25 − 𝑥2 − 𝑦2 

Solution: 

(1) Dom(𝑓) = {(𝑥, 𝑦) ∈ ℝ2: 𝑥 + 𝑦 + 1 ≥ 0, 𝑥 ≠ 1} 
 

𝑥 + 𝑦 + 1 ≥ 0, 𝑥 ≠ 1: 𝑥 + 𝑦 + 1 = 0 

⇒ 𝑥 + 𝑦 = −1 

 

(2) Dom(𝑓) = {(𝑥, 𝑦) ∈ ℝ2: 𝑦2 − 𝑥 > 0} 
= {(𝑥, 𝑦) ∈ ℝ2: 𝑦2 > 𝑥} 
 

𝑦2 > 𝑥 ⇒ 𝑦2 = 𝑥 

 

 

(3) Dom(𝑓) = {(𝑥, 𝑦) ∈ ℝ2: 𝑥2 + 𝑦2 − 9 ≥ 0} 
= {(𝑥, 𝑦) ∈ ℝ2: 𝑥2 + 𝑦2 ≥ 9} 
 

 

 

(4) Dom(𝑓) = {(𝑥, 𝑦) ∈ ℝ2: 𝑥𝑦 ≥ 0 } 
𝑥𝑦 ≥ 0:    

⇒  𝑥 ≥ 0 and 𝑦 ≥ 0  (first quadrant)  

or  𝑥 ≤ 0 and 𝑦 ≤ 0 (third quadrant) 
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(5) Dom(𝑓) = {(𝑥, 𝑦) ∈ ℝ2: 𝑦 ≥ 0, 25 − 𝑥2 − 𝑦2 ≥ 0} 
= {(𝑥, 𝑦) ∈ ℝ2: 𝑦 ≥ 0, 𝑥2 + 𝑦2 ≤ 25} 

 

Example 14.1.4: Find the domain and range of the function 𝑓(𝑥, 𝑦) = 2 − 3√9 − 𝑥2 − 𝑦2 

Solution: Dom(𝑓) = {(𝑥, 𝑦) ∈ ℝ2: 9 − 𝑥2 − 𝑦2 ≥ 0} = {(𝑥, 𝑦) ∈ ℝ2: 𝑥2 + 𝑦2 ≤ 9}. 

For range 𝒇: Let 𝑧 = 𝑓(𝑥, 𝑦)  ⟹    𝑧 = 2 − 3√9 − 𝑥2 − 𝑦2. So, 

√9 − 𝑥2 − 𝑦2 ≥ 0  ⟹  3√9 − 𝑥2 − 𝑦2 ≥ 0  ⟹  −3√9 − 𝑥2 − 𝑦2 ≤ 0 

⟹  2 − 3√9 − 𝑥2 − 𝑦2 ≤ 2  ⟹  𝑧 ≤ 2  

𝑥2 + 𝑦2 ≥ 0  ⟹    −𝑥2 − 𝑦2 ≤ 0  ⟹   9 − 𝑥2 − 𝑦2 ≤ 9  ⟹  √9 − 𝑥2 − 𝑦2 ≤ √9 = 3 

⟹  −3√9 − 𝑥2 − 𝑦2 ≥ −9  ⟹    2 − 3√9 − 𝑥2 − 𝑦2 ≥ 2 − 9  ⟹ 𝑧 ≥ −7 

So,  −7 ≤ 𝑧 ≤ 2  ⟹ Range = [−7,2] 
 

Example 14.1.5: Find the domain and range of the function: 

𝑓(𝑥, 𝑦) = 𝑥2 + 2𝑦2 

Solution: 𝐷𝑜𝑚(𝑓) = {(𝑥, 𝑦) ∈ ℝ2} = ℝ2. 
For range 𝑓: Let 𝑧 = 𝑓(𝑥, 𝑦)  ⟹    𝑧 = 2 + 𝑥2 + 2𝑦2. So, 

𝑥2 + 2𝑦2 ≥ 0⟹   2 + 𝑥2 + 2𝑦2 ≥ 2⟹   𝑧 ≥ 2 ⟹     range(𝑓) = [2,∞) 
 

 

Definition 14.1.6: If 𝑓 is a function of two variables with domain D, then the graph of 𝑓 is the set of 

all points  (𝑥, 𝑦, 𝑧)  in  ℝ3 such that 𝑧 = 𝑓(𝑥, 𝑦) and  (𝑥, 𝑦) ∈ 𝐷. 

 

Example 14.1.7: Sketch the graph of the functions: 

(1) 𝑓(𝑥, 𝑦) = 6 − 3𝑥 − 2𝑦                 (2)   𝑓(𝑥, 𝑦) = √9 − 𝑥2 − 𝑦2 

(3)  𝑓(𝑥, 𝑦) = 6 − √𝑥2 + 2𝑦2     (4)    𝑓(𝑥, 𝑦) = 𝑥2 + 2𝑦2 

Solution: 

(1)  𝑧 = 𝑓(𝑥, 𝑦) ⟹ 𝑧 = 6 − 3𝑥 − 2𝑦 ⟹    3𝑥 + 2𝑦 + 𝑧 = 6 (is a plane) 

Intercepts: 

𝑥-intercept: 𝑦 = 𝑧 = 0 

⟹  3𝑥 + 2(0) + 0 = 6   ⟹    3𝑥 = 6 ⇒ 𝑥 = 2 

𝑦-intercept: 𝑥 = 𝑧 = 0 

⟹  3(0) + 2𝑦 + 0 = 6   ⟹    2𝑦 = 6 ⇒ 𝑦 = 3 

𝑧-intercept: 𝑥 = 𝑦 = 0 

⟹  3(0) + 2(0) + 𝑧 = 6   ⟹   𝑧 = 6 
 

(2) 𝑧 = 𝑓(𝑥, 𝑦)     ⟹     𝑧 = √9 − 𝑥2 − 𝑦2    

⟹    𝑧2 = 9 − 𝑥2 − 𝑦2 with 𝑧 ≥ 0 

⟹   𝑥2 + 𝑦2 + 𝑧2 = 9 with 𝑧 ≥ 0 (is a hemisphere)  
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(3) 𝑧 = 𝑓(𝑥, 𝑦) ⟹     𝑧 = 6 − √𝑥2 + 2𝑦2 

⟹     𝑧 − 6 = −√𝑥2 + 2𝑦2 

⟹     (𝑧 − 6)2 = 𝑥2 + 2𝑦2 (cone)  

(4) 𝑧 = 𝑓(𝑥, 𝑦) ⟹     𝑧 = 𝑥2 + 2𝑦2 (paraboloid) 

 

 

 

 

 

 

 

 

 

 

Definition 14.1.8: The level curves of a function f of two variables are the curves with equations 

𝑓(𝑥, 𝑦) = 𝑘, where k is a constant (𝑘 ∈ 𝑟𝑎𝑛𝑔𝑒(𝑓) ). 
 The level curves 𝑓(𝑥, 𝑦) = 𝑘 are just the traces of the graph of 𝑓 in the horizontal plane 𝑧 =

𝑘 projected down to the 𝑥𝑦-plane. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 The graph of several level curves in the plane is called a contour map of the function 𝑓 

 

Example 14.1.9: Sketch the level curves of the function 𝑓(𝑥, 𝑦) = 6 − 3𝑥 − 2𝑦 for the values 

𝑘 = −6, 0, 6,   
 Solution: The level curves are: 

                   6 − 3𝑥 − 2𝑦 = 𝑘    ⟹     3𝑥 + 2𝑦 = 6 − 𝑘 

  𝑘 = −6  ⟹   3𝑥 + 2𝑦 = 12  (line with slope −
3

2
) 

  𝑘 = 0  ⟹   3𝑥 + 2𝑦 = 6  (line with slope −
3

2
) 

  𝑘 = 6  ⟹   3𝑥 + 2𝑦 = 0  (line with slope −
3

2
) 

  𝑘 = 12 ⟹   3𝑥 + 2𝑦 = −6  (line with slope −
3

2
) 

 

 

  

Level curves    ⟹ 
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Example 14.1.10: Sketch the level curves of the function 𝑓(𝑥, 𝑦) = √9 − 𝑥2 − 𝑦2 for the values 𝑘 = 0,1,3 

 Solution: The level curves are:  𝑓(𝑥, 𝑦) = 𝑘   

⇒  √9 − 𝑥2 − 𝑦2 = 𝑘    fo r  𝑘 = 0,1,2,3 

⇒  9 − 𝑥2 − 𝑦2 = 𝑘2    fo r  𝑘 = 0,1,2,3 

⇒  𝑥2 + 𝑦2 = 9 − 𝑘2    fo r  𝑘 = 0,1,2,3 

  𝑘 = 0  ⟹  𝑥2 + 𝑦2 = 9  (c ir c le )  

  𝑘 = 1  ⟹  𝑥2 + 𝑦2 = 8  (c ir c le )  

  𝑘 = 3  ⟹  𝑥2 + 𝑦2 = 0 

       ⟹ 𝑥 = 0, 𝑦 = 0  ⟹    A point (0,0) 
 

 

 

Functions of Three or More Variables 14.1.11: 

A function 𝑓 of three variables is a rule that assigns to each ordered triple  (𝑥, 𝑦, 𝑧)  in a domain D in 

ℝ3 a unique real number denoted by 𝑓(𝑥, 𝑦, 𝑧). 

 

Example 14.1.12: Find and sketch the domain of the function: 

(a) 𝑓(𝑥, 𝑦, 𝑧) = ln(𝑧 − 𝑦) + 𝑥𝑦 sin𝑧. 

(b) 𝑓(𝑥, 𝑦, 𝑧) = √𝑧 − 𝑥2 − 2𝑦2 

Solution:  

(a)  Dom(𝑓) = {(𝑥, 𝑦, 𝑧) ∈ ℝ3: 𝑧 − 𝑦 > 0} 

                     = {(𝑥, 𝑦, 𝑧) ∈ ℝ3: 𝑧 > 𝑦} 

To sketch Dom(𝑓): 

𝑧 > 𝑦:   ⇒   𝑧 = 𝑦 (plane) 

So, Dom(f) is a half-space consisting of  

all points that lie above the plane 𝑧 = 𝑦. 

 

(b) Dom(𝑓) = {(𝑥, 𝑦, 𝑧) ∈ ℝ3: 𝑧 − 𝑥2 − 2𝑦2 ≥ 0} 

                     = {(𝑥, 𝑦, 𝑧) ∈ ℝ3: 𝑧 ≥ 𝑥2 + 2𝑦2}  

To sketch Dom(𝑓): 

𝑧 ≥ 𝑥2 + 2𝑦2:   ⇒   𝑧 = 𝑥2 + 2𝑦2(paraboloid) 

So, Dom(𝑓) is the region inside and on the 

paraboloid 𝑧 = 𝑥2 + 2𝑦2 

 

Example 14.1.13:  

(a)  𝑓(𝑥, 𝑦, 𝑧) =
1

𝑥
   ⇒  Dom(𝑓) = {(𝑥, 𝑦, 𝑧) ∈ ℝ3: 𝑥 ≠ 0} 

(b) 𝑓(𝑥, 𝑦) =
1

𝑥
   ⇒  Dom(𝑓) = {(𝑥, 𝑦) ∈ ℝ2: 𝑥 ≠ 0} 

(c)  𝑓(𝑥, 𝑦, 𝑧) = 2𝑒𝑥𝑦𝑧   ⇒  Dom(𝑓) = {(𝑥, 𝑦, 𝑧) ∈ ℝ3} = ℝ3 

(d)  𝑓(𝑥, 𝑦, 𝑧) = 𝑥 + 𝑦   ⇒  Dom(𝑓) = {(𝑥, 𝑦, 𝑧) ∈ ℝ3} = ℝ3 

(e)  𝑓(𝑥, 𝑦, 𝑧, 𝑤) = √𝑤 − 𝑧 ⇒  Dom(𝑓) = {(𝑥, 𝑦, 𝑧, 𝑤) ∈ ℝ4: 𝑤 − 𝑧 ≥ 0} = {(𝑥, 𝑦, 𝑧,𝑤) ∈ ℝ4: 𝑤 ≥ 𝑧} 
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Example 14.1.14: Find the domain and range of the function 𝑓(𝑥, 𝑦, 𝑧) = 2 + √𝑥2 + 3   

Solution:   

𝑓(𝑥, 𝑦, 𝑧) = 2 + √𝑥2 + 3    ⇒  Dom(𝑓) = {(𝑥, 𝑦, 𝑧) ∈ ℝ3} = ℝ3 

To find range(𝑓):  Let 𝑤 = 𝑓(𝑥, 𝑦, 𝑧)  

⇒ range(𝑓) = {𝑤 ∈ ℝ:𝑤 = 𝑓(𝑥, 𝑦, 𝑧), (𝑥, 𝑦, 𝑧) ∈ Dom(𝑓)} 

 √𝑥2 + 3 ≥ 0 ⇒ 2 + √𝑥2 + 3 ≥ 2 ⇒ 𝑤 ≥ 2 …….① 

 𝑥2 ≥ 0 ⇒ 𝑥2 + 3 ≥ 3 ⇒ √𝑥2 + 3 ≥ √3 ⇒ 2 + √𝑥2 + 3 ≥ 2 + √3 ⇒ 𝑤 ≥ 2 + √3…….② 

 Intersection of ① and ② ⇒ 𝑤 ∈ [2 + √3,∞) ⇒  range(𝑓) = [2 + √3,∞) 

 

Definition 14.1.15: The level surfaces of a function 𝑓(𝑥, 𝑦, 𝑧) for the value 𝑘 are the surfaces given by 

the equation  𝑓(𝑥, 𝑦, 𝑧) = 𝑘, where 𝑘 is a constant, that is if the point  (𝑥, 𝑦, 𝑧)  moves along a level 

surface, the value of 𝑓(𝑥, 𝑦, 𝑧) remains fixed.  

 

Example 14.1.16: Find and sketch the level surfaces of the function 𝑓(𝑥, 𝑦, 𝑧) = 𝑥2 + 𝑦2 + 𝑧2. 

Solution: Observe that 𝑓(𝑥, 𝑦, 𝑧) = 𝑥2 + 𝑦2 + 𝑧2 ≥ 0   

⇒  the values of 𝑘 are 𝑘 ≥ 0  since for the level surfaces we have 

𝑓(𝑥, 𝑦, 𝑧) = 𝑘 

For 𝑘 = 0:  𝑓(𝑥, 𝑦, 𝑧) = 0  ⇒  𝑥2 + 𝑦2 + 𝑧2 = 0   

⇒  𝑥 = 0, 𝑦 = 0, 𝑧 = 0 ⇒  we have a point (0,0,0) 
For 𝑘 = 1:  𝑓(𝑥, 𝑦, 𝑧) = 1  ⇒  𝑥2 + 𝑦2 + 𝑧2 = 1   

⇒  A sphere of radius 1 centered at (0,0,0) 
For 𝑘 > 0: :  𝑓(𝑥, 𝑦, 𝑧) = 𝑘  ⇒  𝑥2 + 𝑦2 + 𝑧2 = 𝑘   

⇒  A sphere of radius √𝑘 centered at (0,0,0) 
 

 

Section 14.2: Limits and Continuity 

 

Definition 14.2.1:  Let 𝐶: 𝑥 = 𝑓(𝑡), 𝑦 = 𝑔(𝑡) be a path (curve) in the 𝑥𝑦-plane. Then 

𝐶 passes through the point 𝑃0(𝑎, 𝑏) in 

ℝ2 

⇔ 

يكافيء()  
there exists 𝑡0 ∈ ℝ such 

𝑓(𝑡0) = 𝑎 and 𝑔(𝑡0) = 𝑏. 

 

Definition 14.2.2: Let 𝑃0(𝑎, 𝑏) in ℝ2 and let 𝐶 be a path that pass through the point 𝑃0(𝑎, 𝑏) when 

𝑡 = 𝑡0. Then lim
(𝑥,𝑦)→𝑃0
𝑎𝑙𝑜𝑛𝑔 𝐶

𝐹(𝑥, 𝑦) = lim
𝑡→𝑡0

𝐹(𝑓(𝑡), 𝑔(𝑡)) 

 

Definition 14.2.3:  Let 𝑃0(𝑎, 𝑏) be a point in ℝ2 and let 𝐿 ∈ ℝ. 

(1) lim
(𝑥,𝑦)→𝑃0

𝐹(𝑥, 𝑦) = 𝐿 (exists) ⇔ lim
(𝑥,𝑦)→𝑃0
𝑎𝑙𝑜𝑛𝑔 𝐶

𝐹(𝑥, 𝑦) = 𝐿 for all paths 𝐶 in Dom(𝐹(𝑥, 𝑦)) that 

pass through the point 𝑃0. 
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وحساب  𝑃0( المارة بالنقطة  curves)المنحنيات  paths  المسارات كلعلينا ان نأخد  لاثبات ان النهاية موجودة:

. لذلك إن كانت النهاية موجودة  واردنا حسابها فإننا وذلك لأن عدد المسارات لانهائي وهذا مستحيلالنهاية من خلالها، 

  بل نلجأ الى طرق أخرى مثل:ا لا نستخدم المسارات في حسابه

التعويض 

 المباشر

التحليل  أو

 والإختصار 

الضرب  أو

 بالمرافق

استخدام تعويضات  أو

 خاصة
          

 

(2) Let 𝐶1 and 𝐶2 be two paths in Dom(𝐹(𝑥, 𝑦)) that pass through a point 𝑃0. If 

 

lim
(𝑥,𝑦)→𝑃0
𝑎𝑙𝑜𝑛𝑔 𝐶1

𝐹(𝑥, 𝑦) ≠ lim
(𝑥,𝑦)→𝑃0
𝑎𝑙𝑜𝑛𝑔 𝐶2

𝐹(𝑥, 𝑦), then lim
(𝑥,𝑦)→𝑃0

𝐹(𝑥, 𝑦) dose not exist (DNE) 

 

كل واحد من  وحساب النهاية من خلال 𝑃0بالنقطة  كليهما مار   ينمسار نجد علينا ان  :موجودةغير لاثبات ان النهاية 
 مختلفينابا النهايتين المسارين بحيث يكون جو 

   

 

Example 14.2.4: Find each of the following limit, if it exists: 

(1) lim
(𝑥,𝑦)→(0,0)

𝑥4+𝑥2𝑦2−6𝑦4

𝑥2+3𝑦2
    (2) lim

(𝑥,𝑦)→(−1,1)

𝑦6−𝑥2

𝑦3+𝑥
 

(3) lim
(𝑥,𝑦)→(4,2)

𝑥2−5𝑥𝑦2+4𝑦4

√𝑥−2𝑦
    (4) lim

(𝑥,𝑦)→(4,1)

𝑥2−3𝑥𝑦2−4𝑦4

√𝑥−2𝑦
 

Solution:  

(1) lim
(𝑥,𝑦)→(0,0)

𝑥4+𝑥2𝑦2−6𝑦

𝑥2+3𝑦2
= lim
(𝑥,𝑦)→(0,0)

(𝑥2+3𝑦2)(𝑥2−2𝑦2)

𝑥2+3𝑦2
= lim

(𝑥,𝑦)→(0,0)
(𝑥2 − 2𝑦2) = 0 

(2)  lim
(𝑥,𝑦)→(−1,1)

𝑦6−𝑥2

𝑦3+𝑥
= lim
(𝑥,𝑦)→(−1,1)

(𝑦3+𝑥)(𝑦3−𝑥)

𝑦3+𝑥
= lim

(𝑥,𝑦)→(−1,1)
(𝑦3 − 𝑥) = 2 

(3) lim
(𝑥,𝑦)→(4,2)

𝑥2−5𝑥𝑦2+4𝑦4

√𝑥−2𝑦
=
(4)2−5(4)(2)2+4(2)4

√4−2(2)
= −24 

(4)  lim
(𝑥,𝑦)→(4,1)

𝑥2−3𝑥𝑦2−4𝑦4

√𝑥−2𝑦
= lim
(𝑥,𝑦)→(4,1)

𝑥2−3𝑥𝑦2−4𝑦4

√𝑥−2𝑦
×
√𝑥+2𝑦

√𝑥+2𝑦
= lim

(𝑥,𝑦)→(4,1)

𝑥2−3𝑥𝑦2−4𝑦4

𝑥−4𝑦2
× 4 

= 4 lim
(𝑥,𝑦)→(4,1)

(𝑥 − 4𝑦2)(𝑥 + 𝑦2)

𝑥 − 4𝑦2
= 4 lim

(𝑥,𝑦)→(4,1)
(𝑥 + 𝑦2) = 4(5) = 20 

 

Remark 14.2.5: Recall that (1) lim
𝜃→0

sin(𝜃)

𝜃
= 1  (2) lim

𝜃→0

𝜃

sin(𝜃)
= 1  (3) lim

𝜃→0

tan(𝜃)

𝜃
= 1  (4) lim

𝜃→0

𝜃

tan(𝜃)
= 1 

 

Example 14.2.6: Find each of the following limit, if it exists: 

(1) 
lim

(𝑥,𝑦)→(0,−3)

sin(2𝑥𝑦2)

𝑥
 

 

(2) lim
(𝑥,𝑦)→(1,2)

   
4𝑥2 − 𝑦2

tan(4𝑥 − 2𝑦)
 

Solution: 

(1) Let 𝜃 = 2𝑥𝑦2. When  (𝑥, 𝑦) → (0,−3) we have 𝑥 → 0 and 𝑦 → −3. 

Then 𝜃 → 0. So, lim
(𝑥,𝑦)→(0,−3)

sin(2𝑥𝑦2)

𝑥
= lim

(𝑥,𝑦)→(0,−3)

sin(2𝑥𝑦2)

1
×
1

𝑥
= lim
(𝑥,𝑦)→(0,−3)

sin(2𝑥𝑦2)

2𝑥𝑦2
×
2𝑥𝑦2

𝑥
  

= lim
(𝑥,𝑦)→(0,−3)

sin(2𝑥𝑦2)

2𝑥𝑦2
× lim
(𝑥,𝑦)→(0,−3)

2𝑥𝑦2

𝑥
  

= lim
𝜃→0

sin(𝜃)

𝜃
× lim
(𝑥,𝑦)→(0,−3)

2𝑦2 = 1 × 2(−3)2 = 18   
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(2) Let 𝜃 = 4𝑥 − 2𝑦. When  (𝑥, 𝑦) → (1,2) we have 𝑥 → 1 and 𝑦 → 2 ⇒ 𝜃 → 0. So, 

lim
(𝑥,𝑦)→(1,2)

4𝑥2 − 𝑦2

tan(4𝑥 − 2𝑦)
 = lim

(𝑥,𝑦)→(1,2)

1

tan(4𝑥 − 2𝑦)
×
4𝑥2 − 𝑦2

1
 

 
= lim
(𝑥,𝑦)→(1,2)

4𝑥 − 2𝑦

tan(4𝑥 − 2𝑦)
×
4𝑥2 − 𝑦2

4𝑥 − 2𝑦
 

 
= lim
(𝑥,𝑦)→(1,2)

4𝑥 − 2𝑦

tan(4𝑥 − 2𝑦)
× lim
(𝑥,𝑦)→(1,2)

4𝑥2 − 𝑦2

4𝑥 − 2𝑦
 

 
= lim
(𝑥,𝑦)→(1,2)

𝜃

tan(𝜃)
× lim
(𝑥,𝑦)→(1,2)

(2𝑥 − 𝑦)(2𝑥 + 𝑦)

2(2𝑥 − 𝑦)
 

= lim
𝜃→0

𝜃

tan(𝜃)
× lim
(𝑥,𝑦)→(1,2)

(2𝑥 + 𝑦)

2
= 1 ×

4

2
= 2 

  

Remark 14.2.7: When (𝑥, 𝑦) → (0,0) and we have the terms 𝑥2 + 𝑦2 in the limit, we must think of 

using of the substitutions: 𝑥 = 𝑟cos(𝜃) and 𝑦 = 𝑟sin(𝜃). Then 𝑥2 + 𝑦2 = 𝑟2 and when (𝑥, 𝑦) → (0,0)  

we have  𝑥 → 0 and 𝑦 → 0. So, 𝑟 → 0+ and we have 

lim
(𝑥,𝑦)→(0,0) 

𝐹(𝑥, 𝑦) = lim
 𝑟→0+

𝐹(𝑟cos(𝜃), 𝑟sin(𝜃)), where 0 ≤ 𝜃 < 2𝜋. 

Example 14.2.8: Find the following limit, if it exists: 

lim
(𝑥,𝑦)→(0,0)

𝑥2𝑦

√𝑥2 + 𝑦2 + 1 − 1
 

Solution: Let 𝑥 = 𝑟cos(𝜃) and 𝑦 = 𝑟sin(𝜃) ⇒  𝑥2 + 𝑦2 = 𝑟2  and (𝑥, 𝑦) → (0,0) 

⇒  𝑟 → 0+. So, 

lim
(𝑥,𝑦)→(0,0)

𝑥2𝑦

√𝑥2+𝑦2+1−1
= lim
𝑟→0+

(𝑟cos(𝜃))
2
(𝑟sin(𝜃))

√𝑟2+1−1
= lim

𝑟→0+

𝑟3cos2(𝜃)sin(𝜃)

√𝑟2+1−1
= lim
𝑟→0+

(
𝑟3

√𝑟2+1−1
× cos2(𝜃)sin(𝜃))   

= lim
𝑟→0+

(
𝑟3

√𝑟2+1−1
×
√𝑟2+1+1

√𝑟2+1+1
× cos2(𝜃)sin(𝜃))  

= lim
𝑟→0+

(
𝑟3

√𝑟2+1−1
×
√𝑟2+1+1

√𝑟2+1+1
× cos2(𝜃)sin(𝜃))  

 

Observe that: 

−1 ≤ cos2(𝜃)sin(𝜃) ≤ 1 

⇒ −𝑟 ≤
𝑟cos2(𝜃)sin(𝜃) ≤ 𝑟 
⇒ lim

𝑟→0+
(−𝑟) = 0 and 

lim
𝑟→0+

𝑟 = 0 

So, by the squeeze 
theorem: 

lim
𝑟→0+

𝑟cos2(𝜃)sin(𝜃)) = 0 

 

 

= lim
𝑟→0+

(
𝑟3

(𝑟2+1)−1
×
√𝑟2+1+1

1
× cos2(𝜃)sin(𝜃))  

= lim
𝑟→0+

(
𝑟3

𝑟2
× cos2(𝜃)sin(𝜃)) × lim

𝑟→0+
((√𝑟2 + 1 + 1))  

= lim
𝑟→0+

(𝑟cos2(𝜃)sin(𝜃)) × 2 

= 0 × 2 = 0 
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Example 14.2.9: Find the following limit, if it 

exists 
lim

(𝑥,𝑦)→(1,1)

(6𝑦 − 4𝑥 − 1)5 − 1

(2𝑥 − 3𝑦)8 − 1
 

Solution: Observe that lim
(𝑥,𝑦)→(1,1)

(6𝑦−4𝑥−1)5−1

(2𝑥−3𝑦)8−1
= lim
(𝑥,𝑦)→(1,1)

(−2(2𝑥−3𝑦)−1)5−1

(2𝑥−3𝑦)8−1
 

So, let 𝜃 = 2𝑥 − 3𝑦. When (𝑥, 𝑦) → (1,1). Then 𝑥 → 1  and 𝑦 → 1. 

So,  𝜃 → −1. Then lim
(𝑥,𝑦)→(1,1)

(6𝑦−4𝑥−1)5−1

(2𝑥−3𝑦)8−1
= lim

𝜃→−1

(−2𝜃−1)5−1

𝜃8−1
= lim
𝜃→−1

5(−2𝜃−1)4(−2)

8𝜃7
=
5(1)4(−2)

8(−1)7
=
5

4
 

 

Remark 14.2.10: Recall the following: 

 Let 𝐶: 𝑥 = 𝑓(𝑡), 𝑦 = 𝑔(𝑡) be a path (curve) in the 𝑥𝑦-plane. Then 

𝐶 passes through the point 𝑃0(𝑎, 𝑏) in 

ℝ2 

⇔ 

 )يكافيء(
there exists 𝑡0 ∈ ℝ such 𝑓(𝑡0) = 𝑎 

and 𝑔(𝑡0) = 𝑏. 
 

 Let 𝑃0(𝑎, 𝑏) in ℝ2 and let 𝐶 be a path that pass through the point 𝑃0(𝑎, 𝑏)  

when 𝑡 = 𝑡0. Then 
lim

(𝑥,𝑦)→𝑃0
𝑎𝑙𝑜𝑛𝑔 𝐶

𝐹(𝑥, 𝑦) = lim
𝑡→𝑡0

𝐹(𝑓(𝑡), 𝑔(𝑡)) 

 

 Let 𝐶1 and 𝐶2 be two curves that pass through a point 𝑃0(𝑎, 𝑏). If 

lim
(𝑥,𝑦)→𝑃0
𝑎𝑙𝑜𝑛𝑔 𝐶1

𝐹(𝑥, 𝑦) ≠ lim
(𝑥,𝑦)→𝑃0
𝑎𝑙𝑜𝑛𝑔 𝐶2

𝐹(𝑥, 𝑦), then lim
(𝑥,𝑦)→𝑃0

𝐹(𝑥, 𝑦) dose not exist (DNE) 

 

 وحساب النهاية من خلال 𝑃0بالنقطة  كليهما مار  (𝐶2( و )𝐶1)  ينمسار نجد علينا ان  :موجودةغير لاثبات ان النهاية   
 .مختلفينكل واحد من المسارين بحيث يكون جوابا النهايتين 

lim
(𝑥,𝑦)→𝑃0
along 𝐶1

𝐹(𝑥, 𝑦) ≠ lim
(𝑥,𝑦)→𝑃0
along 𝐶2

𝐹(𝑥, 𝑦) 
 
   

 

Example 14.2.11:  

(1) Find lim
(𝑥,𝑦)→(1,−2)

𝑥2+3𝑦+5

2𝑥+𝑦
 along the path 𝐶1: 𝑦 = 2𝑥 − 4 

(2)  Find lim
(𝑥,𝑦)→(1,−2)

𝑥2+3𝑦+5

2𝑥+𝑦
 along the path 𝐶2: 𝑥 = 3𝑡, 𝑦 = 1 − 9𝑡. 

(3) Is lim
(𝑥,𝑦)→(1,−2)

𝑥2+3𝑦+5

2𝑥+𝑦
 exists? Justify. 

Solution: 

(1) lim
(𝑥,𝑦)→(1,−2)

along 𝐶1

𝑥2+3𝑦+5

2𝑥+𝑦
= lim
𝑥→1

𝑥2+3(2𝑥−4)+5

2𝑥+(2𝑥−4)
= lim
𝑥→1

𝑥2+6𝑥−7

4𝑥−4
= lim
𝑥→1

(𝑥−1)(𝑥+7)

4(𝑥−1)
= lim

𝑥→1

(𝑥+7)

4
= 2 

(2) We must find the value of 𝑡0 when the point (1,−2) is on 𝐶2: 

The point (1,−2): 𝑥 = 1,     𝑦 = −2 

On 𝐶2: 𝑥 = 3𝑡0,  𝑦 = 1 − 9𝑡0 

𝑥-coordinate on path = 𝑥-coordinate in point ⇒  3𝑡0 = 1  ⇒  𝑡0 =
1

3
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Observe that we can find 𝑡0 from 𝑦 component: 

𝑦 (on path) = 𝑦 (in point)  ⇒ 1 − 9𝑡0 = −2  ⇒   𝑡0 =
1

3
 

We have the same 

value for 𝑡0 

lim
(𝑥,𝑦)→(1,−2)

along 𝐶2

𝑥2+3𝑦+5

2𝑥+𝑦
= lim

𝑡→
1

3

(3𝑡)2+3(1−9𝑡)+5

2(3𝑡)+(1−9𝑡)
= lim

𝑡→
1

3

9𝑡2−27𝑡+8

1−3𝑡
== lim

𝑡→
1

3

18𝑡−27

−3
 = 7  

 

 (3) lim
(𝑥,𝑦)→(1,−2)

𝑥2+3𝑦+5

2𝑥+𝑦
 DNE (does not exist), because:  lim

(𝑥,𝑦)→(1,−2)
𝑎𝑙𝑜𝑛𝑔 𝐶1

𝑥2+3𝑦+5

2𝑥+𝑦
≠ lim

(𝑥,𝑦)→(1,−2)
𝑎𝑙𝑜𝑛𝑔 𝐶2

𝑥2+3𝑦+5

2𝑥+𝑦
 

Example 14.2.12: Find the limit, if it exists lim
(𝑥,𝑦)→(1,0)

along 𝑦=ln(𝑥)

𝑥sin(𝑒𝑦−1)

𝑥2+𝑦2−𝑥
 

Solution:  

lim
(𝑥,𝑦)→(1,0)

along 𝑦=ln(𝑥)

𝑥sin(𝑒𝑦−1)

𝑥2+𝑦2−𝑥
= lim

𝑥→1

𝑥sin(𝑒ln(𝑥)−1)

𝑥2+(ln(𝑥))2−𝑥
= lim
𝑥→1

𝑥sin(𝑥−1)

𝑥2+(ln(𝑥))2−𝑥
=
0

0
  

= lim
𝑥→1

𝑥cos(𝑥−1)+sin(𝑥−1)

2𝑥+
2ln(𝑥)

𝑥
−1

1cos0+sin0

2+
2ln(1)

1
−1
= 1  

 

Example 14.2.13: Find the limit, if it exists: lim
(𝑥,𝑦)→(2,−1)

𝑥2−2𝑥−𝑦2−2𝑦−1

(𝑥−2)2+(𝑦+1)2
 

Solution:  

 𝐶1: 𝑥 = 𝑡 + 2, 𝑦 = 0 + (−1) ⇒   𝐶1:  𝑥 = 𝑡 + 2, 𝑦 = −1. So, (𝑥, 𝑦) → (2,−1)  ⇒  𝑡 → 0 

lim
(𝑥,𝑦)→(2,−1)

along 𝐶1

𝑥2−2𝑥−𝑦2−2𝑦−1

(𝑥−2)2+(𝑦+1)2
= lim

𝑡→0

(𝑡+2)2−2(𝑡+2)−(−1)2−2(−1)−1

(𝑡+2−2)2+(−1+1)2
= lim

𝑡→0

𝑡2+4𝑡+4−2𝑡−4−1+2−1

𝑡2
 

= lim
𝑡→0

𝑡2+2𝑡

𝑡2
= lim

𝑡→0

𝑡(𝑡+2)

𝑡2
= lim

𝑡→0

𝑡+2

𝑡
=

2

0
…….① 

So, lim
(𝑥,𝑦)→(2,−1)

𝑥2−2𝑥−𝑦2−2𝑦−1

(𝑥−2)2+(𝑦+1)2
 Does not exist  

 

Example 14.2.14: Find the following limit, if it exists lim
(𝑥,𝑦)→(0,0)

𝑥3𝑦2

𝑥6+𝑦4
 

Solution:  

 𝐶1: 𝑥 = 0 + 0, 𝑦 = 𝑡 + 0 ⇒   𝐶1:  𝑥 = 0, 𝑦 = 𝑡. So, (𝑥, 𝑦) → (0,0)  ⇒  𝑡 → 0: 

lim
(𝑥,𝑦)→(0,0)

along 𝐶1

𝑥3𝑦2

𝑥6+𝑦4
= = lim

𝑡→0

03𝑡2

06+𝑡4
= lim

𝑡→0

0

𝑡4
= lim

𝑡→0
0 = 0…….① 

 𝐶2:  𝑥 = 𝑡
12

6 + 0,   𝑦 = 𝑡
12

4 + 0 ⇒   𝐶2:  𝑥 = 𝑡
2, 𝑦 = 𝑡3. So, (𝑥, 𝑦) → (0,0)  ⇒  𝑡 → 0: 

lim
(𝑥,𝑦)→(0,0)

along 𝐶2

𝑥3𝑦2

𝑥6+𝑦4
= lim

𝑡→0

(𝑡2)
3
(𝑡3)

2

(𝑡2)6+(𝑡3)4
= lim

𝑡→0

𝑡6𝑡6

𝑡12+𝑡12
= lim

𝑡→0

𝑡12

2𝑡12
=
1

2
 …….② 

 ①&② ⇒ lim
(𝑥,𝑦)→(0,0)

along 𝐶1

𝑥3𝑦2

𝑥6+𝑦4
≠ lim
(𝑥,𝑦)→(0,0)

along 𝐶2

𝑥3𝑦2

𝑥6+𝑦4
. So, lim

(𝑥,𝑦)→(0,0)

𝑥3𝑦2

𝑥6+𝑦4
    Does not exist 
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Example 14.2.15: Find the following limit, if it exists:   lim
(𝑥,𝑦,𝑧)→(0,0,0)

𝑥2𝑦2

𝑥6−𝑦3+2𝑧4
 

Solution:  

 𝐶1: 𝑥 = 𝑡 + 0, 𝑦 = 𝑡 + 0, 𝑧 = 0 + 0 ⇒   𝐶1:  𝑥 = 𝑡, 𝑦 = 0, 𝑧 = 0. 

So, (𝑥, 𝑦, 𝑧) → (0,0,0)  ⇒  𝑡 → 0:  

lim
(𝑥,𝑦,𝑧)→(0,0,0)

along 𝐶1

𝑥2𝑦2

𝑥6−𝑦3+2𝑧4
= lim

𝑡→0

𝑡202

𝑡6−03+2(04)
= = lim

𝑡→0

0

𝑡6
= lim

𝑡→0
0 = 0…….① 

 𝐶2:  𝑥 = 𝑡
12

6 + 0,   𝑦 = 𝑡
12

3 + 0, 𝑥 = 𝑡
12

4 + 0 ⇒   𝐶2:  𝑥 = 𝑡
2, 𝑦 = 𝑡4, 𝑧 = 𝑡3. 

So, (𝑥, 𝑦, 𝑧) → (0,0,0)  ⇒  𝑡 → 0:  

lim
(𝑥,𝑦,𝑧)→(0,0,0)
𝑎𝑙𝑜𝑛𝑔 𝐶2

𝑥2𝑦2

𝑥6−𝑦3+2𝑧4
= = lim

𝑡→0

(𝑡2)
2
(𝑡4)

2

(𝑡2)6−(𝑡4)3+2(𝑡3)4
= lim

𝑡→0

𝑡4𝑡8

𝑡12−𝑡12+2𝑡12
= lim

𝑡→0

𝑡12

2𝑡12
= lim

𝑡→0

1

2
=
1

2
….② 

 ①&② ⇒ lim
(𝑥,𝑦,𝑧)→(0,0,0)

along 𝐶1

𝑥2𝑦2

𝑥6−𝑦3+2𝑧4
≠ lim

(𝑥,𝑦,𝑧)→(0,0,0)

along 𝐶2

𝑥2𝑦2

𝑥6−𝑦3+2𝑧4
. 

So, lim
(𝑥,𝑦)→(0,0)

𝑥3𝑦2

𝑥6 + 𝑦4
    Does not exist 

 

Definition 14.2.16:  

(1)  A function 𝑓(𝑥, 𝑦) is said to be continuous at a point (𝑎, 𝑏) in Dom(𝑓) if lim
(𝑥,𝑦)→(𝑎,𝑏)

𝑓(𝑥, 𝑦) = 𝑓(𝑎, 𝑏). 

(2)  A function 𝑓(𝑥, 𝑦) is said to be continuous on a set 𝑆 ⊆ 𝐷𝑜𝑚(𝑓) if 𝑓(𝑥, 𝑦)  is continuous at every 

point in 𝑆. 

(3)  A function 𝑓(𝑥, 𝑦) is said to be continuous everywhere if it is continuous on ℝ2 

(4)   A function 𝑓(𝑥, 𝑦, 𝑦) is said to be continuous everywhere if it is continuous on ℝ3. 

Example 14.2.17:   

(1) 𝑓(𝑥, 𝑦) =
𝑥4+𝑥2𝑦−5

𝑦2+1
 is continuous on Dom(𝑓) = ℝ2  ⇒  𝑓 is continuous everywhere. 

(2) 𝑓(𝑥, 𝑦) =
𝑦𝑒𝑥−5

𝑥2+𝑦2
  is continuous on Dom(𝑓) = {(𝑥, 𝑦) ∈ ℝ2: 𝑥2 + 𝑦2 ≠ 0} 

⇒  𝑓  is continuous on Dom(𝑓) = ℝ2\{(0,0)}. 

(3) 𝑓(𝑥, 𝑦, 𝑧) =
𝑧ln(𝑦)−5𝑥

𝑥−2𝑦−𝑧
  is continuous on Dom(𝑓) = {(𝑥, 𝑦, 𝑧) ∈ ℝ3: 𝑥 − 2𝑦 − 𝑧 ≠ 0, 𝑦 > 0} 

(4) 𝑓(𝑥, 𝑦, 𝑧) = 2 is continuous on Dom(𝑓) = ℝ3  ⇒  𝑓 is continuous everywhere. 
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Example 14.2.18: Find the region on which the function 𝑓 is continuous. 

𝑓(𝑥, 𝑦) = {

𝑥2 − 𝑦2

𝑥2 + 𝑦2
, (𝑥, 𝑦) ≠ (0,0)

0 , (𝑥, 𝑦) = (0,0)

 

Solution: When (𝑥, 𝑦) ≠ (0,0) the function 𝑓 is continuous since 𝑓(𝑥, 𝑦) =
𝑥2−𝑦2

𝑥2+𝑦2
 

To check whether the function 𝑓 is continuous at (0,0) or not we must study: 

(1)  Is lim
(𝑥,𝑦)→(0,0)

𝑓(𝑥, 𝑦) exists or not? 

(2)  If lim
(𝑥,𝑦)→(0,0)

𝑓(𝑥, 𝑦) exists, is lim
(𝑥,𝑦)→(0,0)

𝑓(𝑥, 𝑦) = 𝑓(0,0)? 

 𝐶1: 𝑥 = 𝑡 + 0, 𝑦 = 0 + 0 ⇒ 𝑥 = 𝑡, 𝑦 = 0. (𝑥, 𝑦) → (0,0)  ⇒  𝑡 → 0 

lim
(𝑥,𝑦)→(0,0)

along 𝐶1

𝑓(𝑥, 𝑦) = lim
(𝑥,𝑦)→(0,0)

along 𝐶1

𝑥2−𝑦2

𝑥2+𝑦2
= lim

𝑡→0

𝑡2−02

𝑡2+02
= 1 ……① 

 𝐶2: 𝑥 = 0 + 0, 𝑦 = 𝑡 + 0 ⇒ 𝑥 = 𝑡, 𝑦 = 𝑡. (𝑥, 𝑦) → (0,0)  ⇒  𝑡 → 0 

lim
(𝑥,𝑦)→(0,0)

along 𝐶2

𝑓(𝑥, 𝑦) = lim
(𝑥,𝑦)→(0,0)

along 𝐶2

𝑥2−𝑦2

𝑥2+𝑦2
= lim

𝑡→0

02−𝑡2

02+𝑡2
= −1 ……② 

 So, lim
(𝑥,𝑦)→(0,0)
𝑎𝑙𝑜𝑛𝑔 𝐶1

𝑓(𝑥, 𝑦) ≠ lim
(𝑥,𝑦)→(0,0)
𝑎𝑙𝑜𝑛𝑔 𝐶2

𝑓(𝑥, 𝑦)    ⇒    lim
(𝑥,𝑦)→(0,0)

𝑓(𝑥, 𝑦)     Does not exist 

 

⇒ 𝑓(𝑥, 𝑦) is discontinuous at (0,0)  
 

⇒  𝑓(𝑥, 𝑦) is continuous only on ℝ2\{(0,0)} 
 

 

Remark 14.2.19:  

(1) Recall that: 

lim
(𝑥,𝑦)→(𝑎,𝑏)

𝑓(𝑥, 𝑦) = 𝐿 (exists) ⇔ lim
(𝑥,𝑦)→(𝑎,𝑏)

along 𝐶

𝑓(𝑥, 𝑦) = 𝐿} for all paths 𝐶 that pass 

through the point (𝑎, 𝑏) 

 

(2) If a function 𝑓(𝑥, 𝑦) is continuous at a point  (𝑎, 𝑏), then 

lim
(𝑥,𝑦)→(𝑎,𝑏)

𝑓(𝑥, 𝑦) = 𝑓(𝑎, 𝑏) exists 

⇒ If 𝐶 is a given path that passes through the point (𝑎, 𝑏), then 

lim
(𝑥,𝑦)→(𝑎,𝑏)

along 𝐶

𝐹(𝑥, 𝑦) = 𝑓(𝑎, 𝑏) 
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Example 14.2.20: Find the value of 𝑘 such that the function 𝑓 is continuous at the origin, where 

𝑓(𝑥, 𝑦) = {
1 − cos(√𝑥2 + 𝑦2)

𝑥2 + 𝑦2
, (𝑥, 𝑦) ≠ (0,0)

𝑘 , (𝑥, 𝑦) = (0,0)

 

 

Solution: 𝑓 is continuous at the origin  ⇒ lim
(𝑥,𝑦)→(0,0)

𝑓(𝑥, 𝑦) = 𝑓(0,0) = 𝑘 (the limit exists) 

⇒  lim
(𝑥,𝑦)→(0,0)

along 𝐶

𝑓(𝑥, 𝑦) = 𝑘……① 

where 𝐶 is any path in Dom(𝑓) passing through (0,0). 

So, take 𝐶: 𝑥 = 𝑡 + 0, 𝑦 = 0 + 0 with 𝑡 > 0 we have (𝑥, 𝑦) → (0,0)  ⇒  𝑡 → 0: 

①⇒ 𝑘 = lim
(𝑥,𝑦)→(0,0)
𝑎𝑙𝑜𝑛𝑔 𝐶

𝑓(𝑥, 𝑦) = lim
(𝑥,𝑦)→(0,0)
𝑎𝑙𝑜𝑛𝑔 𝐶

1−cos(√𝑥2+𝑦2)

𝑥2+𝑦2
= lim

𝑡→0

1−cos(√𝑡2+02)

𝑡2+02
= lim

𝑡→0

1−cos(𝑡)

𝑡2
 

= lim
𝑡→0

sin(𝑡)

2𝑡
=

1

2
   ⇒ 𝑘 =

1

2
. 

 

Example 14.2.21: Find the value of 𝑘 such that the function 𝑓 is continuous everywhere, where 

𝑓(𝑥, 𝑦) = {
𝑘𝑥2−2𝑦2

𝑥2+𝑦2
, (𝑥, 𝑦) ≠ (0,0)

−2 , (𝑥, 𝑦) = (0,0)
  

 

Solution: 𝑓 is continuous everywhere  ⇒  𝑓 is continuous at the origin 

⇒ lim
(𝑥,𝑦)→(0,0)

𝑓(𝑥, 𝑦) = 𝑓(0,0) = −2 (the limit exists) 

⇒  lim
(𝑥,𝑦)→(0,0)

along 𝐶

𝑓(𝑥, 𝑦) = −2……① 

where 𝐶 is any path in Dom(𝑓) passing through (0,0). 
So, take 𝐶: 𝑥 = 𝑡 + 0, 𝑦 = 0 + 0 with 𝑡 > 0 ⇒ 𝑥 = 𝑡, 𝑦 = 0. We have (𝑥, 𝑦) → (0,0)  ⇒  𝑡 → 0 

①⇒ −2 = lim
(𝑥,𝑦)→(0,0)

along 𝐶

𝑓(𝑥, 𝑦) = lim
(𝑥,𝑦)→(0,0)

along 𝐶

𝑘𝑥2−2𝑦2

𝑥2+𝑦2
= lim

𝑡→0

𝑘𝑡2−2(02)

𝑡2+02
= 𝑘 ⇒ 𝑘 = −2. 

Example 14.2.22: Find the value of 𝑎 such that the function 𝑓 is continuous at the point (0,2), where 

𝑓(𝑥, 𝑦) = {
sin(𝑥𝑦)

𝑥
, 𝑥 ≠ 0

𝑎 , 𝑥 = 0
 

Solution: 𝑓 is continuous at the point (0,2)  ⇒  lim
(𝑥,𝑦)→(0,2)

𝑓(𝑥, 𝑦) = 𝑓(0,2) = 𝑎 

⇒  lim
(𝑥,𝑦)→(0,0)
𝑎𝑙𝑜𝑛𝑔 𝐶

𝑓(𝑥, 𝑦) = 𝑎…….① 

where 𝐶 is any path in Dom(𝑓) passing through the point (0,2). 

So, take 𝐶: 𝑥 = 𝑡 + 0, 𝑦 = 0 + 0 with 𝑡 > 0 ⇒ 𝑥 = 𝑡, 𝑦 = 0. We have (𝑥, 𝑦) → (0,0)  ⇒  𝑡 → 0 

①⇒ 𝑎 = lim
(𝑥,𝑦)→(0,2)

along 𝐶

𝑓(𝑥, 𝑦) = lim
(𝑥,𝑦)→(0,2)

along 𝐶

sin(𝑥𝑦)

𝑥
= lim

𝑡→0

sin(2𝑡)

𝑡
= 2 ⇒ 𝑎 = 2. 
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Example 14.2.23: Find the value of 𝑘 such that the function 𝑓 is continuous at the point (1,1), where 

𝑓(𝑥, 𝑦) = {
√𝑥𝑦 + 8 − 3

𝑥𝑦 − 1
, 𝑥𝑦 ≠ 1

𝑘 , 𝑥𝑦 = 1

 

 

Solution: 𝑓 is continuous at the point (1,1)  ⇒  lim
(𝑥,𝑦)→(1,1)

𝑓(𝑥, 𝑦) = 𝑓(1,1) = 𝑘 

⇒  lim
(𝑥,𝑦)→(1,1)

along 𝐶

𝑓(𝑥, 𝑦) = 𝑘……① 

where 𝐶 is any path in Dom(𝑓) passing through the point (1,1). 
So, take 𝐶: 𝑥 = 𝑡 + 1, 𝑦 = 0 + 1 with 𝑡 > 0 ⇒ 𝑥 = 𝑡 + 1, 𝑦 = 01. 

We have (𝑥, 𝑦) → (1,1)  ⇒  𝑡 → 0 

①⇒ 𝑘 = lim
(𝑥,𝑦)→(1,1)

along 𝐶

𝑓(𝑥, 𝑦) = lim
(𝑥,𝑦)→(1,1)

along 𝐶

√𝑥𝑦+8−3

𝑥𝑦−1
= lim

𝑡→0

√(𝑡+1)+8−3

(𝑡+1)−1
== lim

𝑡→0

√𝑡+9−3

𝑡
×
√𝑡+9+3

√𝑡+9+3
 

= lim
𝑡→0

(t+9)−9

𝑡
×

1

√𝑡+9+3
= lim

𝑡→0

1

√𝑡+9+3
=
1

6
 ⇒ 𝑘 =

1

6
. 

 

Section 14.3: Partial Derivative 

 
 

Definition 14.3.1: The partial derivative of 𝑓: 

(a) with respect to 𝒙 at a point (𝑎, 𝑏)  written as 𝑓𝑥(𝑎, 𝑏) is defined by 

𝑓𝑥(𝑎, 𝑏) = lim
𝑥→𝑎

𝑓(𝑥,𝑏)−𝑓(𝑎,𝑏)

𝑥−𝑎
= lim

ℎ→0

𝑓(𝑎+ℎ,𝑏)−𝑓(𝑎,𝑏)

ℎ
. 

(b) with respect to 𝒚 at a point (𝑎, 𝑏)  written as 𝑓𝑦(𝑎, 𝑏) is defined by 

𝑓𝑦(𝑎, 𝑏) = lim
𝑦→𝑏

𝑓(𝑎, 𝑦) − 𝑓(𝑎, 𝑏)

𝑦 − 𝑏
= lim

ℎ→0

𝑓(𝑎, 𝑏 + ℎ) − 𝑓(𝑎, 𝑏)

ℎ
 

Remark 14.3.2: (a)  𝑓𝑥(𝑎, 𝑏) = 𝑔
′(𝑎), where 𝑔(𝑥) = 𝑓(𝑥, 𝑏). 

 (b) 𝑓𝑦(𝑎, 𝑏) = ℎ
′(𝑏), where ℎ(𝑦) = 𝑓(𝑎, 𝑦). 

 

Example 14.3.3: Find 𝑓𝑥(1,0) and 𝑓𝑦(1,0), where 𝑓(𝑥, 𝑦) = √𝑥4 + 𝑦3 + 3 

Solution:   

 𝑓𝑥(1,0): Let 𝑔(𝑥) = 𝑓(𝑥, 0) = √𝑥4 + 03 + 3 = √𝑥4 + 3 

𝑔′(𝑥) =
4𝑥3

2√𝑥4+3
 ⇒ 𝑔′(1) = 1 ⇒ 𝑓𝑥(1,0) = 𝑔

′(1) = 1 

 𝑓𝑦(1,0): Let ℎ(𝑦) = 𝑓(1, 𝑦) = √14 + 𝑦3 + 3 = √𝑦3 + 4 

ℎ′(𝑦) =
3𝑦2

2√𝑦3+4
 ⇒ ℎ′(0) = 0 ⇒ 𝑓𝑦(1,0) = ℎ

′(0) = 0  
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Example 14.3.4: Find 𝑓𝑥(0,0), where 𝑓(𝑥, 𝑦) = 3𝑥 + √8𝑥3 + 27𝑦6
3

 

Solution:  Let 𝑔(𝑥) = 𝑓(𝑥, 0) = 3𝑥 + √8𝑥3
3

= 5𝑥 ⇒ 𝑔′(𝑥) = 5 ⇒ 𝑔′(0) = 5 

⇒ 𝑓𝑥(0,0) = 𝑔
′(0) = 5 

 

Example 14.3.5: Find 𝑓𝑥(0,0) if it exists, where 𝑓(𝑥, 𝑦) = √𝑥2 + 𝑦2 

Solution:  

𝑓(𝑥, 0) = √𝑥2 + (0)2 = √𝑥2 = |𝑥| 
Since |𝑥| is not differentiable at 𝑥 = 0, then 𝑓𝑥(0,0) does not exists 

That is: the partial derivative of 𝑓 with respect to 𝑥 does not exists at (0,0). 
 

Example 14.3.6: Find 𝑓𝑦(0,0), where 𝑓(𝑥, 𝑦) = {
3𝑥2+𝑥𝑦+𝑦3

𝑥2+𝑦2
, (𝑥, 𝑦) ≠ (0,0)

0 , (𝑥, 𝑦) = (0,0)
 

Solution: 

 First Method: 𝑓(0, 𝑦) = {
3(0)2+(0)𝑦+𝑦3

(0)2+𝑦2
, 𝑦 ≠ 0

0 , 𝑦 = 0
} = {

𝑦 , 𝑦 ≠ 0
0 , 𝑦 = 0

} = 𝑦 

⇒  𝑓(0, 𝑦) = 𝑦  ⇒  ℎ(𝑦) = 𝑓(0, 𝑦) ⇒ ℎ(𝑦) = 𝑦 ⇒  𝑓𝑦(0,0) = ℎ
′(0) = 1 

 Second Method: By definition: 

 

𝑓𝑦(0,0) = lim
𝑦→0

𝑓(0, 𝑦) − 𝑓(0,0)

𝑦 − 0
= lim
𝑦→0

3(0)2 + (0)𝑦+𝑦3

(0)2 + 𝑦2
− 0

𝑦 − 0
 

 = lim
𝑦→0

  (
𝑦3

𝑦2
) 

𝑦
= lim
𝑦→0

  𝑦3 

𝑦3
= 1  ⇒  𝑓𝑦(0,0) = 1 

Example 14.3.7: Find 𝑓𝑦(0,0), where 𝑓(𝑥, 𝑦) = {
3𝑥2+𝑥𝑦+𝑦3

𝑥2+𝑦2
, (𝑥, 𝑦) ≠ (0,0)

1 , (𝑥, 𝑦) = (0,0)
 

Solution: 

 First Method:   𝑓(0, 𝑦) = {
3(0)2+(0)𝑦+𝑦3

(0)2+𝑦2
, 𝑦 ≠ 0

1 , 𝑦 = 0
} = {

𝑦 , 𝑦 ≠ 0
1 , 𝑦 = 0

} 

Observe that 𝑓(0, 𝑦) is discontinuous at 𝑦 = 0   ⇒   𝑓𝑦(0,0) does not exist 

 Second Method: By definition:  

 

𝑓𝑦(0,0) = lim
𝑦→0

𝑓(0, 𝑦) − 𝑓(0,0)

𝑦 − 0
= lim
𝑦→0

3(0)2 + (0)𝑦+𝑦3

(0)2 + 𝑦2
− 1

𝑦 − 0
 

 = lim
𝑦→0

  (
𝑦3

𝑦2
)−1 

𝑦
= lim
𝑦→0

  𝑦−1 

𝑦
=
  −1 

0
  ⇒  𝑓𝑦(0,0)   does not exist 

 

Example 14.3.8: Find 𝑓𝑥(𝑥, 𝑦) and 𝑓𝑦(𝑥, 𝑦), where 𝑓(𝑥, 𝑦) = 𝑥𝑦4𝑒3𝑥 + cos(2𝑦) 

Solution:   

 𝑓𝑥(𝑥, 𝑦) = 𝑥𝑦
4(3𝑒3𝑥) + 𝑒3𝑥(𝑦4) + 0 = 3𝑥𝑦4𝑒3𝑥 + 𝑦4𝑒3𝑥 

 𝑓𝑦(𝑥, 𝑦) = 𝑥𝑒
3𝑥(4𝑦3) + (−sin(2𝑦) (2)) = 4𝑥𝑦3𝑒3𝑥 − 2 sin(2𝑦) 
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Example 14.3.9: Find 𝑓𝑥(1,0) and 𝑓𝑦(1,−1), where 𝑓(𝑥, 𝑦) = {
3𝑥3

𝑥2+𝑦2
, (𝑥, 𝑦) ≠ (0,0)

0 , (𝑥, 𝑦) = (0,0)
 

Solution:  At (1,0) and (1,−1), the function 𝑓(𝑥, 𝑦) =
3𝑥3

𝑥2+𝑦2
. So, 

𝑓𝑥(𝑥, 𝑦) =
(𝑥2 + 𝑦2)9𝑥2 − 3𝑥3(2𝑥)

(𝑥2 + 𝑦2)2
=
3𝑥4 + 9𝑥2𝑦2

(𝑥2 + 𝑦2)2
   ⇒ 𝑓𝑥(1,0) = 3 

𝑓𝑦(𝑥, 𝑦) =
(𝑥2 + 𝑦2)(0) − 3𝑥3(2𝑦)

(𝑥2 + 𝑦2)2
=

−6𝑥3𝑦

(𝑥2 + 𝑦2)2
  ⇒  𝑓𝑦(1,−1) =

6

4
 

Example 14.3.10: Find 𝑓𝑥(𝑥, 𝑦), where 𝑓(𝑥, 𝑦) = {
3𝑥3+𝑥𝑦

𝑥2+𝑦2
, (𝑥, 𝑦) ≠ (0,0)

0 , (𝑥, 𝑦) = (0,0)
 

Solution: 

 If (𝑥, 𝑦) ≠ (0,0): ⇒ 𝑓(𝑥, 𝑦) =
3𝑥3+𝑥𝑦

𝑥2+𝑦2
  ⇒   𝑓𝑥 =

(𝑥2+𝑦2)(9𝑥2+𝑦)−(3𝑥3+𝑥𝑦)(2𝑥)

(𝑥2+𝑦2)2
 

⇒  𝑓𝑥 =
3𝑥4+9𝑥2𝑦2−2𝑥2𝑦

(𝑥2+𝑦2)2
  

 Finding 𝑓𝑥(0,0): Let 𝑔(𝑥) = 𝑓(𝑥, 0) = {
3𝑥3+𝑥(0)

𝑥2+(0)2
, 𝑥 ≠ 0

0 , 𝑥 = 0
} = {

3𝑥 , 𝑥 ≠ 0
0 , 𝑥 = 0

} = 3𝑥 

⇒  𝑓𝑥(0,0) = 𝑔
′(0) = 3 

 So,   𝑓𝑥(𝑥, 𝑦) = {
3𝑥4+9𝑥2𝑦2−2𝑥2𝑦

(𝑥2+𝑦2)2
, (𝑥, 𝑦) ≠ (0,0)

3 , (𝑥, 𝑦) = (0,0)
  

Example 14.3.11: Find lim
ℎ→0

𝑓(1+ℎ,−1)−𝑓(1,−1)

ℎ
, where 𝑓(𝑥, 𝑦) = √𝑥7 − 𝑦2 + 1

5
 

Solution: By the definition of the partial derivatives, we have 

lim
ℎ→0

𝑓(1+ℎ,−1)−𝑓(1,−1)

ℎ
= 𝑓𝑥(1,−1) But 𝑓𝑥 =

1

5
(𝑥7 − 𝑦2 + 1)−

4

5(7𝑥6)  

 

Example 14.3.12: Let 𝑓(𝑥, 𝑦) be a function such that 𝑓𝑥 = 2𝑥𝑦, 𝑓𝑦 = 𝑥
2 + 2𝑦, and 𝑓(1,1) = 8.  

Find  𝑓(𝑥, 𝑦) and 𝑓(0,2). 
Solution: 𝑓𝑥 = 2𝑥𝑦  ⇒   𝑓(𝑥, 𝑦) = ∫ 2𝑥𝑦𝑑𝑥 + 𝐺(𝑦) ⇒ 𝑓(𝑥, 𝑦) = 𝑥2𝑦 + 𝐺(𝑦)…..① 

Now, we find 𝐺(𝑦): 

Differentiating equation ① with respect to 𝑦: 

𝑓𝑦 = 𝑥
2 + 𝐺′(𝑦) but 𝑓𝑦 = 𝑥

2 + 2𝑦  ⇒  𝑥2 + 𝐺′(𝑦) = 𝑥2 + 2𝑦  ⇒  𝐺′(𝑦) = 2𝑦 

𝐺(𝑦) = ∫ 2𝑦𝑑𝑦 = 𝑦2 + 𝐶, where 𝐶 is a constant. 

① ⇒  𝑓(𝑥, 𝑦) = 𝑥2𝑦 + 𝐺(𝑦) = 𝑥2𝑦 + 𝑦2 + 𝐶 ⇒   𝑓(𝑥, 𝑦) = 𝑥2𝑦 + 𝑦2 + 𝐶…….② 

Now, we find 𝐶: 

𝑓(1,1) = 8  ⇒  12(1) + 12 + 𝐶 = 8  ⇒  𝐶 = 6. 

② ⇒ 𝑓(𝑥, 𝑦) = 𝑥2𝑦 + 𝑦2 + 6 and so  𝑓(0,2) = (0)2(2) + (2)2 + 6 = 10 
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Example 14.3.13: Find 𝑓𝑧(−1,1, 𝑒
2), where 𝑓(𝑥, 𝑦, 𝑧) = 𝑒2𝑥𝑦ln(𝑧). 

Solution:  𝑓𝑧 =
𝑒2𝑥𝑦

𝑧
  ⇒  𝑓𝑧(−1,1, 𝑒

2) =
𝑒2(−1)(1)

𝑒2
=
𝑒−2

𝑒2
= 𝑒−4 

 

Notations 14.3.14: There are several forms of partial derivatives of 𝑧 = 𝑓(𝑥, 𝑦): 

𝑓𝑥(𝑥, 𝑦) = 𝑓𝑥 = 𝑧𝑥 =
𝜕

𝜕𝑥
𝑓(𝑥, 𝑦) =

𝜕𝑓

𝜕𝑥
=
𝜕𝑧

𝜕𝑥
= 𝐷𝑥𝑓 = 𝐷1𝑓 

and 

𝑓𝑦(𝑥, 𝑦) = 𝑓𝑦 = 𝑧𝑦 =
𝜕

𝜕𝑦
𝑓(𝑥, 𝑦) =

𝜕𝑓

𝜕𝑦
=
𝜕𝑧

𝜕𝑦
= 𝐷𝑦𝑓 = 𝐷2𝑓 

 

Example 14.3.15: Find 
𝜕𝑓

𝜕𝑥
 and 

𝜕𝑓

𝜕𝑦
 at the point (𝜋, √3), where 𝑓(𝑥, 𝑦) = sin (

𝑥

𝑦2+1
) 

Solution: 

𝜕𝑓

𝜕𝑥
 = cos (

𝑥

𝑦2+1
) (

1

𝑦2+1
) ⇒ 

𝜕𝑓

𝜕𝑥
|
(𝜋,√3)

=
𝜕𝑓

𝜕𝑥
|
𝑥=𝜋

𝑦=√3

= cos (
𝜋

√3
2
+1
)(

1

√3
2
+1
) =

1

4√2
 

𝜕𝑓

𝜕𝑦
 = cos (

𝑥

𝑦2+1
) (

−2𝑥𝑦

(𝑦2+1)2
) ⇒ 

𝜕𝑓

𝜕𝑦
|
(𝜋,√3)

=
𝜕𝑓

𝜕𝑦
|
𝑥=𝜋

𝑦=√3

= cos (
𝜋

√3
2
+1
) (

−2𝜋√3

(√3
2
+1)

2) = −
𝜋√3

8√2
 

 

Higher Derivatives 14.3.16: Let 𝑧 = 𝑓(𝑥, 𝑦). Then the second partial derivatives of 𝑓 are: 

𝑧𝑥𝑥 = 𝑓𝑥𝑥 =
𝜕2𝑧

𝜕𝑥2
=
𝜕2𝑓

𝜕𝑥2
 𝑧𝑦𝑦 = 𝑓𝑦𝑦 =

𝜕2𝑧

𝜕𝑦2
=
𝜕2𝑓

𝜕𝑦2
 

𝑧𝑥𝑦 = 𝑓𝑥𝑦 =
𝜕2𝑧

𝜕𝑦𝜕𝑥
=
𝜕2𝑓

𝜕𝑦𝜕𝑥
 𝑧𝑦𝑥 = 𝑓𝑦𝑥 =

𝜕2𝑧

𝜕𝑥𝜕𝑦
=
𝜕2𝑓

𝜕𝑥𝜕𝑦
 

where 𝑓𝑥𝑦 = (𝑓𝑥)𝑦 ,    𝑓𝑦𝑥 = (𝑓𝑦)𝑥,   
𝜕2𝑓

𝜕𝑦𝜕𝑥
=

𝜕

𝜕𝑦
(
𝜕𝑓

𝜕𝑥
),  and  

𝜕2𝑓

𝜕𝑥𝜕𝑦
=

𝜕

𝜕𝑥
(
𝜕𝑓

𝜕𝑦
) 

 

Example 14.3.17: Find the second order partial derivatives of 𝑓(𝑥, 𝑦) = 𝑥3 + 𝑥2𝑦3 − 2𝑦2 
 

Solution: 𝑓𝑥 = 3𝑥
2 + 2𝑥𝑦3   and  𝑓𝑦 = 3𝑥

2𝑦2 − 4𝑦. So, 

𝑓𝑥𝑥 = 6𝑥 + 2𝑦
3 𝑓𝑦𝑦 = 6𝑥

2𝑦 − 4 

𝑓𝑥𝑦 = (𝑓𝑥)𝑦 = (3𝑥
2 + 2𝑥𝑦3)𝑦 = 6𝑥𝑦

2 𝑓𝑦𝑥 = (𝑓𝑦)𝑥 = (3𝑥
2𝑦2 − 4𝑦)𝑥 = 6𝑥𝑦

2 

 

Example 14.3.18: Find 
𝜕2𝑓

𝜕𝑦𝜕𝑥
 and 

𝜕2𝑓

𝜕𝑥𝜕𝑦
 at the origin, where 𝑓(𝑥, 𝑦) = 2𝑥  √𝑥3 − 27𝑦3

3
 

Solution: Observe that 
𝜕2𝑓

𝜕𝑦𝜕𝑥
= 𝑓𝑥𝑦  and 

𝜕2𝑓

𝜕𝑥𝜕𝑦
= 𝑓𝑦𝑥  

𝑓𝑥 = 2𝑥
1

3
(𝑥3 − 27𝑦3)−

2
3(3𝑥2) + 2√𝑥3 − 27𝑦3

3
 

⇒  𝑓𝑥 =
2𝑥3

(𝑥3−27𝑦3)
2
3

+ 2√𝑥3 − 27𝑦3
3

 ⇒  𝑓𝑥(0, 𝑦) =
2(03)

((0)3−27𝑦3)
2
3

+ 2√(0)3 − 27𝑦3
3    



66 
 

⇒  𝑓𝑥(0, 𝑦) = −6𝑦 ⇒  𝑓𝑥𝑦(0, 𝑦) = −6     ⇒   𝑓𝑥𝑦(0,0) = −6  ⇒ 
𝜕2𝑓

𝜕𝑦𝜕𝑥
|
(0,0)

= 𝑓𝑥𝑦(0,0) = −6   

Also, 𝑓𝑦 = 2𝑥
1

3
(𝑥3 − 27𝑦3)−

2

3(−27(3)𝑦2) =
−54𝑥𝑦2

(𝑥3−27𝑦3)
2
3

 ⇒  𝑓𝑦(𝑥, 0) =
−54𝑥(02)

(𝑥3−27(03))
2
3

   

⇒  𝑓𝑦(𝑥, 0) = 0 ⇒  𝑓𝑦𝑥(𝑥, 0) = 0     ⇒   𝑓𝑦𝑥(0,0) = 0 ⇒ 
𝜕2𝑓

𝜕𝑥𝜕𝑦
|
(0,0)

= 𝑓𝑦𝑥(0,0) = 0   

Observe that in this example:  𝑓𝑥𝑦(0,0) ≠ 𝑓𝑦𝑥(0,0) 

 

Clairaut’s Theorem 14.3.19: Suppose 𝑓(𝑥, 𝑦) is defined on a disk 𝐷 that contains the point  (𝑎, 𝑏) . If 
the functions 𝑓𝑥𝑦  and 𝑓𝑦𝑥  are both continuous on D, then 

 𝑓𝑥𝑦(𝑎, 𝑏) = 𝑓𝑦𝑥(𝑎, 𝑏) 

Example 14.3.20: If 𝑓(𝑥, 𝑦, 𝑧) =
𝑦2𝑒3𝑥𝑦𝑧

8𝑥2
, 𝑓ind 𝑓𝑦𝑥𝑥𝑧𝑥(1,2,0). 

Solution: Since all partial derivatives of 𝑓 of all orders are continuous near the point (1,2,0), then 

Clairaut’s Theorem implies that 𝑓𝑦𝑥𝑥𝑧𝑥 = 𝑓𝑧𝑦𝑥𝑥𝑥 . So, 

𝑓𝑧 =
𝑦2(3𝑥𝑦)𝑒3𝑥𝑦𝑧

8𝑥2
  ⇒ 𝑓𝑧(𝑥, 𝑦, 0) =

𝑦2(3𝑥𝑦)𝑒3𝑥𝑦(0)

8𝑥2
=

3𝑥𝑦3

8𝑥2
=

3𝑦3

8𝑥
  ⇒ 𝑓𝑧𝑦(𝑥, 𝑦, 0) =

9𝑦2

8𝑥
 

⇒ 𝑓𝑧𝑦(𝑥, 2,0) =
9(2)2

8𝑥
=

9

2𝑥
  ⇒   𝑓𝑧𝑦(𝑥, 2,0) =

9

2
𝑥−1     ⇒    𝑓𝑧𝑦𝑥(𝑥, 2,0) = −

9

2
𝑥−2 

⇒   𝑓𝑧𝑦𝑥𝑥(𝑥, 2,0) = 9𝑥
−3     ⇒    𝑓𝑧𝑦𝑥𝑥𝑥(𝑥, 2,0) = −27𝑥

−4   

⇒  𝑓𝑦𝑥𝑥𝑧𝑥(1,2,0) = 𝑓𝑧𝑦𝑥𝑥𝑥(1,2,0) = −27(1)
−4  ⇒  𝑓𝑦𝑥𝑥𝑧𝑥(1,2,0) = −27 

 

Example 14.3.21: If 𝑓(𝑥, 𝑦) = 𝑥3𝑦5 −
𝑥𝑦2

𝑥+ln(𝑥)
, find 

𝜕6𝑓

𝜕𝑦4𝜕𝑥2
|
(𝑒,2)

 

Solution: Observe that 
𝜕6𝑓

𝜕𝑦4𝜕𝑥2
|
(𝑒,2)

= 𝑓𝑥𝑥𝑦𝑦𝑦𝑦(𝑒, 2) 

Since all partial derivatives of 𝑓 of all orders are continuous near the point (𝑒, 2), then Clairaut’s 

Theorem implies that 𝑓𝑥𝑥𝑦𝑦𝑦𝑦(𝑒, 2) = 𝑓𝑦𝑦𝑦𝑦𝑥𝑥(𝑒, 2). So, 

𝑓𝑦 = 5𝑥
3𝑦4 −

2𝑥𝑦

𝑥 + ln(𝑥)
 ⇒ 𝑓𝑦𝑦 = 20𝑥

3𝑦3 −
2𝑥

𝑥 + ln(𝑥)
  ⇒  𝑓𝑦𝑦𝑦 = 60𝑥

3𝑦2 

⇒   𝑓𝑦𝑦𝑦𝑦 = 120𝑥
3𝑦      ⇒   𝑓𝑦𝑦𝑦𝑦(𝑥, 2) = 240𝑥

3   ⇒  𝑓𝑦𝑦𝑦𝑦𝑥(𝑥, 2) = 720𝑥
2         

⇒ 𝑓𝑦𝑦𝑦𝑦𝑥𝑥(𝑥, 2) = 1440𝑥 ⇒   
𝜕6𝑓

𝜕𝑦4𝜕𝑥2
|
(𝑒,2)

= 1440𝑒 

 

Example 14.3.22:  Find 
𝜕103

𝜕𝑦63𝜕𝑥40
(𝑥10sin(𝑥𝑦) + 𝑥50) at the point (−1,0). 

Solution: Let 𝑓(𝑥, 𝑦) = 𝑥10sin(𝑥𝑦) + 𝑥50. Then 

 
𝜕103

𝜕𝑦63𝜕𝑥40
(𝑥10sin(𝑥𝑦) + 𝑥50) = 𝑓𝑥…...…𝑥⏟    

40−𝑡𝑖𝑚𝑒𝑠

 𝑦……..…𝑦⏟      
63−𝑡𝑖𝑚𝑒𝑠

 

Since all partial derivatives of 𝑓 of all orders are continuous near the point (−1,0), then Clairaut’s 

Theorem implies that 𝑓𝑥…...…𝑥⏟    
40−𝑡𝑖𝑚𝑒𝑠

 𝑦……..…𝑦⏟      
63−𝑡𝑖𝑚𝑒𝑠

(−1,0) = 𝑓 𝑦……..…𝑦⏟      
63−𝑡𝑖𝑚𝑒𝑠

𝑥…...…𝑥⏟    
  40−𝑡𝑖𝑚𝑒𝑠

(−1,0). So, 
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{
 
 

 
 
⇒ 𝑓 𝑦 = 𝑥

10[𝑥cos(𝑥𝑦)] + 0

⇒ 𝑓 𝑦𝑦 = 𝑥
10[−𝑥2sin(𝑥𝑦)]

⇒ 𝑓 𝑦𝑦𝑦 = 𝑥
10[−𝑥3cos(𝑥𝑦)]

⇒ 𝑓 𝑦𝑦𝑦𝑦 = 𝑥
10[𝑥4sin(𝑥𝑦)] }

 
 

 
 

    ⇒  

{
 
 
 

 
 
 
⇒ 𝑓 𝑦……….𝑦⏟      

60−𝑡𝑖𝑚𝑒𝑠

= 𝑥10[𝑥60sin(𝑥𝑦)]

⇒ 𝑓 𝑦……..…𝑦⏟      
61−𝑡𝑖𝑚𝑒𝑠

= 𝑥10[𝑥61cos(𝑥𝑦)]

⇒ 𝑓 𝑦……..…𝑦⏟      
62−𝑡𝑖𝑚𝑒𝑠

= 𝑥10[−𝑥62sin(𝑥𝑦)]

⇒ 𝑓 𝑦……..…𝑦⏟      
63−𝑡𝑖𝑚𝑒𝑠

= 𝑥10[−𝑥63cos(𝑥𝑦)]
}
 
 
 

 
 
 

 

⇒ 𝑓 𝑦……..…𝑦⏟      
63−𝑡𝑖𝑚𝑒𝑠

(𝑥, 0) = 𝑥10[−𝑥63cos(𝑥(0))] = −𝑥73 

⇒ 𝑓 𝑦……..…𝑦⏟      
63−𝑡𝑖𝑚𝑒𝑠

𝑥…...…𝑥⏟    
  40−𝑡𝑖𝑚𝑒𝑠

(𝑥, 0) = −(73)(72)(71)… (73 − 39)𝑥73−40 

⇒ 𝑓 𝑦……..…𝑦⏟      
63−𝑡𝑖𝑚𝑒𝑠

𝑥…...…𝑥⏟    
  40−𝑡𝑖𝑚𝑒𝑠

(𝑥, 0) = −(73)(72)(71)… (34)𝑥33 = −
73!

33!
𝑥33 

⇒ 𝑓 𝑦……..…𝑦⏟      
63−𝑡𝑖𝑚𝑒𝑠

𝑥…...…𝑥⏟    
  40−𝑡𝑖𝑚𝑒𝑠

(−1,0) = −
73!

33!
(−1)33 =

73!

33!
 

 

Remark 14.3.23: Recall that 
𝑑

𝑑𝑥
∫ 𝐹(𝑡)𝑑𝑡
ℎ(𝑥)

𝑔(𝑥)
= 𝐹(ℎ(𝑥))ℎ′(𝑥) − 𝐹(𝑔(𝑥))𝑔′(𝑥) 

 

Example 14.3.24: If 𝑓(𝑥, 𝑦) = ∫ cos(𝑒𝑡)𝑑𝑡
𝑥𝑦

𝑦
, find 𝑓𝑥𝑦(0,0) 

Solution: 𝑓𝑥 = cos(𝑒
𝑥𝑦)

𝜕

𝜕𝑥
(𝑥𝑦) − cos(𝑒𝑦)

𝜕

𝜕𝑥
(𝑦) = 𝑦cos(𝑒𝑥𝑦) − cos(𝑒𝑦)(0) 

⇒  𝑓𝑥 = 𝑦cos(𝑒
𝑥𝑦)   ⇒    𝑓𝑥(0, 𝑦) = 𝑦cos(𝑒

(0)𝑦) = 𝑦cos(1) 

⇒ 𝑓𝑥𝑦 =  cos(1)    ⇒   𝑓𝑥𝑦(0,0) =  cos(1) 

 

Section 14.5: The Chain Rule 

 
 

Rule 14.5.1: Let 𝑤 = 𝑓(𝑥, 𝑦, 𝑧), 𝑥 = 𝑥(𝑟, 𝑠), 𝑦 = 𝑦(𝑟), 𝑧 = 𝑧(𝑠), 𝑟 = 𝑟(𝑢, 𝑣), 𝑎𝑛𝑑 𝑠 = 𝑠(𝑢).  

  
𝜕𝑤

𝜕𝑢
=
𝜕𝑓

𝜕𝑥

𝜕𝑥

𝜕𝑟

𝜕𝑟

𝜕𝑢
   +    

𝜕𝑓

𝜕𝑥

𝜕𝑥

𝜕𝑠

𝑑𝑠

𝑑𝑢
   +    

𝜕𝑓

𝜕𝑦

𝑑𝑦

𝑑𝑟

𝜕𝑟

𝜕𝑢
   +    

𝜕𝑓

𝜕𝑧

𝑑𝑧

𝑑𝑠

𝑑𝑠

𝑑𝑢
 

 

      𝒘 = 𝒇   

       

   𝑥    𝑦 𝑧 

           

 𝑟 𝑠   𝑟  𝑠 

             

𝒖 𝒗 𝒖  𝒖 𝒗 𝒖 

  
𝜕𝑤

𝜕𝑣
=
𝜕𝑓

𝜕𝑥

𝜕𝑥

𝜕𝑟

𝜕𝑟

𝜕𝑣
   +     

𝜕𝑓

𝜕𝑦

𝑑𝑦

𝑑𝑟

𝜕𝑟

𝜕𝑣
 

  Tree Diagram 
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𝜕𝑤

𝜕𝑠
=
𝜕𝑓

𝜕𝑥

𝜕𝑥

𝜕𝑠
   +    

𝜕𝑓

𝜕𝑧

𝑑𝑧

𝑑𝑠
 

 

       𝒘 = 𝒇    

      

  𝑥    𝑦 𝑧 

          

𝒓 𝒔   𝒓  𝒔 
 

  
𝜕𝑥

𝜕𝑢
=
𝜕𝑥

𝜕𝑟

𝜕𝑟

𝜕𝑢
   +     

𝜕𝑥

𝜕𝑠

𝑑𝑠

𝑑𝑢
 

 

   𝒙  

     

 𝑟 𝑠 

      

     𝒖 𝒗 𝒖 
  

𝜕𝑥

𝜕𝑣
=
𝜕𝑥

𝜕𝑟

𝜕𝑟

𝜕𝑣
    

Example 14.5.2: Let 𝑧 = 𝑒2𝑥sin(𝑦), 𝑥 = 𝑠𝑡2, 𝑦 = 𝑡3. Find  
𝜕𝑧

𝜕𝑠
  and 

𝜕𝑧

𝜕𝑡
. 

Solution:  
𝜕𝑧

𝜕𝑠
 =

𝜕𝑧

𝜕𝑥

𝜕𝑥

𝜕𝑠
 

 

   𝒛  

     

 𝑥 𝑦 

      

𝒔 𝒕 𝒕 

 = (2𝑒2𝑥sin(𝑦))𝑡2 = 2𝑡2𝑒2𝑥sin(𝑦) 

𝜕𝑧

𝜕𝑡
 =

𝜕𝑧

𝜕𝑥

𝜕𝑥

𝜕𝑡
+
𝜕𝑧

𝜕𝑦

𝑑𝑦

𝑑𝑡
 

 = (2𝑒2𝑥sin(𝑦))(2𝑠𝑡) + (𝑒2𝑥cos(𝑦))(3𝑡2) 

 = 4𝑠𝑡𝑒2𝑥sin(𝑦) + 3𝑡2𝑒2𝑥cos(𝑦) = 4𝑠𝑡𝑧 + 3𝑡2𝑒2𝑥cos(𝑦) 
 

Example 14.5.3: Let 𝑢 = 𝑥4𝑦 + 𝑦2𝑧3, 𝑥 = 𝑠𝑒2𝑡 , 𝑦 = 𝑟2𝑠𝑒−𝑡, 𝑧 = 𝑟cos(𝑡).  

Find 
𝜕𝑢

𝜕𝑠
 and 

𝜕𝑢

𝜕𝑡
 when 𝑟 = 2, 𝑠 = 1, 𝑡 = 0. 

Solution: First we have to find 𝑥, 𝑦, 𝑧 when 𝑟 = 2, 𝑠 = 1, 𝑡 = 0 

𝑥 = 1𝑒2(0) = 1
𝑦 = (2)2(1)𝑒−(0) = 4

𝑧 = 2cos(0) = 2

}  ⇒ {
𝑥 = 1, 𝑦 = 4, 𝑧 = 2

when 𝑟 = 2, 𝑠 = 1, 𝑡 = 0
 

 
𝜕𝑢

𝜕𝑠
=
𝜕𝑢

𝜕𝑥

𝜕𝑥

𝜕𝑠
 +  

𝜕𝑢

𝜕𝑦

𝜕𝑦

𝜕𝑠
= (4𝑥3𝑦)(𝑒2𝑡) + (𝑥4 + 2𝑦𝑧3)(𝑟2𝑒−𝑡) 

⇒ 
𝜕𝑢

𝜕𝑠
| 𝑟=2,𝑠=1,𝑡=0
𝑥=1,𝑦=4,𝑧=2

= (16)(1) + 65(4) = 276 

 

     𝒖     

       

  𝑥    𝑦 𝑧  

           

𝒔  𝒕 𝒓  𝒔 𝒕 𝒓 𝒕 

 
𝜕𝑢

𝜕𝑡
=

𝜕𝑢

𝜕𝑥

𝜕𝑥

𝜕𝑡
 +  

𝜕𝑢

𝜕𝑦

𝜕𝑦

𝜕𝑡
 +   

𝜕𝑢

𝜕𝑧

𝜕𝑧

𝜕𝑡
= (4𝑥3𝑦)(2𝑠𝑒2𝑡) + (𝑥4 + 2𝑦𝑧3)(−𝑟2𝑠𝑒−𝑡) + (3𝑦2𝑧2)(−𝑟sin(𝑡)) 

⇒ 
𝜕𝑢

𝜕𝑠
| 𝑟=2,𝑠=1,𝑡=0
𝑥=1,𝑦=4,𝑧=2

= 16(2) − 65(4) + 48(2) = −132  
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Example 14.5.4: Let 𝑤 = ln√𝑥2 + 𝑦2 + 𝑧2, 𝑥 = sin(𝑡), 𝑦 = cos(𝑡), 𝑧 = tan(𝑡). Find 
𝑑𝑤

𝑑𝑡
. 

Solution: Observe that: 

𝑤 = ln√𝑥2 + 𝑦2 + 𝑧2 =
1

2
ln(𝑥2 + 𝑦2 + 𝑧2) 

⇒  
𝑑𝑤

𝑑𝑡
=
𝜕𝑤

𝜕𝑥

𝑑𝑥

𝑑𝑡
+ 
𝜕𝑤

𝜕𝑦

𝑑𝑦

𝑑𝑡
 + 

𝜕𝑤

𝜕𝑧

𝑑𝑧

𝑑𝑡
 

  𝑤   

    

𝑥 𝑦 𝑧 

      

𝑡 𝑡 𝑡 
 

 

𝑑𝑤

𝑑𝑡
=
1

2

2𝑥

𝑥2 + 𝑦2 + 𝑧2
cos(𝑡) +

1

2

2𝑦

𝑥2 + 𝑦2 + 𝑧2
(−sin(𝑡)) +

1

2

2𝑧

𝑥2 + 𝑦2 + 𝑧2
sec2(𝑡) 

=
𝑥cos(𝑡) − 𝑦sin(𝑡) + 𝑧sec2(𝑡)

𝑥2 + 𝑦2 + 𝑧2
=
sin(𝑡)cos(𝑡) − sin(𝑡)cos(𝑡) + tan(𝑡) sec2(𝑡)

sin2(𝑡) + cos2(𝑡) + tan2(𝑡)
 

=
tan(𝑡) sec2(𝑡)

1 + tan2(𝑡)
=
tan(𝑡) sec2(𝑡)

sec2(𝑡)
= tan(𝑡) 

 

 

Example 14.5.5: Let 𝑧 = 𝑓(𝑥, 𝑦), 𝑥 = 𝑔(𝑡), 𝑦 = ℎ(𝑡), 𝑔(3) = 2, ℎ(3) = 7, 𝑔′(3) = 5, 

ℎ′(3) = −4, 𝑓𝑥(2,7) = 6 and 𝑓𝑦(2,7) = −8 . Find 
𝑑𝑧

𝑑𝑡
 when 𝑡 = 3. 

Solution: First we have to find 𝑥, 𝑦 when 𝑡 = 3: 
𝑥 = 𝑔(3) = 2

𝑦 = ℎ(3) = 7
} ⇒ {

𝑥 = 2, 𝑦 = 7
when 𝑡 = 3

 

𝑑𝑧

𝑑𝑡
=
𝜕𝑧

𝜕𝑥

𝑑𝑥

𝑑𝑡
+ 
𝜕𝑧

𝜕𝑦

𝑑𝑦

𝑑𝑡
= 𝑓𝑥(𝑥, 𝑦)𝑔

′(𝑡) + 𝑓𝑦(𝑥, 𝑦)ℎ
′(𝑡) 

⇒  
𝑑𝑧

𝑑𝑡
|
𝑡=3,𝑥=2,𝑦=7

= 𝑓𝑥(2,7)𝑔
′(3) + 𝑓𝑦(2,7)ℎ

′(3) = 6(5) + (−8)(−4) = 62 

 

 𝑧 = 𝑓  

    

𝑥  𝑦 

      

𝑡  𝑡 
 

Example 14.5.6: Let 𝑊(𝑠, 𝑡) = 𝐹(𝑢(𝑠, 𝑡), 𝑣(𝑠, 𝑡)), 𝐹𝑢(2,3) = −1, 𝐹𝑣(2,3) = 10, 𝑢(1,0) = 2, 𝑣(1,0) = 3, 

𝑢𝑠(1,0) = −2, 𝑣𝑠(1,0) = 5, 𝑢𝑡(1,0) = 6, 𝑣𝑡(1,0) = 4. Find 𝑊𝑡(1,0) and  𝑊𝑠(1,0). 

Solution: Observe that 𝑊(𝑠, 𝑡) = 𝐹(𝑢, 𝑣) with 𝑢 = 𝑢(𝑠, 𝑡), 𝑣 = 𝑣(𝑠, 𝑡). 

Also, observe that to find 𝑊𝑡(1,0) we have to find 𝑊𝑡 when 𝑠 = 1, 𝑡 = 0: 

Also, we need to find 𝑢, 𝑣 when 𝑠 = 1, 𝑡 = 0: 

𝑢 = 𝑢(1,0) = 2
𝑣 = 𝑣(1,0) = 3

}  ⇒    {
𝑢 = 2, 𝑣 = 3

when 𝑠 = 1, 𝑡 = 0
 

Now, 𝑊𝑡 = 𝐹𝑢𝑢𝑡 + 𝐹𝑣𝑣𝑡 
𝑊𝑡(1,0) = 𝐹𝑢(2,3)𝑢𝑡(1,0) + 𝐹𝑣(2,3)𝑣𝑡(1,0) = −1(6) + 10(4) = 34 

Finding 𝑊𝑠(1,0) is an exercise. 

 

   𝑾 = 𝑭   

      

 𝑢 𝑣  

        

𝒔 𝒕 𝒔 𝒕 
 

 

 

Example 14.5.7: Suppose that 𝑓(𝑥, 𝑦) is 

differentiable. Find 𝑔𝑢(0,0) and 𝑔𝑣(0,0),where 

𝑔(𝑢, 𝑣) = 𝑓(𝑒𝑢 + cos(𝑣) , 1 + sin(𝑣)) 

 

 

 𝑓 𝑔 𝑓𝑥  𝑓𝑦  

(0,0) 3 6 5 8 

(2,1) 6 3 2 7 
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Solution: Let 𝑥 = 𝑒𝑢 + cos(𝑣),  𝑦 = 1 + sin(𝑣). So, the function is 𝑔(𝑢, 𝑣) = 𝑓(𝑥, 𝑦) 

To find 𝑔𝑢(0,0) means: to find 𝑔𝑢 when 𝑢 = 0, 𝑣 = 0. 

So, first we have to find 𝑥, 𝑦 when 𝑢 = 0, 𝑣 = 0: 

𝑥 = 𝑒0 + cos(0) = 2
𝑦 = 1 + sin(0) = 1

}  ⇒    {
𝑥 = 2, 𝑦 = 1

when 𝑢 = 0, 𝑣 = 0
 

Now,  

𝑔𝑢 = 𝑓𝑥𝑥𝑢 = 𝑓𝑥(𝑥, 𝑦)(𝑒
𝑢) ⇒  𝑔𝑢(0,0) = 𝑓𝑥(2,1)(𝑒

0) = 2 

 

   𝒈 = 𝒇  

     

 𝑥 𝑦 

      

𝒖 𝒗 𝒗 

𝑔𝑣 = 𝑓𝑥𝑥𝑣 + 𝑓𝑦
𝑑𝑦

𝑑𝑣
= 𝑓𝑥(𝑥, 𝑦)(− sin(𝑣)) + 𝑓𝑦(𝑥, 𝑦)(cos(𝑣)) 

⇒   𝑔𝑣(0,0) = 𝑓𝑥(2,1)(− sin(0)) + 𝑓𝑦(2,1) cos(0) = 2(0) + 7(1) = 7 

 

Example 14.5.8: Let 𝑧 = 𝑓(𝑥 − 𝑦). Show that 
𝜕𝑧

𝜕𝑥
 +  

𝜕𝑧

𝜕𝑦
= 0 . 

Solution: Observe that 𝑓(… ) is a function in 1-variable, so, let 𝑧 = 𝑓(𝑡), 𝑡 = 𝑥 − 𝑦 

𝜕𝑧

𝜕𝑥
= 𝑓′(𝑡)𝑡𝑥 = 𝑓

′(𝑡)  since 𝑡𝑥 = 1 

and  
𝜕𝑧

𝜕𝑦
= 𝑓′(𝑡)𝑡𝑦 = −𝑓

′(𝑡) since 𝑡𝑦 = −1 

⇒   
𝜕𝑧

𝜕𝑥
 +  

𝜕𝑧

𝜕𝑦
= 𝑓′(𝑡) + (−𝑓′(𝑡)) = 0    ⇒   

𝜕𝑧

𝜕𝑥
 +  

𝜕𝑧

𝜕𝑦
= 0  

 

Example 14.5.9: Let 𝑔(𝑠, 𝑡) = 𝑓(𝑠2 − 𝑡2, 𝑡2 − 𝑠2). Show that 𝑡
𝜕𝑔

𝜕𝑠
 +  𝑠

𝜕𝑔

𝜕𝑡
= 0 . 

Solution: Observe that 𝑓(… , … ) is a function in 2-variable: 

Let 𝑔(𝑠, 𝑡) = 𝑓(𝑥, 𝑦), 𝑥 = 𝑠2 − 𝑡2, 𝑦 = 𝑡2 − 𝑠2 

𝜕𝑔

𝜕𝑠
= 𝑓𝑥𝑥𝑠 + 𝑓𝑦𝑦𝑠 = 2𝑠𝑓𝑥 + (−2𝑠)𝑓𝑦  

𝜕𝑔

𝜕𝑡
= 𝑓𝑥𝑥𝑡 + 𝑓𝑦𝑦𝑡 = −2𝑡𝑓𝑥 + 2𝑡𝑓𝑦  

 𝒈 = 𝒇(𝒙, 𝒚) 

      

 𝑥 𝑦  

        

𝒔 𝒕 𝒔 𝒕 
 

⇒   𝑡
𝜕𝑔

𝜕𝑠
 +  𝑠

𝜕𝑔

𝜕𝑡
= 𝑡(2𝑠𝑓𝑥 − 2𝑠𝑓𝑦) + 𝑠(−2𝑡𝑓𝑥 + 2𝑡𝑓𝑦) = 2𝑠𝑡𝑓𝑥 − 2𝑠𝑡𝑓𝑦 − 2𝑠𝑡𝑓𝑥 + 2𝑠𝑡𝑓𝑦 = 0 

⇒   𝑡
𝜕𝑔

𝜕𝑠
 +  𝑠

𝜕𝑔

𝜕𝑡
= 0 

Example 14.5.10: Let 𝑧 = 𝑓(𝑥, 𝑦) be with continuous second order partial derivatives such that 

𝑥 = 𝑟cos(𝜃), 𝑦 = 𝑟sin𝜃. Show that  
𝜕2𝑧

𝜕𝑟2
= cos2θ

𝜕2𝑧

𝜕𝑥2
+ 2sin𝜃cos𝜃

𝜕2𝑧

𝜕𝑦𝜕𝑥
+ sin2𝜃

𝜕2𝑧

𝜕𝑦2
 

Solution:  𝒛 = 𝒇(𝒙, 𝒚) 
      

 𝑥 𝑦  

        

𝒓 𝜽 𝒓 𝜽 
 

𝜕𝑧

𝜕𝑟
= 𝑓𝑥𝑥𝑟 + 𝑓𝑦𝑦𝑟 = cos𝜃𝑓𝑥 + sin𝜃𝑓𝑦  

𝜕𝑧

𝜕𝜃
= 𝑓𝑥𝑥𝜃 + 𝑓𝑦𝑦𝜃 = −𝑟sin𝜃𝑓𝑥 + 𝑟cos𝜃𝑓𝑦

= −𝑟(sin𝜃𝑓𝑥 − cos𝜃𝑓𝑦) 

𝑧 = 𝑓(𝑡) 

    

 𝑡  

    

𝑥 𝑦 
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⇒  
𝜕𝑧

𝜕𝑟
= cos𝜃𝑓𝑥 + sin𝜃𝑓𝑦  ⇒   

𝜕2𝑧

𝜕𝑟2
=

𝜕

𝜕𝑟
(cos𝜃𝑓𝑥 + sin𝜃𝑓𝑦) 

⇒ 
𝜕2𝑧

𝜕𝑟2
 = cos𝜃

𝜕𝑓𝑥

𝜕𝑟
+ sin𝜃

𝜕𝑓𝑦

𝜕𝑟
……① 

So,we have to find:
𝜕𝑓𝑥
𝜕𝑟
 and 

𝜕𝑓𝑦
𝜕𝑟
: 

𝜕𝑓𝑥

𝜕𝑟
= 𝑓𝑥𝑥𝑥𝑟 + 𝑓𝑥𝑦𝑦𝑟 = cos𝜃𝑓𝑥𝑥 + sin𝜃𝑓𝑥𝑦…......② 

𝜕𝑓𝑦
𝜕𝑟

= 𝑓𝑦𝑥𝑥𝑟 + 𝑓𝑦𝑦𝑦𝑟 = cos𝜃𝑓𝑦𝑥 + sin𝜃𝑓𝑦𝑦 = cos𝜃𝑓𝑦𝑥 + sin𝜃𝑓𝑦𝑦  

⇒ 
𝜕𝑓𝑦

𝜕𝑟
= cos𝜃𝑓𝑥𝑦 + sin𝜃𝑓𝑦𝑦…….③  (since 𝑓𝑦𝑥 = 𝑓𝑥𝑦)  

⇒ 
𝜕2𝑧

𝜕𝑟2
= cos𝜃

𝜕𝑓𝑥
𝜕𝑟
+ sin𝜃

𝜕𝑓𝑦
𝜕𝑟
   (by ①) 

 𝒇𝒙 

      

 𝑥 𝑦  

        

𝒓 𝜽 𝒓 𝜽 

 

 𝒇𝒚 

      

 𝑥 𝑦  

        

𝒓 𝜽 𝒓 𝜽 
 

 
= cos𝜃(cos𝜃𝑓𝑥𝑥 + sin𝜃𝑓𝑥𝑦) + sin𝜃(cos𝜃𝑓𝑥𝑦 + sin𝜃𝑓𝑦𝑦)    (by ② and ③) 

= cos2θ𝑓𝑥𝑥 + 2sin𝜃cos𝜃𝑓𝑥𝑦 + sin
2𝜃𝑓𝑦𝑦  

Implicit Differentation: 

 

Implicit Function Theorem 14.5.11:  

(1) Let 𝑦 = 𝑓(𝑥) is a function defined implicitly by the relation 𝐹(𝑥, 𝑦) = 0, where 

𝐹 is a differentiable function with 𝐹𝑦 is nonzero. Then 

𝑑𝑦

𝑑𝑥
= −

𝐹𝑥
𝐹𝑦

 

(2) Let 𝑧 = 𝑓(𝑥, 𝑦) is a function defined implicitly by the relation 𝐹(𝑥, 𝑦, 𝑧) = 0, where 𝐹 is a 

differentiable function with 𝐹𝑧 is nonzero. Then 
𝜕𝑧

𝜕𝑥
= −

𝐹𝑥
𝐹𝑧
  and  

𝜕𝑧

𝜕𝑦
= −

𝐹𝑦
𝐹𝑧

 

Example 14.5.12: Find 𝑦′ at 𝑥 = 0 if 
𝑥3+𝑦3+1

6𝑦
= 𝑥 

Solution:  First, we have to find the value of 𝑦 when 𝑥 = 0: 

𝑥 = 0: 
𝑥3 + 𝑦3 + 1

6𝑦
= 𝑥  ⇒   

(0)3 + 𝑦3 + 1

6𝑦
= 0  ⇒    𝑦3 = −1  ⇒   𝑦 = −1 

So, 𝑥 = 0 ⇒  𝑦 = −1. 

Second, we simplify (نبسط) the equation 
𝑥3+𝑦3+1

6𝑦
= 𝑥  (if possible) 

Equation:  
𝑥3 + 𝑦3 + 1

6𝑦
= 𝑥   ⇒   𝑥3 + 𝑦3 + 1 = 6𝑥𝑦  ⇒   𝑥3 + 𝑦3 − 6𝑥𝑦 + 1 = 0 

⇒ Let  𝐹(𝑥, 𝑦) =  𝑥3 + 𝑦3 − 6𝑥𝑦 + 1: ⇒ 𝑦′ = −
𝐹𝑥

𝐹𝑦
= −

3𝑥2−6𝑦

3𝑦2−6𝑥
 

𝑦′|𝑥=0,𝑦=−1 = −
3(0)2 − 6(−1)

3(−1)2 − 6(0)
= −

6

3
= −2 
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Example 14.5.13: If 𝑥3 + 𝑦3 + 𝑧3 + 6𝑥𝑦𝑧 = 9  , find 

(1) 
𝜕𝑧

𝜕𝑥
  and  

𝜕𝑧

𝜕𝑦
 (2)  

𝜕𝑧

𝜕𝑥
  and  

𝜕𝑧

𝜕𝑦
  at the point (0,1) 

Solution: 𝑥3 + 𝑦3 + 𝑧3 + 6𝑥𝑦 = 9 ⇒  𝑥3 + 𝑦3 + 𝑧3 + 6𝑥𝑦𝑧 − 9 = 0 

Let:   𝐹(𝑥, 𝑦, 𝑧) = 𝑥3 + 𝑦3 + 𝑧3 + 6𝑥𝑦𝑧 − 9 

(1)  
𝜕𝑧

𝜕𝑥
= −

𝐹𝑥
𝐹𝑧
= −

3𝑥2 + 6𝑦𝑧

3𝑧2 + 6𝑥𝑦
   and     

𝜕𝑧

𝜕𝑦
= −

𝐹𝑦
𝐹𝑧
= −

3𝑦2 + 6𝑥𝑧

3𝑧2 + 6𝑥𝑦
 

(2) At the point (0,1)  ⇒  𝑥 = 0, 𝑦 = 1. So, we have to find the value of 𝑧: 
When 𝑥 = 0, 𝑦 = 1:   
𝑥3 + 𝑦3 + 𝑧3 + 6𝑥𝑦𝑧 − 9 = 0 ⇒ (0)3 + (1)3 + 𝑧3 + 6(0)(1)𝑧 − 9 = 0  

⇒  𝑧3 = 8 ⇒ 𝑧 = 2 

⇒  𝑥 = 0, 𝑦 = 1, 𝑧 = 2. 

From part (1): 

𝜕𝑧

𝜕𝑥
= −

3𝑥2 + 6𝑦𝑧

3𝑧2 + 6𝑥𝑦
   ⇒    

𝜕𝑧

𝜕𝑥
|
𝑥=0,𝑦=1,𝑧=2

= −
3(0)2 + 6(1)(2)

3(2)2 + 6(0)(1)
= −1 

 

𝜕𝑧

𝜕𝑦
= −

3𝑦2 + 6𝑥𝑧

3𝑧2 + 6𝑥𝑦
   ⇒    

𝜕𝑧

𝜕𝑦
|
𝑥=0,𝑦=1,𝑧=2

= −
3(1)2 + 6(0)(2)

3(2)2 + 6(0)(1)
= −

1

4
 

 

Example 14.5.14: Suppose that the equation 𝐹(𝑥, 𝑦, 𝑧) = 0 implicitly defines each of the three 

variables 𝑥, 𝑦, 𝑧 as a function of the other two. If 𝐹𝑥, 𝐹𝑦 , 𝐹𝑧 are nonzero, show that 

𝜕𝑧

𝜕𝑥

𝜕𝑥

𝜕𝑦

𝜕𝑦

𝜕𝑧
= −1 

Solution: By the Implicit Function Theorem we have 
𝜕𝑧

𝜕𝑥
= −

𝐹𝑥
𝐹𝑧

 
𝜕𝑥

𝜕𝑦
= −

𝐹𝑦
𝐹𝑥

 
𝜕𝑦

𝜕𝑧
= −

𝐹𝑧
𝐹𝑦

 

⇒   
𝜕𝑧

𝜕𝑥

𝜕𝑥

𝜕𝑦

𝜕𝑦

𝜕𝑧
= (−

𝐹𝑥
𝐹𝑧
)(−

𝐹𝑦
𝐹𝑥
) (−

𝐹𝑧
𝐹𝑦
) = −1 

 

Example 14.5.15: Suppose that the equation 𝐹(𝑥, 𝑦) = 0 implicitly defines 𝑦 as a function of 𝑥 and 

defines 𝑥 as a function of 𝑦. If 𝐹𝑥, 𝐹𝑦are nonzero, show that 

𝑑𝑦

𝑑𝑥

𝑑𝑥

𝑑𝑦
= 1 

Solution: By the Implicit Function Theorem we have 

𝑑𝑦

𝑑𝑥
= −

𝐹𝑥
𝐹𝑦
  and  

𝑑𝑥

𝑑𝑦
= −

𝐹𝑦
𝐹𝑥
  ⇒   

𝑑𝑦

𝑑𝑥

𝑑𝑥

𝑑𝑦
= (−

𝐹𝑥
𝐹𝑦
) (−

𝐹𝑦
𝐹𝑥
) = 1 

Example 14.5.16: Suppose that the equation 𝐹(𝑥, 𝑦, 𝑧) = 0 implicitly defines each of the three 

variables 𝑥, 𝑦, 𝑧 as a function of the other two. If 𝐹𝑥 and 𝐹𝑧 are nonzero, write 
𝜕𝑧

𝜕𝑥

𝜕𝑥

𝜕𝑦
 in simplicit form. 

Solution: By the Implicit Function Theorem we have: 
𝜕𝑧

𝜕𝑥
= −

𝐹𝑥

𝐹𝑧
, 
𝜕𝑥

𝜕𝑦
= −

𝐹𝑦

𝐹𝑥
, 
𝜕𝑦

𝜕𝑧
= −

𝐹𝑧

𝐹𝑦
  

⇒   
𝜕𝑧

𝜕𝑥

𝜕𝑥

𝜕𝑦
= (−

𝐹𝑥

𝐹𝑧
) (−

𝐹𝑦

𝐹𝑥
) = −(−

𝐹𝑦

𝐹𝑧
) = −

𝜕𝑧

𝜕𝑦
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Section 14.6 The Directional Derivative and the Gradiant Vector 
 
 

Definition 14.6.1: The gradient vector of the function 𝑓(𝑥, 𝑦) at the point (𝑥0, 𝑦0) is defined by 

∇𝑓(𝑥0, 𝑦0) = 〈𝑓𝑥(𝑥0, 𝑦0), 𝑓𝑦(𝑥0, 𝑦0)〉 

 Observe that if 𝑓(𝑥, 𝑦, 𝑧) is a function in 3-variables, then 

 ∇𝑓(𝑥0, 𝑦0, , 𝑧0) = 〈𝑓𝑥(𝑥0, 𝑦0, 𝑧0), 𝑓𝑦(𝑥0, 𝑦0, 𝑧0), 𝑓𝑧(𝑥0, 𝑦0, 𝑧0)〉 

 

Definition 14.6.2: The Directional derivative (or the rate of change) of the function 𝑓(𝑥, 𝑦) at the point 
(𝑥0, 𝑦0) in the direction of the unit vector 𝑣 = 〈𝑎, 𝑏〉 is: 

𝐷�̂�𝑓(𝑥0, 𝑦0) = lim
ℎ→0

𝑓(𝑥0 + 𝑎ℎ, 𝑦0 + 𝑏ℎ) − 𝑓(𝑥0, 𝑦0)

ℎ
 

 

Interpolation of the Directional Derivative 14.6.3:  

 

Suppose that we now wish to find the directional derivative (the 

rate of change) of the function 𝑓(𝑥, 𝑦) at a point 𝑃′(𝑥0, 𝑦0) in the 

direction of a unit vector  𝑢  To do this we consider the surface 𝑆 

with the  equation 𝑧 = 𝑓(𝑥, 𝑦)  (the  graph  of 𝑓)  and  we  let 

𝑧0 = 𝑓(𝑥0, 𝑦0). Then the point 𝑃(𝑥0, 𝑦0, 𝑧0) lies on  𝑆. The vertical 

plane that passes through 𝑃 in the direction of 𝒖 intersects 𝑆 in a 

curve  𝐶. The slope of the tangent line T to 𝐶 at the point 𝑃 is the 

directional derivative (rate of change) of 𝑓 in the direction of  𝑢. 
 

Theorem 14.6.4: The Directional derivative (or the rate of change) of the function 𝑓(𝑥, 𝑦) at the point 
(𝑥0, 𝑦0) in the direction of the unit vector 𝑣 = 〈𝑎, 𝑏〉 is: 

𝐷�̂�𝑓(𝑥0, 𝑦0) = ∇𝑓(𝑥0, 𝑦0) ∙ 𝑣  (dot product) 

Example 5: Find  the directional derivative of the function 𝑓(𝑥, 𝑦) = 𝑥2𝑦3 at the point (−2,3) in the 

direction of the vector 𝑣 = 2𝑖 − 5𝑗. 

Solution:  

 Gradient: ∇𝑓 = 〈𝑓𝑥 , 𝑓𝑦〉 = 〈2𝑥𝑦
3, 3𝑥2𝑦2〉 ⇒ ∇𝑓(−2,3) = 〈2(−2)(3)3, 3(−2)2(3)2〉  

⇒  ∇𝑓(−2,3) = 〈−108,108〉 

 Unit vector: 𝑣 = 2𝑖 − 5𝑗  ⇒  𝑣 =
�⃗⃗�

|�⃗⃗�|
=

2𝑖−5𝑗 

√22+52
=
2𝑖−5𝑗 

√29
= 〈

2

√29
, −

5

√29
〉 

 𝐷�̂�𝑓(−2,3) = ∇𝑓(−2,3) ∙ 𝑣 = 〈−108,108〉 ∙ 〈
2

√29
, −

5

√29
〉 = (−108)

2

√29
+ 108(−

5

√29
) = −

756

√29
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Example 14.6.6: Find  the rate of change of the function 𝑓(𝑥, 𝑦) =
𝑥2−𝑦

𝑦2
 at the point (2,1) in the direction 

indicated by the angle 𝜃 =
𝜋

3
 (that is in the direction that makes the angle 𝜃 =

𝜋

3
 with the positive direction 

of the 𝑥-axis. 

Solution:  

 Gradient: ∇𝑓 = 〈𝑓𝑥 , 𝑓𝑦〉 = 〈
2𝑥

𝑦2
,
𝑦2(−1)−(𝑥2−𝑦)(2𝑦)

𝑦4
〉  ⇒   ∇𝑓(2,1) = 〈4,−7〉   

 Unit vector: 𝑣 = 〈cos(𝜃), sin(𝜃)〉 = 〈
1

2
,
√3

2
〉 

 𝐷�̂�𝑓(2,1) = ∇𝑓(2,1) ∙ 𝑣 = 〈4,−7〉 ∙ 〈
1

2
,
√3

2
〉 = (4)

1

2
+ (−7) (

√3

2
) =

4−7√3

2
 

 

Example 14.6.7: Find  the rate of change of the function 𝑓(𝑥, 𝑦, 𝑧) = 𝑥2 − 3𝑦𝑧3 at the point 𝑃(2,−1,1) in 

the direction from 𝑃 to the point 𝑄 (3,1,
1

2
). 

Solution:  

 Gradient: ∇𝑓 = 〈𝑓𝑥 , 𝑓𝑦 , 𝑓𝑧〉 = 〈2𝑥, −3𝑧
3, −9𝑦𝑧2〉  ⇒   ∇𝑓(2,−1,1) = 〈4, −3,9〉   

 Unit vector: 𝑣 = 𝑃𝑄⃗⃗⃗⃗ ⃗⃗ = 〈𝑄 − 𝑃〉 = 〈1,2,−
1

2
〉  ⇒  |𝑣| =

√21

2
    ⇒  𝑣 not a unit vector 

𝑣 =
𝑣

|𝑣|
=
〈1,2,−

1
2
〉 

√21/2
=
2 〈1,2, −

1
2
〉 

√21
= 〈

2

√21
,
4

√21
,−

1

√21
〉 

 𝐷�̂�𝑓(2,−1,1) = ∇𝑓(2, , −1,1) ∙ 𝑣 = 〈4,−3,9〉 ∙ 〈
2

√21
,
4

√21
, −

1

√21
〉 =

8

√21
−

12

√21
−

9

√21
= −

13

√21
 

 

Remark 14.6.8: Recall that:  The definition of the directional derivative (or the rate of change) of the 

function 𝑓(𝑥, 𝑦) at the point (𝑥0, 𝑦0) in the direction of the unit vector 𝑣 = 〈𝑎, 𝑏〉 is: 

𝐷�̂�𝑓(𝑥0, 𝑦0) = lim
ℎ→0

𝑓(𝑥0+𝑎ℎ,𝑦0+𝑏ℎ)−𝑓(𝑥0,𝑦0)

ℎ
 and 𝐷�̂�𝑓(𝑥0, 𝑦0) = ∇𝑓(𝑥0, 𝑦0) ∙ 𝑣 

Example 14.6.9: Let 𝑓(𝑥, 𝑦) = ln(𝑥2 + 2𝑦) − 2√𝑥. Find lim
ℎ→0

𝑓(4−
ℎ

3
,
√8ℎ

3
)−𝑓(4,0)

ℎ
 

Solution: By the definition of the directional derivative we have lim
ℎ→0

𝑓(4−
ℎ

3
,
√8ℎ

3
)−𝑓(4,0)

ℎ
= 𝐷�̂�𝑓(4,0), where  

𝑣 = 〈−
1

3
,
√8

3
〉. So, lim

ℎ→0

𝑓(4−
ℎ

3
,
√8ℎ

3
)−𝑓(4,0)

ℎ
= ∇𝑓(4,0) ∙ 〈−

1

3
,
√8

3
〉……..① 

We have to find ∇𝑓(4,0): 

 ∇𝑓 = 〈
2𝑥

𝑥2+2𝑦
−

1

√𝑥
,

2

𝑥2+2𝑦
〉   ⇒  ∇𝑓(4,0) = 〈0,

1

8
〉 

 ① ⇒  lim
ℎ→0

𝑓(4−
ℎ

3
,
√8ℎ

3
)−𝑓(4,0)

ℎ
= ∇𝑓(4,0) ∙ 〈−

1

3
,
√8

3
〉 = 〈0,

1

8
〉 ∙ 〈−

1

3
,
√8

3
〉 =

√8

24
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Example 14.6.10: Let �̂� = 〈
1

√2
, −

1

√2
〉, 𝑣 = 〈

2√2

3
,
1

3
〉, 𝐷𝑢𝑓(2,1) = 2 and 𝐷�̂�𝑓(2,1) =

1

3
. 

(a) Find the gradient vector of 𝑓 at the point (2,1). 

(b) Find the directional derivative of 𝑓 at the point (2,1) in the direction of 𝑖 − 2𝑗. 

Solution:  

(a) Let ∇𝑓(2,1) = 〈𝑎, 𝑏〉. Then 

 𝐷𝑢𝑓(2,1) = 2  ⇒   ∇𝑓(2,1) ∙  �̂� = 2  ⇒ 〈𝑎, 𝑏〉 ∙ 〈
1

√2
, −

1

√2
〉 = 2  ⇒

𝑎−𝑏

√2
= 2. So, 

𝑎 − 𝑏 = 2√2……….① 

 𝐷�̂�𝑓(2,1) =
1

3
  ⇒   ∇𝑓(2,1) ∙  𝑣 =

1

3
  ⇒ 〈𝑎, 𝑏〉 ∙ 〈

2√2

3
,
1

3
〉 =

1

3
  ⇒

2√2𝑎+𝑏

3
=
1

3
. So,  

 2√2𝑎 + 𝑏 = 1………② 

 ①+②: ⇒ (1 + 2√2)𝑎 = 2√2 + 1   ⇒   𝑎 = 1 

① ⇒ 1 − 𝑏 = 2√2  ⇒  𝑏 = 1 − 2√2  

∇𝑓(2,1) = 〈𝑎, 𝑏〉 = 〈1,1 − 2√2〉 
(b)  

 ∇𝑓(2,1) = 〈1,1 − 2√2〉   (by part (a)) 

 Unit vector: �⃗⃗⃗� = 𝑖 − 2𝑗  ⇒  |�⃗⃗⃗�| = √5  ⇒  �̂� = 〈
1

√5
, −

2

√5
〉 unit vector. 

 𝐷�̂�𝑓(2,1) = ∇𝑓(2,1) ∙  �̂� = 〈1,1 − 2√2〉 ∙  〈
1

√5
, −

2

√5
〉 =

4√2−1

√5
 

 

Remark 14.6.11: Since 𝑖, 𝑗, and 𝑘 are unit vectors, then: 

 𝐷𝑖𝑓 = ∇𝑓 ∙ 𝑖 = 〈𝑓𝑥 , 𝑓𝑦 , 𝑓𝑧〉 ∙ 〈1,0,0〉 = 𝑓𝑥      ⇒   𝐷𝑖𝑓 = 𝑓𝑥 

 𝐷𝑗𝑓 = ∇𝑓 ∙ 𝑗 = 〈𝑓𝑥 , 𝑓𝑦 , 𝑓𝑧〉 ∙ 〈0,1,0〉 = 𝑓𝑦      ⇒   𝐷𝑗𝑓 = 𝑓𝑦 

 𝐷𝑘𝑓 = ∇𝑓 ∙ 𝑘 = 〈𝑓𝑥 , 𝑓𝑦 , 𝑓𝑧〉 ∙ 〈0,0,1〉 = 𝑓𝑧      ⇒   𝐷𝑘𝑓 = 𝑓𝑧  

 

Example 14.6.12: Use the figure to estimate 𝐷𝑢𝑓(2,2). 

 

Solution: If we take |𝑢| = 1 unit, then  |∇𝑓(2,2)| ≅ 3.7, 𝜃 ≅ 150. So, 

𝐷𝑢𝑓(2,−1,1) = ∇𝑓(𝑥0, 𝑦0) ∙ 𝑢 = |∇𝑓(2,2)| |𝑢|  cos𝜃 = |∇𝑓(2,2)| cos𝜃 

≅ 3.7 cos(150) = −
3.7√3

2
≅ −3.2 

 

Remark 14.6.13: Let 𝑣 = 〈𝑎, 𝑏〉 be a unit vector. Then 

𝐷�̂�𝑓(𝑥0, 𝑦0) = ∇𝑓(𝑥0, 𝑦0) ∙ 𝑣 

= |∇𝑓(𝑥0, 𝑦0)| ∙ |𝑣|  cos𝜃 

= |∇𝑓(𝑥0, 𝑦0)|cos𝜃  (since 𝑣   is a unit vector) 

−1 ≤ cos𝜃 ≤ 1  ⇒   −|∇𝑓(𝑥0, 𝑦0)| ≤ |∇𝑓(𝑥0, 𝑦0)|cos𝜃 ≤ |∇𝑓(𝑥0, 𝑦0)| 

⇒  −|∇𝑓(𝑥0, 𝑦0)| ≤ 𝐷�̂�𝑓(𝑥0, 𝑦0) ≤ |∇𝑓(𝑥0, 𝑦0)| 
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Theorem 14.6.14: Suppose that 𝑓 is a differentiable function of two (or three variables). 

 The maximum value of the directional derivative 𝐷�̂�𝑓(𝑥0, 𝑦0) is |∇𝑓(𝑥0, 𝑦0)| which occurs in 

the direction of ∇𝑓(𝑥0, 𝑦0). 
 

𝐷�̂�𝑓 = |∇𝑓| ⇔ 
𝑣 and ∇𝑓 are in the 

same direction 
⇔ 𝑣 =

∇𝑓

|∇𝑓|
 

 

 The minimum value of the directional derivative 𝐷�̂�𝑓(𝑥0, 𝑦0) is −|∇𝑓(𝑥0, 𝑦0)| which occurs 

in the direction of −∇𝑓(𝑥0, 𝑦0). 
 

𝐷�̂�𝑓 = −|∇𝑓| ⇔ 
𝑣 and −∇𝑓 are in the 

same direction 
⇔ 𝑣 = −

∇𝑓

|∇𝑓|
 

 

Remark 14.6.15: Observe that: 

The maximum value of the 

directional derivative of 𝑓 
⇔ 

The maximum rate of 

change of 𝑓 
⇔ 

The function 𝑓 

increases fastest. 
 

The minimum value of the 

directional derivative of 𝑓 
⇔ 

The minimum rate of 

change of 𝑓 
⇔ 

The function 𝑓 

decreases fastest. 

 

Example 14.6.16: Find the maximum directional derivative (or maximum rate of change) of the function 

𝑓(𝑥, 𝑦) = 2𝑦2√𝑥 at the point (9,−3) and find the direction in which it occurs. 

Solution:    

 ∇𝑓 = 〈
𝑦2

√𝑥
, 4𝑦√𝑥〉   ⇒   ∇𝑓(9,−3) = 〈3,−36〉 

 The maximum directional derivative = |∇𝑓(9,−3)| = √32 + (36)2 = √1305 

 The direction in which the maximum directional derivative occurs is in the direction of the 

vector ∇𝑓(9,−3) = 〈3,−36〉. 
 

Example 14.6.17: Find the direction in which the function 𝑓(𝑥, 𝑦, 𝑧) = 𝑥𝑒𝑥−𝑦𝑧  

(1) decreases fastest at the point (2,1,2). 

(2) increases fastest at the point (2,1,2). 

Solution:   ∇𝑓 = 〈𝑥𝑒𝑥−𝑦𝑧 + 𝑒𝑥−𝑦𝑧 , −𝑥𝑧𝑒𝑥−𝑦𝑧 , −𝑥𝑦𝑒𝑥−𝑦𝑧〉 ⇒  ∇𝑓(2,1,2) = 〈3,−4,−2〉 

(1) The direction in which the function 𝑓 decreases fastest is −∇𝑓(2,1,2) = 〈−3,4,2〉 

(2) The direction in which the function 𝑓 increases fastest is ∇𝑓(2,1,2) = 〈3, −4,−2〉 
 

Example 14.6.18: Find the unit vector 𝑣, if ∇𝑓(1,2) = 〈3,−4〉 and 𝐷�̂�𝑓(1,2) = 5. 

Solution:   Since |∇𝑓(1,2)| = √9 + 16 = √25 = 5 and 𝐷�̂�𝑓(1,2) = 5 we have 𝐷�̂�𝑓(1,2) = |∇𝑓(1,2)| 

 ⇒   𝐷�̂�𝑓(1,2) has its maximum value  ⇒  𝑣 and ∇𝑓(1,2) are in the same direction:  

⇒ 𝑣 =
∇𝑓(1,2)

|∇𝑓(1,2)|
 (since 𝑣 is a unit vector)  ⇒    𝑣 =

〈3,−4〉

5
= 〈

3

5
, −

4

5
〉. 
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Theorem 14.6.19: Let 𝑆: 𝐹(𝑥, 𝑦, 𝑧) = 𝑘 be a surface and 𝑃(𝑥0, 𝑦0, 𝑧0) be a 

point on 𝑆. Let 𝐶: 𝑟(𝑡) = 〈𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡)〉 be a curve on 𝑆 that passes 

through 𝑃. Prove that ∇𝐹 is perpendicular to the tangent vector 𝑟′(𝑡) of 𝐶 at 

the point 𝑃. 

Proof:   The curve 𝐶 is on 𝑆 ⇒ 𝐶 satisfies the equation of 𝑆 

⇒    𝐹(𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡)) = 𝑘………① 

Differentiating both sides of the equation ① with respect to 𝑡: 

⇒  
𝑑𝐹

𝑑𝑡
= 0  ⇒   𝐹𝑥

𝑑𝑥

𝑑𝑡
+ 𝐹𝑦

𝑑𝑦

𝑑𝑡
 +  𝐹𝑧

𝑑𝑧

𝑑𝑡
= 0 ⇒  〈𝐹𝑥 , 𝐹𝑦, 𝐹𝑧〉 ∙ 〈

𝑑𝑥

𝑑𝑡
,
𝑑𝑦

𝑑𝑡
,
𝑑𝑧

𝑑𝑡
〉 = 0 

The point 𝑃(𝑥0, 𝑦0, 𝑧0) is on the curve 𝐶  ⇒  𝑟(𝑡0) = 〈𝑥0, 𝑦0, 𝑧0〉 

The equation (2) at the point 𝑃(𝑥0, 𝑦0, 𝑧0) ⇒  ∇𝐹(𝑥0, 𝑦0, 𝑧0) ∙ 𝑟
′(𝑡0) = 0   

Which means that ∇𝐹 is perpendicular to the tangent vector 𝑟′(𝑡) of 𝐶 at the point 𝑃 

 

Remark 14.6.20: Theorem 19 says the following: 

∇𝐹 is normal to the surface 𝑆: 𝐹(𝑥, 𝑦, 𝑧) = 𝑘 at any point on 𝑆. 

So, we have the following Theorem: 

Theorem 14.6.21: Let 𝑆: 𝐹(𝑥, 𝑦, 𝑧) = 𝑘 be a surface, 𝑃(𝑥0, 𝑦0, 𝑧0) be a point on 𝑆 and let 

∇𝐹(𝑥0, 𝑦0, 𝑧0) = 〈𝑎, 𝑏, 𝑐〉. Then 

(1) The equation of the tangent plane to the surface 𝑆 at the point 𝑃 is: 

𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 = 𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0 

(2) Parametric equations of the normal line to the surface 𝑆 at the point 

𝑃 are 𝑥 = 𝑥0 + 𝑎𝑡, 𝑦 = 𝑦0 + 𝑏𝑡, 𝑧 = 𝑧0 + 𝑐𝑡 

 

Example 14.6.22: Find the equations of the tangent plane and the normal line at the point (−2,1,3) 

to the ellipsoid  
𝑥2

4
+ 𝑦2 +

𝑧2

9
= 3. 

Solution:  

 First we simplify the equation of the surface: 
𝑥2

4
+ 𝑦2 +

𝑧2

9
= 3 ⇒  9𝑥2 + 36𝑦2 + 4𝑧2 − 108 = 0. So, let 𝐹(𝑥, 𝑦, 𝑧) = 9𝑥2 + 36𝑦2 + 4𝑧2 − 108 

⇒  ∇𝐹 = 〈18𝑥, 72𝑦, 8𝑧〉 ⇒  ∇𝐹(−2,1,3) = 〈−36,72,24〉 (÷ 12) ⇒ vector is 〈−3,6,2〉 
 The equation of the tangent plane at (−2,1,3) is: 

−3𝑥 + 6𝑦 + 2𝑧 = −3(−2) + 6(1) + 2(3) = 18  ⇒   −3𝑥 + 6𝑦 + 2𝑧 = 18 

 Param. equations of the normal line at (−2,1,3) are 𝑥 = −2 − 3𝑡, 𝑦 = 1 + 6𝑡, 𝑧 = 3 + 2𝑡 

,1,2−〉فيصبح المتجه  3مثلاً بقسمته على   〈3,6,2−〉للمتجه    يجوز استخدام متجه مواز   ملاحظة:
2

3
وبالتالي تصبح معادلات    〈

𝑥  كما يلي: (normal lineالخط العامودي ) = −2 − 𝑡, 𝑦 = 1 + 2𝑡, 𝑧 = 3 +
2

3
𝑡 
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Example 14.6.23: Find the equations of the tangent plane and the normal line at the point 
(−2,1,5) to  the surface  𝑧 = 𝑥2 + 𝑦2. 

Solution:   

 Surface: 𝑧 = 𝑥2 + 𝑦2 ⇒  𝑥2 + 𝑦2 − 𝑧 = 0 

 Let 𝐹(𝑥, 𝑦, 𝑧) = 𝑥2 + 𝑦2 − 𝑧 ⇒   ∇𝐹 = 〈2𝑥, 2𝑦,−1〉  ⇒   ∇𝐹(−2,1,3) = 〈−4,2,−1〉 
 The equation of the tangent plane at (−2,1,5) is: 

−4𝑥 + 2𝑦 − 𝑧 = −4(−2) + 2(1) − (5) = 5  ⇒   −4𝑥 + 2𝑦 − 𝑧 = 5 

 The equations of the normal line at (−2,1,5) are: 𝑥 = −2 − 4𝑡, 𝑦 = 1 + 2𝑡, 𝑧 = 5 − 𝑡 
 

Example 14.6.24: At what point the surface 𝑦 = 𝑥2 + 𝑧2 is tangent to the plane parallel to the plane 

𝑥 + 𝑦 + 3𝑧 = 1. 
Solution:  Let (𝑥, 𝑦, 𝑧) be the pt. of tangency. 

 Surface: 𝑦 = 𝑥2 + 𝑧2 ⇒  𝑥2 − 𝑦 + 𝑧2 = 0  ⇒  𝐹(𝑥, 𝑦, 𝑧) = 𝑥2 − 𝑦 + 𝑧2 ⇒  ∇𝐹 = 〈2𝑥,−1,2𝑧〉 
 Plane: 𝑥 + 𝑦 + 3𝑧 = 1  ⇒    𝑣 = 〈1,1,3〉 

 ∇𝐹 // 〈1,1,3〉 ⇒ 〈2𝑥,−1,2𝑧〉 // 〈1,1,3〉  ⇒ 
2𝑥

1
=
−1

1
=

2𝑧

3
 (Ratio Method)  

⇒ 2𝑥 = −1,2𝑧 = −3 ⇒ 𝑥 = −
1

4
 and 𝑧 = −

3

4
. 

 To find 𝑦: We substitute 𝑥 = −
1

4
, 𝑧 = −

3

4
 in 𝑦 = 𝑥2 + 𝑧2: 

𝑦 = (−
1

4
)
2

+ (−
3

4
)
2

=
10

16
  ⇒   The point is (−

1

4
,
10

16
 , −

3

4
) 

 

Example 14.6.25: At what point the surface 𝑥2 − 𝑦2 + 𝑧2 − 2𝑥 = 1 has a normal line parallel to the 

line 𝑥 = 4𝑡, 𝑦 = 1 − 2𝑡, 𝑧 = −2𝑡. 
Solution: Let (𝑥, 𝑦, 𝑧) be the pt. at which the normal line parallel to the given line 

 Surface: 𝑥2 − 𝑦2 + 𝑧2 − 2𝑥 = 1  ⇒   𝑥2 − 𝑦2 + 𝑧2 − 2𝑥 − 1 = 0 

𝐹(𝑥, 𝑦, 𝑧) = 𝑥2 − 𝑦2 + 𝑧2 − 2𝑥 − 1  ⇒  ∇𝐹 = 〈2𝑥 − 2,−2𝑦, 2𝑧〉……..① 

 Line 𝑥 = 4𝑡, 𝑦 = 1 − 2𝑡, 𝑧 = −2𝑡: A vector parallel to it is 〈4,−2, −2〉   

 The normal line parallel to the line 𝑥 = 4𝑡, 𝑦 = 1 − 2𝑡, 𝑧 = −2𝑡 ⇒ ∇𝐹 // 〈4, −2,−2〉  

⇒  〈2𝑥 − 2,−2𝑦, 2𝑧〉 // 〈4,−2,−2〉: 

 Ratio Method: 
2𝑥−2

4
=
−2𝑦

−2
=

2𝑧

−2
  ⇒ 

𝑥−1

2
= 𝑦 = −𝑧 ⇒ 

𝑥−1

2
= 𝑦,−𝑧 = 𝑦  

⇒ 𝑥 = 2𝑦 + 1, 𝑧 = −𝑦 substitute in these equation in 𝑥2 − 𝑦2 + 𝑧2 − 2𝑥 = 1 

We have (2𝑦 + 1 )2 − 𝑦2 + (−𝑦)2 − 2(2𝑦 + 1) = 1  

⇒  4𝑦2 + 4𝑦 + 1 − 𝑦2 + 𝑦2 − 4𝑦 − 2 = 1 ⇒ 4𝑦2 = 2 ⇒ 𝑦2 =
1

2
 ⇒ 𝑦 = ±

1

√2
 

 𝑦 = −
1

√2
 ⇒ 𝑥 = 2𝑦 + 1 = 1 −

2

√2
, 𝑧 = −

1

√2
 

 𝑦 =
1

√2
 ⇒ 𝑥 = 2𝑦 + 1 = 11

2

√2
, 𝑧 =

1

√2
 

 We have two pts.: (1 −
1

√2
, −

1

√2
,
1

√2
), (1 +

1

√2
,
1

√2
, −

1

√2
) 
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Example 14.6.26: At what points does the normal line through the point (1,1,2) on the ellipsoid  

4𝑥2 + 𝑦2 + 4𝑧2 = 21 intersects the sphere 𝑥2 + 𝑦2 + 𝑧2 = 6 

Solution:  

 Surface: 4𝑥2 + 𝑦2 + 4𝑧2 = 21 ⇒  4𝑥2 + 𝑦2 + 4𝑧2 − 21 = 0  

⇒  𝐹(𝑥, 𝑦, 𝑧) = 4𝑥2 + 𝑦2 + 4𝑧2 − 21 ⇒  ∇𝐹 = 〈8𝑥, 2𝑦, 8𝑧〉  
⇒  ∇𝐹(1,1,2) = 〈8,2,16〉 ⇒ 〈8,2,16〉 // normal line (÷ 2)  ⇒ 〈4,1,8〉 //  normal line 

 Equations of the normal line are: 𝑥 = 1 + 4𝑡, 𝑦 = 1 + 𝑡, 𝑧 = 2 + 8𝑡 
 The normal line intersects the sphere 𝑥2 + 𝑦2 + 𝑧2 = 6. So, 

 Substitute (𝑥 = 1 + 4𝑡, 𝑦 = 1 + 𝑡, 𝑧 = 2 + 8𝑡) in the equation 𝑥2 + 𝑦2 + 𝑧2 = 6: 

(1 + 4𝑡)2 + (1 + 𝑡)2 + (2 + 8𝑡)2 = 6 

⇒  1 + 8𝑡 + 16𝑡2 + 1+ 2𝑡 + 𝑡2 + 4 + 32𝑡 + 64𝑡2 = 6 ⇒   81𝑡2 + 42𝑡 = 0 

⇒  𝑡(80𝑡 + 42) = 0  ⇒   𝑡 = 0 or 𝑡 = −
42

81
: 

 𝑡 = 0 ⇒ {
𝑥 = 1 + 4𝑡  ⇒  𝑥 = 1 + 0 ⇒ 𝑥 = 1
𝑦 = 1 + 𝑡 ⇒   𝑦 = 1 + 0 ⇒ 𝑦 = 1
𝑧 = 2 + 8𝑡 ⇒   𝑧 = 2 + 0 ⇒ 𝑧 = 2

 

 𝑡 = −
42

81
:  ⇒  

{
 
 

 
 𝑥 = 1 + 4𝑡  ⇒  𝑥 = 1 − 4 (

42

81
)  ⇒ 𝑥 = −

87

81

𝑦 = 1 + 𝑡 ⇒   𝑦 = 1 − (
42

81
)  ⇒ 𝑦 =

39

81

𝑧 = 2 + 8𝑡 ⇒   𝑧 = 2 − 8 (
42

81
)  ⇒ 𝑧 = −

174

81

 

 The points are: (1,1,2) and (−
87

81
,
39

81
, −

174

81
) 

 

Example 14.6.27: Where does the normal line to the paraboloid 𝑧 = 𝑥2 + 𝑦2 at the point (1,1,2) 
intersects the paraboloid a second time. 

Solution:  

 Surface: 𝑧 = 𝑥2 + 𝑦2 ⇒  𝑥2 + 𝑦2 − 𝑧 = 0 ⇒  𝐹(𝑥, 𝑦, 𝑧) = 𝑥2 + 𝑦2 − 𝑧  
⇒  ∇𝐹 = 〈2𝑥, 2𝑦, −1〉  ⇒  ∇𝐹(1,1,2) = 〈2,2,−1〉 

 The equations of the normal line are: 𝑥 = 1 + 2𝑡, 𝑦 = 1 + 2𝑡, 𝑧 = 2 − 𝑡 
 The normal line intersects the paraboloid 𝑧 = 𝑥2 + 𝑦2. So:   

 Substitute (𝑥 = 1 + 2𝑡, 𝑦 = 1 + 2𝑡, 𝑧 = 2 − 𝑡) in the equation 𝑧 = 𝑥2 + 𝑦2: 

2 − 𝑡 = (1 + 2𝑡)2 + (1 + 2𝑡)2   ⇒  2 − 𝑡 = 2(1 + 4𝑡 + 4𝑡2)  ⇒  8𝑡2 + 9𝑡 = 0  

⇒ 𝑡(8𝑡 + 9) = 0  ⇒ 𝑡 = 0  or 𝑡 = −
9

8
 

 𝑡 = 0: ⇒  {
𝑥 = 1 + 2𝑡  ⇒  𝑥 = 1 + 0 ⇒ 𝑥 = 1
𝑦 = 1 + 2𝑡 ⇒   𝑦 = 1 + 0 ⇒ 𝑦 = 1
𝑧 = 2 − 𝑡 ⇒   𝑧 = 2 − 0 ⇒ 𝑧 = 2

 

 𝑡 = −
9

8
:  ⇒  

{
 
 

 
 𝑥 = 1 + 2𝑡  ⇒  𝑥 = 1 + 2 (−

9

8
)  ⇒ 𝑥 = −

10

8

𝑦 = 1 + 2𝑡 ⇒   𝑦 = 1 + 2 (−
9

8
)  ⇒ 𝑦 = −

10

8

𝑧 = 2 − 𝑡 ⇒   𝑧 = 2 − (−
9

8
)  ⇒ 𝑧 =

25

8

 

 The points are: (1,1,2) and (−
10

8
, −

10

8
,
25

8
) 

⇒ the normal line to the paraboloid 𝑧 = 𝑥2 + 𝑦2 at the point (1,1,2) intersects the paraboloid a second 

time at (−
10

8
, −

10

8
,
25

8
). 
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Example 14.6.28: Show that every plane that is tangent to the cone 𝑧2 = 𝑥2 + 𝑦2 passes 

through the origin. 

Solution: Let (𝑎, 𝑏, 𝑐) be a point on the cone 𝑧2 = 𝑥2 + 𝑦2 ⇒ 𝑐2 = 𝑎2 + 𝑏2  …………..① 

Now, we find the equation of the tangent plane to the cone: 

 𝑧2 = 𝑥2 + 𝑦2   ⇒   𝑥2 + 𝑦2 − 𝑧2 = 0. Let 𝐹(𝑥, 𝑦, 𝑧) =  𝑥2 + 𝑦2 − 𝑧2 ⇒ ∇𝐹 = 〈2𝑥, 2𝑦, −2𝑧〉 ⇒ 

∇𝐹(𝑎, 𝑏, 𝑐) = 〈2𝑎, 2𝑏,−2𝑐〉 
∇𝐹(𝑎, 𝑏, 𝑐) ⊥ tangent plane ⇒ 〈2𝑎, 2𝑏, −2𝑐〉 ⊥ tangent plane ÷ 2  

⇒ 〈𝑎, 𝑏, −𝑐〉 ⊥ tangent plane and (𝑎, 𝑏, 𝑐) is a point on the tangent plane 

 The equation of the tangent plane is: 𝑎𝑥 + 𝑏𝑦 − 𝑐𝑧 = 𝑎2 + 𝑏2 − 𝑐2 = 0 (by equation ①) 

⇒  𝑎𝑥 + 𝑏𝑦 − 𝑐𝑧 = 0 …………② 

 substituting the origin in the equation ② we have: 

 𝑎(0) + 𝑏(0) − 𝑐(0) = 0 ⇒ The origin satisfies the equation ② 

So, the origin lies on the tangent plane which means that: 

the tangent plane passes through the origin. 
 

Example 14.6.29: Show that every normal line to the sphere 𝑥2 + 𝑦2 + 𝑧2 = 𝑟2 passes through the 

center of the sphere. 

Solution: Let (𝑎, 𝑏, 𝑐) be a point on the sphere 𝑥2 + 𝑦2 + 𝑧2 = 𝑟2. 

 First, we find the equations of the normal line to the sphere 𝑥2 + 𝑦2 + 𝑧2 = 𝑟2 at (𝑎, 𝑏, 𝑐): 

𝑥2 + 𝑦2 + 𝑧2 = 𝑟2 ⇒ 𝑥2 + 𝑦2 + 𝑧2 − 𝑟2 = 0. Let 𝐹(𝑥, 𝑦, 𝑧) =  𝑥2 + 𝑦2 + 𝑧2 − 𝑟2 

⇒ ∇𝐹 = 〈2𝑥, 2𝑦, 2𝑧〉 ⇒ ∇𝐹(𝑎, 𝑏, 𝑐) = 〈2𝑎, 2𝑏, 2𝑐〉 

 ∇𝐹(𝑎, 𝑏, 𝑐) // normal line:   ⇒ 〈2𝑎, 2𝑏, 2𝑐〉 // normal line  ÷ 2 

⇒ 〈𝑎, 𝑏, 𝑐〉 // normal line  and (𝑎, 𝑏, 𝑐) is a point on the normal line 

 Equations of the normal line: 𝑥 = 𝑎 + 𝑎𝑡, 𝑦 = 𝑏 + 𝑏𝑡, 𝑧 = 𝑐 + 𝑐𝑡 

 To show that the normal line passes through the center of 𝑥2 + 𝑦2 + 𝑧2 = 𝑟2: 

Observe that the center of the sphere is (0,0,0):  

So, taking 𝑡 = −1 ⇒ {
𝑥 = 𝑎 + 𝑎𝑡  ⇒   𝑥 = 𝑎 − 𝑎 = 0
𝑦 = 𝑏 + 𝑏𝑡  ⇒   𝑦 = 𝑏 − 𝑏 = 0
𝑧 = 𝑐 + 𝑐𝑡   ⇒    𝑧 = 𝑐 − 𝑐 = 0

} 

 the normal line passes through the origin which is the center of the sphere. 
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Section 14.7:  Maximum and Minimum Values  
 

Definition 14.7.1: A function 𝑓(𝑥, 𝑦) is said to have: 

(1) a local maximum value at a point (𝑎, 𝑏) ∈ Dom(𝑓) if 𝑓(𝑎, 𝑏) ≥ 𝑓(𝑥, 𝑦) for all (𝑥, 𝑦) ∈ 𝐷, where 𝐷 is 

a disk in Domain 𝑓 centered at (𝑎, 𝑏). The number 𝑓(𝑎, 𝑏) is called a local maximum value of 𝑓. 

(2) a local minimum value at a point (𝑎, 𝑏) ∈ Dom(𝑓) if 𝑓(𝑎, 𝑏) ≤ 𝑓(𝑥, 𝑦) for all (𝑥, 𝑦) ∈ 𝐷, where 𝐷 is 

a disk in Domain 𝑓 centered at (𝑎, 𝑏). The number 𝑓(𝑎, 𝑏) is called a local minimum value of 𝑓. 

(3) an absolute maximum value at a point (𝑎, 𝑏) ∈ Dom(𝑓) if 𝑓(𝑎, 𝑏) ≥ 𝑓(𝑥, 𝑦) for all (𝑥, 𝑦) ∈ Dom(𝑓). 
The number 𝑓(𝑎, 𝑏) is called the absolute maximum value of 𝑓. 

(4) an absolute minimum value at a point (𝑎, 𝑏) ∈ Dom(𝑓) if 𝑓(𝑎, 𝑏) ≤ 𝑓(𝑥, 𝑦) for all (𝑥, 𝑦) ∈ Dom(𝑓). 
The number 𝑓(𝑎, 𝑏) is called the absolute minimum value of 𝑓. 

(5) a local extremum at a point (𝑎, 𝑏) if 𝑓 has a local maximum or minimum value at (𝑎, 𝑏). 

(6) an absolute extremum at a point (𝑎, 𝑏) if 𝑓 has an absolute maximum or minimum value at (𝑎, 𝑏). 

Example 14.7.2: Find the absolute and local extrema of the function 𝑓(𝑥, 𝑦) = 2𝑥2 + 𝑦2 

Solution: First, we give a graph of the function 𝑓: 

From the graph we see that: 

 𝑓 has a local minimum value at (0,0). This local minimum value is 𝑓(0,0) = 0 

 𝑓 has an absolute minimum value at (0,0).  
 The absolute minimum value is 𝑓(0,0) = 0 

 

Part 1:    Local Maximum and Minimum Values 

  

Definition 14.7.3: A function 𝑓(𝑥, 𝑦) is said to have a critical point at (𝑎, 𝑏) ∈ 𝐷𝑜𝑚(𝑓) if: 

 𝑓𝑥(𝑎, 𝑏) = 0  and  𝑓𝑦(𝑎, 𝑏) = 0 

or 

 𝑓𝑥(𝑎, 𝑏) does not exist 
or 

 𝑓𝑦(𝑎, 𝑏) does not exist 

Example 14.7.4: Find  the values of 𝑎 and 𝑏 that makes the function 𝑓 has a critical point at (1,−1), 
where 𝑓(𝑥, 𝑦) = 𝑥2𝑦 + 3𝑎𝑥𝑦2 − 𝑏𝑥𝑦. 

Solution:   

 𝑓𝑥 = 2𝑥𝑦 + 3𝑎𝑦
2 − 𝑏𝑦  and  𝑓𝑦 = 𝑥

2 + 6𝑎𝑥𝑦 − 𝑏𝑥  

 (1,−1) is a critical point 𝑓𝑥(1,−1) = 0  and  𝑓𝑦(1,−1) = 0 

 𝑓𝑥(1,−1) = 0 ⇒ −2 + 3𝑎 + 𝑏 = 0 ⇒ 3𝑎 + 𝑏 = 2……….① 

 𝑓𝑦(1,−1) = 0 ⇒   1 − 6𝑎 − 𝑏 = 0  ⇒ 6𝑎 + 𝑏 = 1……….② 

②-① ⇒ 3𝑎 = −1 ⇒  𝑎 = −
1

3
. ① ⇒  3𝑎 + 𝑏 = 2: 1 + 𝑏 = 2  ⇒  𝑏 = 1 

 

Theorem 14.7.5: If a function 𝑓(𝑥, 𝑦) has a local maximum or minimum value at (𝑎, 𝑏) and 

𝑓𝑥(𝑎, 𝑏), 𝑓𝑦(𝑎, 𝑏) both exist, then 𝑓𝑥(𝑎, 𝑏) = 0  and  𝑓𝑦(𝑎, 𝑏) = 0 
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The Second Derivative Test 14.7.6: Suppose that the second partial derivatives of the function 𝑓(𝑥, 𝑦) 
are continuous on a disk centered at a point (𝑎, 𝑏) and suppose that 𝑓𝑥(𝑎, 𝑏) = 0  and  𝑓𝑦(𝑎, 𝑏) = 0. 

Let   𝐷(𝑎, 𝑏) = 𝑓𝑥𝑥(𝑎, 𝑏)𝑓𝑦𝑦(𝑎, 𝑏) − [𝑓𝑥𝑦(𝑎, 𝑏)]
2
 

(1) If 𝐷(𝑎, 𝑏) > 0 and 𝑓𝑥𝑥(𝑎, 𝑏) > 0, then 𝑓 has a local minimum value at (𝑎, 𝑏). This local minimum 

value equals to 𝑓(𝑎, 𝑏). 
(2) If 𝐷(𝑎, 𝑏) > 0 and 𝑓𝑥𝑥(𝑎, 𝑏) < 0, then 𝑓 has a local maximum value at (𝑎, 𝑏). This local 

maximum value equals to 𝑓(𝑎, 𝑏).  
(3) If 𝐷(𝑎, 𝑏) < 0, then 𝑓 has neither a local maximum value nor a local minimum value at (𝑎, 𝑏). In 

this case we say that 𝑓 has a saddle point at (𝑎, 𝑏). 
 

Example 14.7.7: Find and classify the critical points of the function 𝑓 as local maximum, local 

minimum, or saddle point, where 𝑓(𝑥, 𝑦) = 2𝑥3 + 6𝑥𝑦2 − 3𝑦3 − 150𝑥. Moreover find 

the local maximum and minimum values of 𝑓. 

 Solution:  

 Step 1: We must find the critical points of 𝑓: 𝑓𝑥 = 6𝑥
2 + 6𝑦2 − 150 and 𝑓𝑦 = 12𝑥𝑦 − 9𝑦

2 

 𝑓𝑥 = 0 ⇒ 6𝑥2 + 6𝑦2 − 150 = 0 ⇒ (6𝑥2 + 6𝑦2 = 150) ÷ 6 ⇒ 𝑥2 + 𝑦2 = 25…….① 

 𝑓𝑦 = 0 ⇒ (12𝑥𝑦 − 9𝑦2 = 0) ÷ 3 ⇒ 4𝑥𝑦 − 3𝑦2 = 0 ⇒ 𝑦(4𝑥 − 3𝑦) = 0. So,   

𝑦 = 0……..② or 𝑦 =
4

3
𝑥………③ 

Case1: Eqs. ①&②: 𝑥2 + 𝑦2 = 25 and 𝑦 = 0 

① ⇒ 𝑥2 = 25 ⇒ 𝑥 = ±5 ⇒ two critical points (±5,0) 

Case2: Eqs. ①&②: 𝑥2 + 𝑦2 = 25 and 𝑦 =
4

3
𝑥: 

① ⇒ 𝑥2 +
16

9
𝑥2 = 25 ⇒ 

25

9
𝑥2 = 25 ⇒ 𝑥2 = 9 ⇒ 𝑥 = ±3 

 If 𝑥 = −3: 𝑦 =
4

3
𝑥 ⇒ 𝑦 = −4 ⇒ one point (−3,−4) 

 If 𝑥 = 3: 𝑦 =
4

3
𝑥 ⇒ 𝑦 = 4 ⇒ one point (3,4) 

𝑓 has four critical points: (−5,0), (5,0), (−3, −4), (3,4) 
 Step 2: We classify the critical points: 

 𝑓𝑥𝑥 = 12𝑥,    𝑓𝑦𝑦 = 12𝑥 − 18𝑦,  and 𝑓𝑥𝑦 = 12𝑦 𝐷 = 𝑓𝑥𝑥𝑓𝑦𝑦 − [𝑓𝑥𝑦]
2
 

𝐷 = 12𝑥(12𝑥 − 18𝑦) − (12𝑦)2 

 At (−𝟓, 𝟎): 𝐷(−5,0) = 12(−5)(12(−5)) > 0 and 𝑓𝑥𝑥(−5,0) = 12(−5) < 0: 

 ⇒ 𝑓 has a local maximum value at the point (−5,0) 

 A local  maximum value of 𝑓 is 𝑓(−5,0)  = 2(−5)3 − 150(−5) = 500 

 At (𝟓, 𝟎): 𝐷(−5,0) = 12(5)(12(5)) > 0 and 𝑓𝑥𝑥(5,0) = 12(5) > 0:  

 ⇒ 𝑓 has a local minimum value at the point (5,0) 

 A local  minimum value of 𝑓 is 𝑓(5,0) = 2(5)3 − 150(5) = −500  

 At (−𝟑, −𝟒): 𝐷(−3, −4) = 12(−3)(12(−3) − 18(−4)) − (12(−4))
2
< 0  

 ⇒ 𝑓 has a saddle point at (−3, −4) 

 At (𝟑, 𝟒): 𝐷(3,4) = 12(3)(12(3) − 18(4)) − (12(4))
2
< 0  

 ⇒ 𝑓 has a saddle point at (3,4) 
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Example 14.7.8: Find the local maximum and local minimum values of the function 

𝑓(𝑥, 𝑦) = 𝑥4 + 𝑦4 − 4𝑥𝑦 + 1. 

Solution:  

 Step 1: We must find the critical points of 𝑓: 𝑓𝑥 = 4𝑥
3 − 4𝑦 and 𝑓𝑦 = 4𝑦

3 − 4𝑥  

 𝑓𝑥 = 0 ⇒ 4𝑥3 − 4𝑦 = 0 ⇒  𝑦 = 𝑥3………… .① 

 𝑓𝑦 = 0 ⇒ 4𝑦3 − 4𝑥 = 0  ⇒  𝑥 = 𝑦3  ………....② 

Substitute equation ① in ②: 𝑥 = (𝑥3)3 ⇒ 𝑥 = 𝑥9 ⇒ 𝑥 = 0,−1,1 

 If 𝑥 = 0: ① ⇒ 𝑦 = 03 = 0 ⇒ one critical points (0,0) 

 If 𝑥 = −1: ① ⇒ 𝑦 = (−1)3 = −1 ⇒ one critical points (−1,−1) 

 If 𝑥 = 1: ① ⇒ 𝑦 = (1)3 = 1 ⇒ one critical points (1,1) 

 𝑓 has three critical points: (0,0), (−1,−1), (1,1) 
 Step 2: We classify the critical points: 𝑓𝑥𝑥 = 12𝑥

2,    𝑓𝑦𝑦 = 12𝑦
2  and 𝑓𝑥𝑦 = −4  

𝐷 = 𝑓𝑥𝑥𝑓𝑦𝑦 − [𝑓𝑥𝑦]
2
⇒  𝐷 = 12𝑥2(12𝑦2) − (−4)2 

 At (𝟎, 𝟎): 𝐷(0,0) = −16 < 0:  ⇒ 𝑓 has a saddle point at (0,0) 

 𝑓 has neither a local maximum nor a local minimum at (0,0) 

 At (−𝟏,−𝟏): 𝐷(−1,−1) = 12(12) − 16 > 0 and 𝑓𝑥𝑥(−1,−1) = 12 > 0:  

 𝑓 has a local minimum value at the point (−1,−1) 

 𝑓(−1,−1) = −1 is a local minimum value of 𝑓 

 At (𝟏, 𝟏): 𝐷(1,1) = 12(12) − 16 > 0 and 𝑓𝑥𝑥(1,1) = 12 > 0:  

 𝑓 has a local minimum value at the point (1,1) 

 𝑓(1,1) = −1 is a local minimum value of 𝑓 

Example 14.7.9: Find and classify the critical points of the function 𝑓 as local maximum, local minimum, 

or saddle point, where 𝑓(𝑥, 𝑦) = 𝑥2 + 𝑦2 − 2𝑥 − 6𝑦 + 12. 
  

Solution:  𝑓𝑥 = 2𝑥 − 2 = 0 ⇒ 𝑥 = 1 and 𝑓𝑦 = 2𝑦 − 6 = 0 ⇒ 𝑦 = 3   

 𝑓 has only one critical point: (1,3) 

 𝑓𝑥𝑥 = 2,    𝑓𝑦𝑦 = 2,  and 𝑓𝑥𝑦 = 0 ⇒ 𝐷 = 𝑓𝑥𝑥𝑓𝑦𝑦 − [𝑓𝑥𝑦]
2
  ⇒   𝐷 = 4 

 At (𝟏, 𝟑): 𝐷(1,3) = 4 > 0 and 𝑓𝑥𝑥(1,3) = 2 > 0: 

⇒ 𝑓 has a local minimum value at the point (1,3) 

Part 2: Absolute Maximum and Minimum Values of Functions with Only One Critical point 

  

Part 2.1: Absolute Extrema for functions with Domain ℝ2 and with only one critical pt 

Theorem 14.7.10: Let 𝑓(𝑥, 𝑦) be with domain ℝ2 and has only one critical point at (𝑎, 𝑏). 
(1) If 𝑓(𝑎, 𝑏) is a local maximum value of the function 𝑓, then 𝑓(𝑎, 𝑏) is an absolute maximum value 

of 𝑓. 

(2) If 𝑓(𝑎, 𝑏) is a local minimum value of the function 𝑓, then 𝑓(𝑎, 𝑏) is an absolute minimum value 

of 𝑓. 
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Example 14.7.11: Find the absolute maximum and minimum values of the function 

𝑓(𝑥, 𝑦) = 𝑥2 + 𝑦2 − 2𝑥 − 6𝑦 + 12. 
 Solution: From Example 9 we see that this function has only one critical point at (1,3) and at this point 𝑓 has a 

local minimum value. So by Theorem 10, 𝑓 has an absolute minimum value at (1, 3)   
⇒ The absolute minimum value of 𝑓 is 𝑓(1,3) = 2. 

Observe that the function 𝑓 has no absolute maximum value because it has only one critical point. 

Example 14.7.12:  

(1) Find the point on the plane 𝑥 + 2𝑦 + 𝑧 = 4 which is the closest to the point (1,0,−2). 

(2) Find the shortest distance from the point (1,0,−2) to the plane 𝑥 + 2𝑦 + 𝑧 = 4. 

Solution:  

(1) Let (𝑥, 𝑦, 𝑧) be a pt on the plane 𝑥 + 2𝑦 + 𝑧 = 4 which is the closest to the pt (1,0,−2). The 

distance from the point (1,0,−2) to the point (𝑥, 𝑦, 𝑧) is 

𝑑 = √(𝑥 − 1)2 + (𝑦 − 0)2 + (𝑧 − (−2))2 
⇒ 𝑑2 = (𝑥 − 1)2 + 𝑦2 + (𝑧 + 2)2………..① 

Since 𝑧 = 4 − 𝑥 − 2𝑦 substituting this in the equation (1) we have: 

⇒ 𝑑2 = (𝑥 − 1)2 + 𝑦2 + (4 − 𝑥 − 2𝑦 + 2)2 
 = (𝑥 − 1)2 + 𝑦2 + (6 − 𝑥 − 2𝑦)2 

Let 𝑓(𝑥, 𝑦) = 𝑑2 ⇒ 𝑓(𝑥, 𝑦) = (𝑥 − 1)2 + 𝑦2 + (6 − 𝑥 − 2𝑦)2 
Want to find the point at which the absolute minimum value of 𝑓 occurs: 

 𝑓𝑥 = 2(𝑥 − 1) + 2(6 − 𝑥 − 2𝑦)(−1)  ⇒  𝑓𝑥 = 4𝑥 + 4𝑦 − 14 = 0 ⇒ 2𝑥 + 2𝑦 = 7……..① 

 𝑓𝑦 = 2𝑦 + 2(6 − 𝑥 − 2𝑦)(−2)  ⇒  𝑓𝑦 = 4𝑥 + 10𝑦 − 24 = 0 ⇒ 2𝑥 + 5𝑦 = 12…….② 

②−① ⇒ 3𝑦 = 5  ⇒   𝑦 =
5

3
.  ①  ⇒  2𝑥 + 2 (

5

3
) = 7 ⇒ 𝑥 =

11

6
 

The function 𝑓 has only one critical point at (
11

6
,
5

3
) 

 𝑓𝑥𝑥 = 4, 𝑓𝑦𝑦 = 10, and 𝑓𝑥𝑦 = 4 ⇒ 𝐷 = (𝑓𝑥𝑥)(𝑓𝑦𝑦) − [𝑓𝑥𝑦]
2
 

𝐷 = 40 − 16 = 24 > 0 and 𝑓𝑥𝑥 = 4 > 0 ⇒ 𝑓 has a local minimum value at (
11

6
,
5

3
) 

 Since 𝑓 has only one critical point at (
11

6
,
5

3
) and 𝑓 (

11

6
,
5

3
) is a local minimum value of 𝑓, then 𝑓 

has an absolute minimum value at the pt (
11

6
,
5

3
) 

⇒ The closest pt is when 𝑥 =
11

6
 and 𝑦 =

5

3
. To find the value of 𝑧: 

Substitute 𝑥 =
11

6
 and 𝑦 =

5

3
 in the eq of the plane: 𝑥 + 2𝑦 + 𝑧 = 4 

⇒ 𝑧 = 4 −
11

6
− 2(

5

3
) = −

7

6
  

∴ The closest pt is (
11

6
,
5

3
, −

7

6
) 

(2) The absolute minimum value of 𝑓 is 𝑓 (
11

6
,
5

3
) 

⇒ The shortest distance is  𝑑 = √𝑓 (
11

6
,
5

3
) = √(

5

6
)
2

+ (
5

3
)
2

+ (
5

6
)
2

=
5√6

6
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Another Solution for Part (2): Since 𝑥 + 2𝑦 + 𝑧 = 4 is an equation of a plane, we can use the law of 

distance from a point and a plane: 

𝑥 + 2𝑦 + 𝑧 = 4 ⇒   𝑥 + 2𝑦 + 𝑧 − 4 = 0, point (1,0,−2) 

The shortest distance is  𝑑 =
|1 + 2(0) + (−2) − 4|

√12 + 22 + 12
=
|−5|

√6
=
5

√6
=
5√6

6
 

 

Part 2.2: Absolute Extrema for functions with known Ranges 
 

Remark 14.7.13: Let 𝑓(𝑥, 𝑦) be a function with range(𝑓) = S, where 𝑆 is a set in ℝ, then 

 The absolute maximum value of 𝑓 = maximum value in 𝑆 

  The absolute minimum value of 𝑓 = minimum value in 𝑆 
 

Example 14.7.14: Find the absolute maximum and minimum values of the function 

𝑓(𝑥, 𝑦) = 5 − √9 − 𝑥2 − 𝑦2 

Solution: First we find the range of 𝑓: Let 𝑧 = 5 − √9 − 𝑥2 − 𝑦2 

 √9 − 𝑥2 − 𝑦2 ≥ 0 ⇒ −√9 − 𝑥2 − 𝑦2 ≤ 0 ⇒ 5 − √9 − 𝑥2 − 𝑦2 ≤ 5 ⇒   𝑧 ≤ 5……..① 

 𝑧 = 5 − √9 − (𝑥2 + 𝑦2): (𝑥2 + 𝑦2) ≥ 0 ⇒ 9 − (𝑥2 + 𝑦2) ≤ 9 ⇒ √9 − (𝑥2 + 𝑦2) ≤ √9 

⇒  √9− (𝑥2 + 𝑦2) ≤ 3 ⇒  5 − √9 − (𝑥2 + 𝑦2) ≥ 5 − 3 ⇒ 𝑧 ≥ 2…………② 

①&② ⇒ range(𝑓) = [2,5] 
 The absolute maximum value of 𝑓 = maximum value in [2,5] = 5 

  The absolute minimum value of 𝑓 = minimum value in [2,5] = 2 

 

The following is Example 11 with another solution: 

Example 14.7.15: Find the absolute maximum and minimum values of the function 

𝑓(𝑥, 𝑦) = 𝑥2 + 𝑦2 − 2𝑥 − 6𝑦 + 12. 
 Solution: First we find range(𝑓):   Let 𝑧 = 𝑥2 + 𝑦2 − 2𝑥 − 6𝑦 + 12 

⇒  𝑧 = (𝑥 − 1)2 + (𝑦 − 3)2 + 2 

(𝑥 − 1)2 + (𝑦 − 3)2 ≥ 0 ⇒  (𝑥 − 1)2 + (𝑦 − 3)2 + 2 ≥ 2  ⇒  𝑧 ≥ 2 ⇒ range(𝑓) = [2,∞) 

 The absolute minimum value of 𝑓 is 2 

 𝑓  has no absolute maximum value. 

Part 2.3: Absolute Extrema for functions over closed bounded sets 

 

Definition 14.7.16: 

(1) A closed set in ℝ2 is a set that contains all its boundary points, where 

a boundary point of a set 𝐷 is a point (𝑎, 𝑏) such that every disk with 

center (𝑎, 𝑏) contains points in 𝐷 and also points not in 𝐷. 

(2) A bounded set in ℝ2 is a set that is contained within some disk. 

 

 

Extreme Value Theorem for Functions of two variables 14.7.17: 
 

If 𝑓(𝑥, 𝑦) is continuous on a closed, bounded set 𝐷 in ℝ2, then attains an absolute maximum value 

𝑓(𝑥1, 𝑦1) and an absolute minimum value 𝑓(𝑥2, 𝑦2) at some points (𝑥1, 𝑦1) and (𝑥2, 𝑦2) in 𝐷. 
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Remark 14.7.18: To find the absolute maximum and minimum values of a continuous function 𝑓(𝑥, 𝑦) 
on a closed, bounded set 𝐷: 

Step 1. Find the values of at the critical points of 𝑓(𝑥, 𝑦) in 𝐷.  

Step 2. Find the extreme values of 𝑓(𝑥, 𝑦) on the boundary of 𝐷.  

Step 3. The largest of the values from steps 1 and 2 is the absolute maximum value and the smallest of 

these values is the absolute minimum value. 

Example 14.7.19: Find the absolute maximum and minimum values of 

the function 𝑓(𝑥, 𝑦) = 𝑥2 − 2𝑥𝑦 + 2𝑦 on the rectangle 

 𝐷 = {(𝑥, 𝑦): 0 ≤ 𝑥 ≤ 3,0 ≤ 𝑦 ≤ 2}. 
Solution:  

Step 1: We find the critical points of 𝑓 in 𝐷:  

𝑓𝑥 = 2𝑥 − 2𝑦 and 𝑓𝑦 = −2𝑥 + 2  

𝑓𝑥 = 0 ⇒ 2𝑥 − 2𝑦 = 0 ⇒  𝑦 = 𝑥
𝑓𝑦 = 0 ⇒ −2𝑥 + 2 = 0  ⇒  𝑥 = 1

}  ⇒ 𝑦 = 1 ⇒ (1,1) is a critical point of 𝑓 

Check: Is (1,1) ∈ 𝐷? Yes 

Step 2: We find the extreme values of 𝑓 on the boundary of 𝐷: 

Observe that the boundary of 𝐷 consists of 4 line segments:  𝐿1, 𝐿2, 𝐿3, 𝐿4: 
 On 𝐿1 (𝑦 = 0): 𝑔1(𝑥) = 𝑓(𝑥, 0) = 𝑥

2 − 2𝑥(0) + 2(0) = 𝑥2, 0 ≤ 𝑥 ≤ 3. 

 𝑔1
′ (𝑥) = 2𝑥, 0 < 𝑥 < 3 ⇒ 𝑔1

′(𝑥) = 0 ⇒ 2𝑥 = 0 ⇒ 𝑥 = 0 ∉ (0,3)⏟  
interval

 

 We only have the end points when 𝑥 = 0 and 𝑥 = 3 ⇒ the points are (0,0), (3,0) 
 On 𝐿2 (𝑥 = 3): ℎ1(𝑦) = 𝑓(3, 𝑦) = (3)

2 − 2(3)𝑦 + 2𝑦 = 9 − 4𝑦, 0 ≤ 𝑦 ≤ 2. 

 ℎ1
′ (𝑦) = −4, 0 < 𝑦 < 2 ⇒ ℎ1

′ (𝑦) ≠ 0, ∀𝑦 ∈ (0,2)⏟  
interval

 

 We only have the end points when 𝑦 = 0 and 𝑦 = 2  ⇒ the points are (3,0), (3,2). 
 On 𝐿3 (𝑦 = 2): 𝑔2(𝑥) = 𝑓(𝑥, 2) = 𝑥

2 − 2𝑥(2) + 2(2) = 𝑥2 − 4𝑥 + 4, 0 ≤ 𝑥 ≤ 3. 

 𝑔2
′ (𝑥) = 2𝑥 − 4, 0 < 𝑥 < 3 ⇒ 𝑔2

′ (𝑥) = 0 ⇒ 2𝑥 − 4 = 0 ⇒ 𝑥 = 2 ∈ (0,3)⏟  
interval

 

 We three points: when 𝑥 = 2 and at the end points when 𝑥 = 0 and 𝑥 = 3  

⇒ the points are (2,2), (0,2), (3,2) 
 On 𝐿4 (𝑥 = 0): ℎ2(𝑦) = 𝑓(0, 𝑦) = (0)

2 − 2(0)𝑦 + 2𝑦 = 2𝑦, 0 ≤ 𝑦 ≤ 2. 

 ℎ2
′ (𝑦) ≠ 0, ∀𝑦 ∈ (0,2)⏟  

interval

 

 We only have the end points when 𝑦 = 0 and 𝑦 = 2 ⇒ the points are (0,0), (0,2). 
 

Step 3: 𝑓(𝑥, 𝑦) = 𝑥2 − 2𝑥𝑦 + 2𝑦 
 

Points (1,1) (0,0) (3,0) (3,2) (2,2) (0,2) 

𝑓(𝑥, 𝑦) 1 0 9 1 0 4 
 

 The absolute maximum value of 𝑓 is 9 

 The absolute minimum value of 𝑓 is 0 
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Example 14.7.20: Find the absolute maximum and minimum values of the function 

 𝑓(𝑥, 𝑦) = 𝑥2 − 2𝑥𝑦 − 𝑦2 + 8𝑦 − 1 on the rectangle 𝐷 = {(𝑥, 𝑦): 0 ≤ 𝑥 ≤ 1,0 ≤ 𝑦 ≤ 3}. 

Solution:  

Step 1: We find the critical points of 𝑓 in 𝐷:  

𝑓𝑥 = 2𝑥 − 2𝑦 and 𝑓𝑦 = −2𝑥 + 2𝑦 + 8 

𝑓𝑥 = 0 ⇒ 2𝑥 − 2𝑦 = 0            ⇒  𝑥 − 𝑦 = 0   
𝑓𝑦 = 0 ⇒ −2𝑥 − 2𝑦 + 8 = 0 ⇒ 𝑥 + 𝑦 = 4    

}          

⇒ 𝑥 = 2, 𝑦 = 2 ⇒ (2,2) is a critical point of 𝑓 

Check: Is (2,2) ∈ 𝐷? No. ⇒ We do not have any critical point for 𝑓 in step 1 

Step 2: We find the extreme values of 𝑓 on the boundary of 𝐷: 

Observe that the boundary of 𝐷 consists of 4 line segments:  𝐿1, 𝐿2, 𝐿3, 𝐿4: 
 On 𝐿1 (𝑦 = 0): 𝑔1(𝑥) = 𝑓(𝑥, 0) = 𝑥

2, 0 ≤ 𝑥 ≤ 1  

 𝑔1
′(𝑥) = 2𝑥, 0 < 𝑥 < 1 ⇒ 𝑔1

′(𝑥) = 0 ⇒ 2𝑥 = 0 ⇒ 𝑥 = 0 ∉ (0,1)⏟  
interval

 

 We only have the end points when 𝑥 = 0 and 𝑥 = 1 ⇒ the points are (0,0), (1,0) 
 On 𝐿2 (𝑥 = 1): ℎ1(𝑦) = 𝑓(1, 𝑦) = −𝑦

2 + 6𝑦 + 1, 0 ≤ 𝑦 ≤ 3. 

 ℎ1
′ (𝑦) = −2𝑦 + 6, 0 < 𝑦 < 3: ℎ1

′ (𝑦) = 0 ⇒ −2𝑦 + 6 = 0 ⇒ 𝑦 = 3 ∉ (0,3)⏟  
interval

 

 We only have the end points when 𝑦 = 0 and 𝑦 = 3: ⇒ the points are (1,0), (1,3). 
 

 On 𝐿3 (𝑦 = 3): 𝑔2(𝑥) = 𝑓(𝑥, 3) = 𝑥
2 − 6𝑥 + 15, 0 ≤ 𝑥 ≤ 1: 

 𝑔2
′ (𝑥) = 2𝑥 − 6, 0 < 𝑥 < 1 𝑔2

′ (𝑥) = 0 ⇒ 2𝑥 − 6 = 0 ⇒ 𝑥 = 3 ∉ (0,1)⏟  
interval

:  

 We only have the end points when 𝑥 = 0 and 𝑥 = 1  ⇒ the points are (0,3), (1,3) 
 

 On 𝐿4 (𝑥 = 0): ℎ2(𝑦) = 𝑓(0, 𝑦) = −𝑦
2 + 8𝑦, 0 ≤ 𝑦 ≤ 3. 

 ℎ2
′ (𝑦) = −2𝑦 + 8, 0 < 𝑦 < 2:  ℎ2

′ (𝑦) = 0 ⇒  −2𝑦 + 8 = 0 ⇒ 𝑦 = 4 ∉ (0,3)⏟  
interval

 

 We only have the end points when 𝑦 = 0 and 𝑦 = 3 ⇒ the points are (0,0), (0,3) 
 

Step 3: 𝑓(𝑥, 𝑦) = 𝑥2 − 2𝑥𝑦 − 𝑦2 + 8𝑦 − 1 
 

Points (0,0) (1,0) (1,3) (0,3) 

𝑓(𝑥, 𝑦) −1 0 9 14 

 The absolute maximum value of 𝑓 is 14 

 The absolute minimum value of 𝑓 is −1 
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Example 14.7.21: Find the absolute maximum and minimum values of the function 

 𝑓(𝑥, 𝑦) = 𝑥𝑦2 on the disk 𝐷 = {(𝑥, 𝑦): 𝑥2 + 𝑦2 ≤ 4}. 

Solution:  

Step 1: We find the critical points of 𝑓 in 𝐷:  

𝑓𝑥 = 𝑦
2 and 𝑓𝑦 = 2𝑥𝑦 

 𝑓𝑥 = 0 ⇒ 𝑦2  = 0 ⇒   𝑦 = 0……… .① 

 𝑓𝑦 = 0 ⇒ 2𝑥𝑦 = 0  ⇒ {
𝑥 = 0… .②

𝑦 = 0… .③
  

Case 1: ①&② ⇒ 𝑦 = 0 & 𝑥 = 0 ⇒ we have one critical point (0,0) in 𝐷 

Case 2: ①&③ ⇒ 𝑦 = 0 & 𝑦 = 0 ⇒ 𝑦 = 0, ∀𝑥 ∈ [−2,2]⏟  
interval

 

⇒ we have infinitely many critical points (𝑥, 0), 𝑥 ∈ [−2,2]⏟  
interval

 in 𝐷 

Step 2: We find the extreme values of 𝑓 on the boundary of 𝐷: 

Observe that the boundary of 𝐷 is the circle: 𝑥2 + 𝑦2 = 4 

 On 𝒙𝟐 + 𝒚𝟐 = 𝟒:  𝑦2 = 4 − 𝑥2. So, let 𝑔(𝑥) = 𝑓(𝑥, 𝑦)|𝑦2=4−𝑥2 = 𝑥(4 − 𝑥
2) = 4𝑥 − 𝑥3 

⇒ 𝑔(𝑥) = 4𝑥 − 𝑥3, −2 ≤ 𝑥 ≤ 2 

 𝑔′(𝑥) = 4 − 3𝑥2, −2 < 𝑥 < 2 ⇒ 𝑔′(𝑥) = 0  ⇒   4 − 3𝑥2 = 0  

⇒  𝑥2 =
4

3
  ⇒   𝑥 = ±

2

√3
∈ (−2,2)⏟    
interval

  

 We have 4 points when 𝑥 = ±
2

√3
 and at the end points when 𝑥 = ±2: 

 If  𝑥 =
2

√3
: 𝑦2 = 4 − (

2

√3
)
2

= 4 −
4

3
=

8

3
  ⇒ 𝑦 = ±

√8

√3
  

⇒  We have two points: (
2

√3
, −

√8

√3
) , (

2

√3
,
√8

√3
) 

 If  𝑥 = −
2

√3
: 𝑦2 = 4 − (−

2

√3
)
2

= 4 −
4

3
=
8

3
  ⇒ 𝑦 = ±

√8

√3
  

⇒  We have two points: (−
2

√3
, −

√8

√3
) , (−

2

√3
,
√8

√3
) 

 𝑥 = −2 ⇒ 𝑦2 = 4 − (−2)2 = 0 ⇒ point (−2,0) 
 𝑥 =    2 ⇒ 𝑦2 = 4− (2)2 = 0 ⇒ point (2,0) 

Step 3: 𝑓(𝑥, 𝑦) = 𝑥𝑦2 
 

Point (𝑥, 0), 𝑥 ∈ [−2,2] (
2

√3
, −

√8

√3
)  (

2

√3
,
√8

√3
)  (−

2

√3
, −

√8

√3
)  (−

2

√3
,
√8

√3
)  

𝑓(𝑥, 𝑦) 0 
16

3√3
  

16

3√3
  −

16

3√3
  −

16

3√3
  

 The absolute maximum value of 𝑓 is 
16

3√3
  

 The absolute minimum value of 𝑓 is −
16

3√3
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Example 14.7.22: Find the absolute maximum and minimum values of the function 

 𝑓(𝑥, 𝑦) = 𝑥4 + 2𝑥2𝑦2 + 𝑦4 + 8𝑦 − 1 on the half disk 𝐷 = {(𝑥, 𝑦): 𝑥2 + 𝑦2 ≤ 4, 𝑦 ≥ 0}. 
Solution: 

 

Step 1: We find the critical points of 𝑓 in 𝐷:  

 𝑓𝑥 = 4𝑥
3 + 4𝑥𝑦2 and 𝑓𝑦 = 4𝑥

2𝑦 + 4𝑦3 + 8 

𝑓𝑥 = 0 ⇒  4𝑥3 + 4𝑥𝑦2 = 0 ⇒ 4𝑥(𝑥2 + 𝑦2) = 0  

⇒ {
𝑥 = 0……… . .①

𝑥2 + 𝑦2 = 0  ⇒ 𝑥 = 0 and 𝑦 = 0……… .②
 

𝑓𝑦 = 0 ⇒ 4𝑥2𝑦 + 4𝑦3 + 8 = 0 ………… . .③ 

Case 1:① & ③: 𝑥 = 0 & 4𝑥2𝑦 + 4𝑦3 + 8 = 0 ⇒  4(0)2𝑦 + 4𝑦3 + 8 = 0 

⇒ 4𝑦3 + 8 = 0 ⇒ 𝑦3 = −2 ⇒ 𝑦 = −√2
3

  

⇒ (0, −√2
3
) but (0, −√2

3
) ∉ 𝐷. So in this case we do not have critical point of 𝑓. 

Case 2:② & ③: 𝑥 = 0, 𝑦 = 0 & 4𝑥2𝑦 + 4𝑦3 + 8 = 0  

⇒ 4(0)2(0) + 4(0)3 + 8 = 0 ⇒ 8 = 0 which is impossible. 

So, again in this case we do not have any critical point of 𝑓 

Step 2: We find the extreme values of 𝑓 on the boundary of 𝐷: 

The boundary of 𝐷 consists of two parts: 𝐶: 𝑥2 + 𝑦2 = 4 and 𝐿: 𝑦 = 0 

 On 𝐶: 𝑥2 + 𝑦2 = 4: Observe that 𝑓(𝑥, 𝑦) = (𝑥2 + 𝑦2)2 + 8𝑦 − 1 

Let ℎ(𝑦) = 𝑓(𝑥, 𝑦)|𝑥2=4−𝑦2 = (4)
2 + 8𝑦 − 1 = 8𝑦 + 15 

⇒ ℎ(𝑦) = 8𝑦 + 15, 0 ≤ 𝑦 ≤ 2 ⇒ ℎ′(𝑦) = 8, 0 < 𝑦 < 2  

⇒ ℎ′(𝑦) ≠ 0, ∀𝑦 ∈ (0,2)⏟  
interval

 

We have only the end points which are when 𝑦 = 0 and 𝑦 = 2: 

 𝑦 = 0: 𝑥2 = 4 − 𝑦2  ⇒  𝑥2 = 4 − (0)2 = 4 ⇒ 𝑥2 = 4 ⇒ 𝑥 = ±2 

⇒ (−2,0), (2,0). 
 𝑦 = 2: 𝑥2 = 4 − 𝑦2  ⇒  𝑥2 = 4 − (2)2 = 0 ⇒ 𝑥2 = 0  

⇒ 𝑥 = 0 ⇒ (0,2). 
 On 𝐿: 𝑦 = 0: 𝑔(𝑥) = 𝑓(𝑥, 0) = 𝑥4 + 2𝑥2(0)2 + (0)4 + 8(0) − 1 

𝑔(𝑥) = 𝑥4, −2 ≤ 𝑥 ≤ 2 ⇒ 𝑔′(𝑥) = 4𝑥3, −2 < 𝑥 < 2 

 𝑔′(𝑥) = 0 ⇒  4𝑥3 = 0 ⇒ 𝑥 = 0  

 We have a point (when 𝑥 = 0) and the end points (when 𝑥 = −1, 𝑥 = 2) ⇒ The 

points (−2,0), (2,0), (0,0) 
 

Step 3:  𝑓(𝑥, 𝑦) = 𝑥4 + 2𝑥2𝑦2 + 𝑦4 + 8𝑦 − 1 
 

point (−2,0) (2,0) (0,2) (0,0) 

𝑓(𝑥, 𝑦) 15 15 31 −1 
 

 

 The absolute maximum of 𝑓 is 31 

 

 The absolute minimum of 𝑓 is −1  
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Example 14.7.23: Find the absolute maximum and minimum values of the function 

 𝑓(𝑥, 𝑦) = 2𝑥 + 𝑦 − 𝑥𝑦 in the closed triangular region with vertices (0,0), (0,2), (4,0). 
Solution: 

Step 1: We find the critical points of 𝑓 in 𝐷:  

𝑓𝑥 = 2 − 𝑦 and 𝑓𝑦 = 2 − 𝑥 

𝑓𝑥 = 0 ⇒  2 − 𝑦 = 0 ⇒ 𝑦 = 2  

𝑓𝑦 = 0 ⇒ 1 − 𝑥 = 0  ⇒ 𝑥 = 1   

The point (1,2) ∉ 𝐷 ⇒  𝑓 has no critical points inside 𝐷. 

We do not have any critical point of 𝑓 in Step 1 

Step 2: We find the extreme values of 𝑓 on the boundary of 𝐷: 

The boundary of 𝐷 consists of two parts: 𝐿1, 𝐿2, and 𝐿3. 

 On 𝐿1: 𝑦 = 0. Let 𝑔(𝑥) = 𝑓(𝑥, 𝑦)|𝑦=0 = 2𝑥, 0 ≤ 𝑥 ≤ 4. 

 𝑔′(𝑥) = 2,0 < 𝑥 < 4 ⇒ 𝑔′(𝑥) ≠ 0, ∀𝑥 ∈ (0,4)⏟  
interval

 

 We only have the end points when 𝑥 = 0 and 𝑥 = 4 

⇒ The points are (0,0), (4,0). 
 

 On 𝐿2: 𝑥 = 0: ℎ(𝑦) = 𝑓(𝑥, 𝑦)|𝑥=0 = 𝑦, 0 ≤ 𝑦 ≤ 2. 

 ℎ′(𝑦) = 1, 0 < 𝑦 < 2  ⇒ ℎ′(𝑦) ≠ 0, ∀𝑦 ∈ (0,2)⏟  
interval

 

     

We need to find the 

equations of the lines 

𝐿1, 𝐿2, and 𝐿3: 
 𝐿1: 𝑦 = 0 
 

 𝐿2: 𝑥 = 0 

 𝐿3:  passes through 

(4,0) and (0,2)  

 slope =
2

−4
= −

1

2
 

 Equation is: 

𝑦 − 0 = −
1

2
(𝑥 − 4) 

⇒ 𝐿3: 𝑥 = 4 − 2𝑦 
     

 We only have the end points when 𝑦 = 0 and 𝑦 = 2 

⇒ The points are  (0,0), (0,2). 

 On 𝐿3: 𝑥 = 4 − 2𝑦:  

ℎ(𝑦) = 𝑓(𝑥, 𝑦)|𝑥=4−2𝑦 = 2(4 − 2𝑦) + 𝑦 − (4 − 2𝑦)𝑦, 0 ≤ 𝑦 ≤ 2 

⇒ ℎ(𝑦) = 2𝑦2 − 7𝑦 + 8,0 ≤ 𝑦 ≤ 2 

 ℎ′(𝑦) = 4𝑦 − 7 = 0  ⇒   𝑦 =
7

4
 

 We have three points (when 𝑦 =
7

4
) and at the end points (when 𝑦 = 0, 𝑦 = 2): 

 =
7

4
 ⇒   𝑥 = 4 − 2 (

7

4
) =

1

2
 ⇒ The point (

1

2
,
7

4
) 

 𝑦 = 0  ⇒    𝑥 = 4 − 2(0) = 4  ⇒ The point (4,0) 
 𝑦 = 2  ⇒   𝑥 = 4 − 2(2) = 0  ⇒ The point (0,2) 

Step 3:  𝑓(𝑥, 𝑦) = 2𝑥 + 𝑦 − 𝑥𝑦 
 

point (0,0) (4,0) (0,2) (
1

2
,
7

4
)  

 

𝑓(𝑥, 𝑦) 0 8 2 
15

8
 

 The absolute maximum of 𝑓 is 8 

 The absolute minimum of 𝑓 is 0 
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Chapter 15:  Multiple Integrals  

Section 15.1: Double Integrals over Rectangles 

Section 15.2: Iterated Integrals 

 

Fubini’s Theorem 15.2.1:  

Let 𝑅 = {(𝑥, 𝑦): 𝑎 ≤ 𝑥 ≤ 𝑏, 𝑐 ≤ 𝑦 ≤ 𝑑} be a rectangle and let 𝑓(𝑥, 𝑦)  
be a continuous function on 𝑅. Then the double integral 

∬ 𝑓(𝑥, 𝑦)𝑑𝐴
𝑅

  can be expressed as an iterated  integral as:  

∬ 𝑓(𝑥, 𝑦)𝑑𝐴
𝑅

= ∫ ∫ 𝑓(𝑥, 𝑦)𝑑𝑦
𝑑

𝑐

𝑏

𝑎
𝑑𝑥 = ∫ ∫ 𝑓(𝑥, 𝑦)𝑑𝑥

𝑏

𝑎

𝑑

𝑐
𝑑𝑦  

𝑑𝐴 = 𝑑𝑦𝑑𝑥   or  𝑑𝐴 = 𝑑𝑥𝑑𝑦 

 

Remark 15.2.2: 

(1) ∫ ∫ 𝑓(𝑥, 𝑦)𝑑𝑦
𝑑

𝑐

𝑏

𝑎
𝑑𝑥 = ∫ (∫ 𝑓(𝑥, 𝑦)𝑑𝑦

𝑑

𝑐
)

𝑏

𝑎
𝑑𝑥: 

 Means: Compute 𝑔(𝑥) = ∫ 𝑓(𝑥, 𝑦)𝑑𝑦
𝑑

𝑐
 by taking 𝑥 as a constant, then compute ∫ 𝑔(𝑥)𝑑𝑥

𝑏

𝑎
. 

(2) ∫ ∫ 𝑓(𝑥, 𝑦)𝑑𝑥
𝑏

𝑎

𝑑

𝑐
𝑑𝑦 = ∫ (∫ 𝑓(𝑥, 𝑦)𝑑𝑥

𝑏

𝑎
)

𝑑

𝑐
𝑑𝑦: 

 Means: Compute ℎ(𝑦) = ∫ 𝑓(𝑥, 𝑦)𝑑𝑥
𝑏

𝑎
 by taking 𝑦 as a constant, then compute ∫ ℎ(𝑦)𝑑𝑦

𝑑

𝑐
. 

(3) The rectangle 𝑅 = {(𝑥, 𝑦): 𝑎 ≤ 𝑥 ≤ 𝑏, 𝑐 ≤ 𝑦 ≤ 𝑑} can be expressed as: 

𝑅 = {(𝑥, 𝑦): 𝑎 ≤ 𝑥 ≤ 𝑏, 𝑐 ≤ 𝑦 ≤ 𝑑} = [𝑎, 𝑏] × [𝑐, 𝑑]. 
 

Properties of Double Integrals 15.2.3:  

Let 𝑓(𝑥, 𝑦) and 𝑔(𝑥, 𝑦) be  continuous functions on a rectangle 𝑅 o. Then 

(1) ∬ (𝑓 + 𝑔)𝑑𝐴
𝑅

= ∬ 𝑓𝑑𝐴
𝑅

+∬ 𝑔𝑑𝐴
𝑅

  

(2) ∬ (𝑓 − 𝑔)𝑑𝐴
𝑅

= ∬ 𝑓𝑑𝐴
𝑅

−∬ 𝑔𝑑𝐴
𝑅

  

(3) ∬ 𝑐𝑓𝑑𝐴
𝑅

= 𝑐∬ 𝑓𝑑𝐴
𝑅

, where c is a constant. 

(4)   If 𝑓(𝑥, 𝑦) ≥ 𝑔(𝑥, 𝑦)  for all (𝑥, 𝑦) ∈ 𝑅, then ∬ 𝑓𝑑𝐴
𝑅

≥ ∬ 𝑔𝑑𝐴
𝑅

 

(5) If the variables 𝑥 and 𝑦 in 𝑓(𝑥, 𝑦) are separated, that is 𝑓(𝑥, 𝑦) = 𝑔(𝑥)ℎ(𝑦) and 𝑓 is 

continuous on the rectangle 𝑅 = [𝑎, 𝑏] × [𝑐, 𝑑], then 

∬ 𝑓𝑑𝐴
𝑅

= ∫ ∫ 𝑔(𝑥)ℎ(𝑦) 𝑑𝑦
𝑑

𝑐

𝑏

𝑎
𝑑𝑥 = (∫ 𝑔(𝑥)

𝑏

𝑎
𝑑𝑥)(∫ ℎ(𝑦) 𝑑𝑦

𝑑

𝑐
)  

 

Example 15.2.4: Evaluate the double integral ∬ (𝑥 − 3𝑦2)𝑑𝐴
𝑅

, where 

𝑅 = {(𝑥, 𝑦): 0 ≤ 𝑥 ≤ 2,−1 ≤ 𝑦 ≤ 3}. 
Solution: 𝑑𝐴 = 𝑑𝑥𝑑𝑦  or 𝑑𝐴 = 𝑑𝑦𝑑𝑥, we take 𝑑𝐴 = 𝑑𝑥𝑑𝑦: 

∬ (𝑥 − 3𝑦2)𝑑𝐴
𝑅

= ∫ (∫ (𝑥 − 3𝑦2) 𝑑𝑥
2

0
)

3

−1
𝑑𝑦 = ∫ (

𝑥2

2
− 3𝑥𝑦2⟧

0

2

)
3

−1
𝑑𝑦 = ∫ (2 − 6𝑦2)

3

−1
𝑑𝑦  

= 2𝑦 −
6𝑦3

3
⟧
−1

3

= −48   
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Example 15.2.5: Compute the following double integral: ∬ 𝑥sin(𝑥𝑦)𝑑𝐴
𝑅

, where 

𝑅 = [1,2] × [0,
𝜋

2
]. 

Solution: 𝑑𝐴 = 𝑑𝑦𝑑𝑥  or 𝑑𝐴 = 𝑑𝑥𝑑𝑦: 

 𝑑𝐴 = 𝑑𝑦𝑑𝑥  ⇒ we integrate     ∫ 𝑦sin(𝑥𝑦) 𝑑𝑦       by substitution  

 𝑑𝐴 = 𝑑𝑥𝑑𝑦  ⇒ if we use we integrate      ∫ 𝑦sin(𝑥𝑦) 𝑑𝑥      by parts 

So, we take 𝑑𝐴 = 𝑑𝑦𝑑𝑥: 

∬ 𝑥sin(𝑥𝑦)𝑑𝐴
𝑅

= ∫ (∫ 𝑥sin(𝑥𝑦) 𝑑𝑦
𝜋

2
0

)
2

1
𝑑𝑥 = ∫ (𝑥 (−

cos(𝑥𝑦)

𝑥
)⟧
0

𝜋

2
)

2

1
𝑑𝑥 = −∫ (cos (

𝜋

2
𝑥) − 1)

2

1
𝑑𝑥  

= −(
sin(

𝜋

2
𝑥)

𝜋

2

− 𝑥)⟧
1

2

= 1 +
2

𝜋
  

 

Remark 15.2.6:  

Recall that in 2D: 𝑦 = √𝑟2 − (𝑥 − 𝑎)2 is the equation of the semicircle: 

So,  

 ∫ √𝑟2 − (𝑥 − 𝑎)2
𝑎+𝑟

𝑎−𝑟
𝑑𝑥 =

1

2
𝜋𝑟2 

 ∫ √𝑟2 − (𝑥 − 𝑎)2
𝑎+𝑟

𝑎
𝑑𝑥 =

1

4
𝜋𝑟2 

 

 

Example 15.2.7: Evaluate the double integral ∬ √4− 𝑥2𝑑𝐴
𝑅

, where 𝑅 = [−2,2] × [0,3]. 

 

Solution: 𝑑𝐴 = 𝑑𝑦𝑑𝑥  or 𝑑𝐴 = 𝑑𝑥𝑑𝑦  ⇒  we choose 𝑑𝐴 = 𝑑𝑦𝑑𝑥 (why?) 

𝑦 = √4 − 𝑥2 is an equation of a semicircle: 

∬ √4 − 𝑥2𝑑𝐴
𝑅

= ∫ (∫ √4 − 𝑥2𝑑𝑦
3

0
)

2

−2
𝑑𝑥 = 3∫ √4 − 𝑥2

2

−2
𝑑𝑥  

= 3(
1

2
) 𝜋(2)2 = 6𝜋  

 

 

Example 15.2.8: Evaluate the double integral ∬ √4𝑥 − 𝑥2𝑑𝐴
𝑅

, where 𝑅 = [2,4] × [0,3]. 

 

Solution: 𝑑𝐴 = 𝑑𝑦𝑑𝑥  or 𝑑𝐴 = 𝑑𝑥𝑑𝑦  ⇒  we choose 𝑑𝐴 = 𝑑𝑦𝑑𝑥 (why?) 

 𝑦 = √4𝑥 − 𝑥2 ⇒ 𝑦2 = 4𝑥 − 𝑥2 ⇒ 𝑥2 − 4𝑥 + 𝑦2 = 0  

⇒ 𝑥2 − 4𝑥 + 4 + 𝑦2 = 4 ⇒ (𝑥 − 2)2 + 𝑦2 = 4  

⇒ 𝑦 = √4𝑥 − 𝑥2 is upper part of the circle 

But 2 ≤ 𝑥 ≤ 4 ⇒ 𝑦 = √4𝑥 − 𝑥2 is the quarter of the circle 

 ∬ √4𝑥 − 𝑥2𝑑𝐴
𝑅

= ∫ (∫ √4𝑥 − 𝑥2𝑑𝑦
3

0
)

4

2
𝑑𝑥 

= 3 ∫ √4𝑥 − 𝑥2𝑑𝑥 = 3∫ √4 − (𝑥 − 2)2
4

2
𝑑𝑥

4

2
 = 3(

1

4
) 𝜋(2)2 = 3𝜋 
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Example 15.2.9: Evaluate the iterated integral ∫ ∫ sin (
𝑥

3
) cos(2𝑦)

𝜋/12

0

𝜋

0
𝑑𝑦𝑑𝑥. 

Solution: Observe that the variables in sin (
𝑥

3
) cos(2𝑦) are separated, so  

∫ ∫ sin (
𝑥

3
) cos(2𝑦)

𝜋/12

0

𝜋

0
𝑑𝑦𝑑𝑥 = (∫ sin (

𝑥

3
)

𝜋

0
𝑑𝑥)(∫ cos(2𝑦)

𝜋/12

0
𝑑𝑦)  

= −3cos (
𝑥

3
)⟧
0

𝜋 sin(2𝑦)

2
⟧
0

𝜋

12
  

= −
3

2
(cos (

𝜋

3
) − cos(0)) (sin (

𝜋

6
) − sin(0))  

= 
3

8
 

Example 15.2.10: Evaluate the iterated integral ∫ ∫ 𝑓(𝑥, 𝑦)
1

0

2

0
𝑑𝑦𝑑𝑥, where 

𝑓(𝑥, 𝑦) = {
2𝑦 , 𝑥 ≥ 𝑒𝑦

4𝑥 , 𝑥 < 𝑒𝑦
 

Solution: Since the function 𝑓 is defined by 2 formulas when 𝑥 ≥ 𝑒𝑦 and  𝑥 < 𝑒𝑦 so we first integrate  with 

respect to 𝑥 and then 𝑦: 

 

 

⇒  ∫ ∫ 𝑓(𝑥, 𝑦)
1

0

2

0
𝑑𝑦𝑑𝑥 = ∫ (∫ 𝑓(𝑥, 𝑦)

2

0
𝑑𝑥)

1

0
𝑑𝑦  

= ∫ (∫ 𝑓
𝑒𝑦

0
𝑑𝑥 + ∫ 𝑓

2

𝑒𝑦
𝑑𝑥)

1

0
𝑑𝑦  

= ∫ (∫ 4𝑥
𝑒𝑦

0
𝑑𝑥 + ∫ 2𝑦

2

𝑒𝑦
𝑑𝑥)

1

0
𝑑𝑦 = ∫ (2𝑥2⟧0

𝑒𝑦 + (2 − 𝑒𝑦)2𝑦)
1

0
𝑑𝑦  

= ∫ (2𝑒2𝑦 + 4𝑦 − 2𝑦𝑒𝑦)
1

0

𝑑𝑦 = 𝑒2𝑦 + 2𝑦2 − (2𝑦𝑒𝑦 − 2𝑒𝑦)⟧0
1 = 𝑒 + 1 

 

  

 

 

 

 

 

 

 

  

Differentiate Integrate 

⇒ ∫2𝑦𝑒𝑦 𝑑𝑦 = 2𝑦𝑒𝑦 − 2𝑒𝑦  
2𝑦 𝑒𝑦 

2 𝑒𝑦 

0 𝑒𝑦 
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Section 15.3: Double Integrals over General Regions 

 

15.3.1: Type 1 Regions: Let 𝐷 = {(𝑥, 𝑦): 𝑎 ≤ 𝑥 ≤ 𝑏, 𝑔1(𝑥) ≤ 𝑦 ≤ 𝑔2(𝑥)} 

𝒚موضوع القانون:  𝒚لاحظ أن المنحنيات التي تحد المنطقة تكتب بجعل  = 𝒇(𝒙) 
 

and let 𝑓(𝑥, 𝑦)  be a continuous function on 𝐷.  

Then the double integral: 𝑑𝐴 = 𝑑𝑦𝑑𝑥 

∬𝑓(𝑥, 𝑦)𝑑𝐴

𝐷

= ∫ ∫ 𝑓(𝑥, 𝑦)𝑑𝑦
𝑔2(𝑥)

𝑔1(𝑥)

𝑏

𝑎

𝑑𝑥  

 

15.3.2: Type 2 Regions: Let 𝐷 = {(𝑥, 𝑦): ℎ1(𝑦) ≤ 𝑥 ≤ ℎ2(𝑦), 𝑐 ≤ 𝑦 ≤ 𝑑} 

لاحظ أن المنحنيات التي تحد 

 𝑥المنطقة تكتب بجعل 
 موضوع القانون:

𝑥 = ℎ(𝑦) 

 

 

 

and let 𝑓(𝑥, 𝑦)  be a continuous function on 𝐷.  

Then the double integral: 𝑑𝐴 = 𝑑𝑥𝑑𝑦 

∬𝑓(𝑥, 𝑦)𝑑𝐴

𝐷

= ∫ ∫ 𝑓(𝑥, 𝑦)𝑑𝑥
ℎ2(𝑦)

ℎ1(𝑦)

𝑑

𝑐

𝑑𝑦  
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Remark 15.3.3: If the region 𝐷 consists of two (or more) regions of type 1 (or Type 2) as in the figures: 

  

Then ∬ 𝑓(𝑥, 𝑦)𝑑𝐴
𝐷

= ∬ 𝑓(𝑥, 𝑦)𝑑𝐴
𝐷1

+∬ 𝑓(𝑥, 𝑦)𝑑𝐴
𝐷2

  

Example 15.3.4: Sketch the region and change the order of integration: 

(1)∫ ∫ 𝑓(𝑥, 𝑦)𝑑𝑦
ln(𝑥)

0

2

1

𝑑𝑥                            (2) ∫ ∫ 𝑓(𝑥, 𝑦)𝑑𝑥
2

𝑦2

√2

−√2

𝑑𝑦 

Solution:  

(1) 𝑑𝐴 = 𝑑𝑦𝑑𝑥   Type 1 Region 

Curves: 𝑦 = 0  →   𝑦 = ln(𝑥)  
𝑥 = 1 → 𝑥 = 2 

 𝑑𝐴 = 𝑑𝑥𝑑𝑦   Type 2 Region 

Curves: 𝑥 = 𝑒𝑦   →   𝑥 = 2  

𝑦 = 0 → 𝑦 = ln (2) 

∫ ∫ 𝑓(𝑥, 𝑦)𝑑𝑦
ln(𝑥)

0

2

1
𝑑𝑥 = ∫ ∫ 𝑓(𝑥, 𝑦)𝑑𝑥

2

𝑒𝑦
ln(2)

0
𝑑𝑦  

 

(1) 𝑑𝐴 = 𝑑𝑥𝑑𝑦   Type 2 Region 

Curves: 𝑥 = 𝑦2   →   𝑥 = 2  

𝑦 = −√2 → 𝑦 = √2 

 𝑑𝐴 = 𝑑𝑦𝑑𝑥   Type 1 Region 

Curves: 𝑦 = −√𝑥   →   𝑦 = √𝑥  

𝑥 = 0 → 𝑥 = 2 
 

⇒ ∫ ∫ 𝑓(𝑥, 𝑦)𝑑𝑥
2

𝑦2
√2

−√2
𝑑𝑦 = ∫ ∫ 𝑓(𝑥, 𝑦)𝑑𝑦

√𝑥

−√𝑥

2

0
𝑑𝑥  
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Example 15.3.5: Sketch the region and change the order of integration: 

∫ ∫ 𝑓(𝑥, 𝑦)𝑑𝑥
y+1

𝑦2

2
−3

4

−2

𝑑𝑦 

Solution:  

𝑑𝐴 = 𝑑𝑥𝑑𝑦   Type 2 Region 

Curves: 𝑥 =
𝑦2

2
− 3  →   𝑥 = 𝑦 + 1  

𝑦 = −2 → 𝑦 = 4 

To find the pints of intersection of 

 𝑥 =
𝑦2

2
− 3   and 𝑥 = 𝑦 + 1: 

𝑦2

2
− 3 = 𝑦 + 1 ⇒ 𝑦2 − 2𝑦 − 8 = 0  

⇒ (𝑦 − 4)(𝑦 + 2) = 0  

⇒ 𝑦 = −2 or 𝑦 = 4 

 

 𝑑𝐴 = 𝑑𝑦𝑑𝑥   Type 1 Region 

𝑥 =
𝑦2

2
− 3   ⇒ 𝑦2 = 2𝑥 + 6 

⇒ 𝑦 = ±√2𝑥 + 6 ……① 

𝑥 = 𝑦 + 1 ⇒   𝑦 = 𝑥 − 1 

Intersection: 𝑦 = −2 ⇒ 𝑥 = −1 

𝑦 = 4  ⇒   𝑥 = 5 
We have 2 Regions: 

Region  𝐷1: 

𝑦 = −√2𝑥 + 6   → 𝑦 = √2𝑥 + 6    
𝑥 = −3 → 𝑥 = −1 

Region  𝐷2: 

𝑦 = 𝑥 − 1  → 𝑦 = √2𝑥 + 6    
𝑥 = −1 → 𝑥 = 5 

⇒ ∫ ∫ 𝑓(𝑥, 𝑦)𝑑𝑥
y+1
𝑦2

2
−3

4

−2
𝑑𝑦 = ∫ ∫ 𝑓(𝑥, 𝑦)𝑑𝑦

√2𝑥+6

−√2𝑥+6

−1

−3
𝑑𝑥 + ∫ ∫ 𝑓(𝑥, 𝑦)𝑑𝑦

√2𝑥+6

𝑥−1

5

−1
𝑑𝑥  

 

 

Example 15.3.6: Evaluate ∬ 𝑥𝑦𝑑𝐴
𝐷

, where 𝐷 is the shaded region in 

the figure. 

 

Solution:  

 Curves are written as in Type 1 regions:  

𝑦 = −√2𝑥 + 6, 𝑦 = √2𝑥 + 6 and 𝑦 = 𝑥 − 1 

So we have two regions as in the figure: 

 

 

 

 



97 
 

 

 

 

 Look to the region as Type 2 regions: 

We have one region and the equations of the curves are: 

𝑥 =
𝑦2

2
− 3 and 𝑥 = 𝑦 + 1 

 

 

 Using Type 2 region is easier than using Type 1 regions: So, take  𝑑𝐴 = 𝑑𝑥𝑑𝑦 

⇒ ∬ 𝑥𝑦𝑑𝐴
𝐷

= ∫ ∫ 𝑥𝑦
𝑦+1
𝑦2

2
−3 

4

−2
𝑑𝑥𝑑𝑦 = ∫

𝑥2

2
𝑦⟧𝑦2

2
−3

𝑦+14

−2
𝑑𝑦 =

1

2
∫ (𝑦 + 1)2𝑦 − (

𝑦2

2
− 3)

2

𝑦
4

−2
𝑑𝑦 = 36  

 

Example 15.3.7: Evaluate ∬ 𝑥𝑦𝑑𝐴
𝐷

, where 𝐷 is the region bounded by 𝑦 = 𝑥 − 1 and 𝑦2 = 2𝑥 + 6 

Solution: Curves: 𝑦 = 𝑥 − 1 and 𝑦2 = 2𝑥 + 6 ⇒ 𝑥 = 𝑦 + 1 and 𝑥 =
𝑦2−6

2
=

𝑦2

2
− 3  

⇒  𝑑𝐴 = 𝑑𝑥𝑑𝑦 (Type 2 Regions) 

Intersection of curves:   𝑦 + 1 =
𝑦2

2
− 3  ⇒ 𝑦2 − 2𝑦 − 8 = 0 ⇒  (𝑦 − 4)(𝑦 + 2) = 0 

⇒ 𝑦 = −2 or 𝑦 = 4 ⇒  −2 ≤ 𝑦 ≤ 4 

∫ ∫ 𝑥𝑦𝑑𝑥𝑑𝑦
منحنى الحد الأعلى

منحنى الحد الأدنى

4

−2

       ∶  ملاحظة

 

  ما أنب: الأول وبدون رسم في حدود التكامل  الأعلىالمنحنى في الحد و دنىلأافي الحد  ىتحديد المنحنل

−2 ≤ 𝑦 ≤ 𝑦  مثلاً ولتكن  [2,4−] نأخذ نقطة اختبار في الفترة 4 = فالذي  ينفي المنحنيثم نعوضها  0

 الأعلىفي الحد  الأدنى والذي قيمته أكبر يكون المنحنىفي الحد قيمتة أصغر يكون المنحنى 

 𝑥 = 𝑦 + 1 ⇒ 𝑥 = 0 + 1 = 1 

 𝑥 =
𝑦2

2
− 3 ⇒ 𝑥 =

(0)2

2
− 3 =  −3 

 𝑥 =
𝑦2

2
− 3 (lower curve in integral) 

 
       

 𝑥 = 𝑦 + 1  (upper  curve in integral) 

⇒ ∬𝑥𝑦𝑑𝐴

𝐷

= ∫ ∫ 𝑥𝑦
𝑦+1

𝑦2

2
−3 

4

−2

𝑑𝑥𝑑𝑦 = ∫
𝑥2

2
𝑦⟧

𝑦2

2
−3

𝑦+14

−2

𝑑𝑦 = 36 
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Example 15.3.8: Compute ∬ (𝑥 + 2𝑦)𝑑𝐴
𝐷

, where 𝐷 is the region enclosed by 

𝑦 = 2𝑥2 and 𝑦 = 1 + 𝑥2. 

Solution:  

 Curves: 𝑦 = 2𝑥2 and 𝑦 = 1 + 𝑥2  ⇒  𝑑𝐴 = 𝑑𝑦𝑑𝑥 (Type 1 Regions) 

 Intersection of curves:   2𝑥2 = 1 + 𝑥2 ⇒ 𝑥2 = 1 ⇒  𝑥 = ±1  ⇒  −1 ≤ 𝑥 ≤ 1 
 

∫ ∫ (𝑥 + 2𝑦)𝑑𝑦𝑑𝑥
منحنى الحد الأعلى

منحنى الحد الأدنى

1

−1

       ∶  ملاحظة

 

1−  ما أنب: الأول وبدون رسم في حدود التكامل  الأعلىالمنحنى في الحد و دنىالأفي الحد  ىتحديد المنحنل ≤
𝑥 ≤ 𝑥  مثلاً ولتكن  [1,1−] نأخذ نقطة اختبار في الفترة1 = ذي قيمتة أصغر فال ينفي المنحنيثم نعوضها  0

 الأعلىفي الحد  الأدنى والذي قيمته أكبر يكون المنحنىفي الحد يكون المنحنى 

 𝑦 = 2𝑥2  ⇒ 𝑦 = 2(0)2 = 0 

 𝑦 = 1 + 𝑥2  ⇒ 𝑦 = 1 + (0)2 = 1 

 𝑦 = 2𝑥2 (lower curve in integral) 
 𝑦 = 1 + 𝑥2 (upper  curve in integral) 

⇒ ∬ (𝑥 + 2𝑦)𝑑𝐴
𝐷

= ∫ ∫ (𝑥 + 2𝑦)𝑑𝑦
1+𝑥2

2𝑥2
1

−1
𝑑𝑥  

= ∫ (𝑥𝑦 + 𝑦2)⟧2𝑥2
1+𝑥21

−1
𝑑𝑥 =

32

15
  

 

 

 

Example 15.3.9: Compute the following iterated integrals: 

(1) ∫ ∫ 𝑒𝑥
22

2𝑦
𝑑𝑥

1

0
𝑑𝑦                      (2)∫ ∫ sin(𝑦2)

1

2𝑥
𝑑𝑦

1

2
0

𝑑𝑥                  (3)   

∫ ∫ 𝑒𝑥
32

√𝑦
𝑑𝑥

4

0
𝑑𝑦 

Solution:  

(1) Observe that we cannot compute ∫ 𝑒𝑥
22

2𝑦
𝑑𝑥 

 𝑑𝐴 = 𝑑𝑥𝑑𝑦 ⇒ We have Type 2 Region: 

 Curves: 𝑥 = 2𝑦 → 𝑥 = 2 

 𝑦 = 0 → 𝑦 = 1 

 

 Go to type 1 Regions: ⇒ 𝑑𝐴 = 𝑑𝑦𝑑𝑥 

 Curves: 𝑦 = 0 → 𝑦 =
𝑥

2
 

 𝑥 = 0 → 𝑥 = 2 

 ∫ ∫ 𝑒𝑥
22

2𝑦
𝑑𝑥

1

0
𝑑𝑦 = ∫ ∫ 𝑒𝑥

2
𝑥

2
0

𝑑𝑦
2

0
𝑑𝑥 = ∫

𝑥

2
𝑒𝑥

22

0
𝑑𝑥 

=
𝑒𝑥

2

4
⟧
0

2

=
𝑒4 − 1

4
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(2) Observe that we cannot compute ∫ sin(𝑦2)
1

2𝑥
𝑑𝑦 

 𝑑𝐴 = 𝑑𝑦𝑑𝑥 ⇒ We have Type 1 Region 

 Curves: 𝑦 = 2𝑥 → 𝑦 = 1 

 𝑥 = 0 → 𝑥 =
1

2
 

 Go to type 2 Regions: ⇒ 𝑑𝐴 = 𝑑𝑥𝑑𝑦  

 Curves: 𝑥 = 0 → 𝑥 =
𝑦

2
 

 𝑦 = 0 → 𝑦 = 1 

∫ ∫ sin(𝑦2)
1

2𝑥
𝑑𝑦

1

2
0

𝑑𝑥 = ∫ ∫ sin(𝑦2)
𝑦

2
0

𝑑𝑥
1

0
𝑑𝑦  

= ∫
𝑦

2
sin(𝑦2)

1

0
𝑑𝑦 = −

cos(𝑦2)

4
⟧
0

1

= −
cos(1)−1

4
=
1−cos(1)

4
  

(3)  Exercise 

 

Rule 15.3.10: Let 𝐷 be a region in the 𝑥𝑦-plane. Then the area of 𝐷 is ∬ 1𝑑𝐴
𝐷

 

Example 15.3.11: Find the area of the shaded region in the figure: 

Solution:  

 First we find the points of intersections of curves 

𝑦2

2
− 3 = 𝑦 + 1 ⇒ 𝑦2 − 2𝑦 − 8 = 0 ⇒ (𝑦 − 4)(𝑦 + 2) = 0  

⇒ 𝑦 = −2 or 𝑦 = 4 

 We take Type 2 regions: 𝑑𝐴 = 𝑑𝑥𝑑𝑦 

Area =∬ 1𝑑𝐴
𝐷

= ∫ ∫ 1
𝑦+1 

𝑦2

2
−3

𝑑𝑥
4

−2

𝑑𝑦 = ∫ (𝑦 + 1 −
𝑦2

2
+ 3)𝑑𝑦

4

−2

= ∙∙∙∙∙∙∙∙∙∙∙∙∙∙∙⏟      
أكمل الحل

 

Example 15.3.12: Find the area of the region bounded by the curves 𝑦 = 𝑒2𝑥 , 𝑦 = 2, and 𝑥 = 4. 

Solution:   

 Observe that the curves are: 𝑦 = 𝑒2𝑥 , 𝑦 = 2   
 𝑥 = 4  →    𝑥 =? ? ? ? ? ( we find it from intersection of curves): 

 𝑒2𝑥 = 2 ⇒ 2𝑥 = ln2 ⇒  𝑥 =
ln2

2
 (since 

ln2

2
≅ 0.34) we have: 𝑥 =

ln2

2
 →  𝑥 = 4 

 To identify the upper and lower curves in integral (take  a value of 𝑥 between 
ln2

2
 and 4): 

 Take 𝑥 = 3: 

𝑦 = 𝑒2𝑥  ⇒   𝑦 = 𝑒6 ≅ (2.7)6

𝑦 = 2  ⇒   𝑦 = 2                 
} ⇒

 𝑦 = 2 (lower curve in integral)

𝑦 = 𝑒2𝑥  (upper  curve in integral)
  

Area = ∬ 1𝑑𝐴
𝐷

= ∫ ∫ 1
𝑒2𝑥  

2

𝑑𝑦
4

ln2
2

𝑑𝑥 = ∫ (𝑒2𝑥 − 2)𝑑𝑥
4

ln2
2

=
𝑒2𝑥

2
− 2𝑥⟧

ln2
2

4

= ∙∙∙∙∙∙∙∙∙∙∙∙∙∙∙⏟      
أكمل الحل
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Example 15.3.12: Find each of the following iterated integrals: 

(1) ∫ ∫ −3
√4−𝑥2

0
𝑑𝑦

2

−2
𝑑𝑥        (2) ∬ 2

𝐷
𝑑𝐴,where 𝐷 = {(𝑥, 𝑦): 𝑥2 + 𝑦2 ≤ 3, 𝑥 ≥ 0, 𝑦 ≥ 0} 

 Solution:   

(1) Curves: 𝑦 = 0 → 𝑦 = √4 − 𝑥2  

 𝑥 = −2  →   𝑥 = 2 

∫ ∫ −3
√4−𝑥2

0

𝑑𝑦
2

−2

𝑑𝑥 = −3∫ ∫ 1
√4−𝑥2

0

𝑑𝑦
2

−2

𝑑𝑥 = −3𝐴𝑟𝑒𝑎 = −3(
𝜋22

2
) = −6𝜋 

(2)∬ 2
𝐷

𝑑𝐴 = 2∬ 1
𝐷

𝑑𝐴 = 2(Area of 𝐷) = 2(
𝜋22

4
) = 2𝜋 

 

Example 15.3.13: Combine the sum of the two double integrals as a single double integral:  

∫ ∫ 𝑓(𝑥, 𝑦)
√2𝑥+6

−√2𝑥+6 

−1

−3
𝑑𝑦𝑑𝑥 + ∫ ∫ 𝑓(𝑥, 𝑦)

√2𝑥+6

𝑥−1

5

−1
𝑑𝑦𝑑𝑥  

Solution:  

∫ ∫ 𝑓(𝑥, 𝑦)
√2𝑥+6

−√2𝑥+6 

−1

−3
𝑑𝑦𝑑𝑥:  

 𝑦 = −√2𝑥 + 6  → 𝑦 = √2𝑥 + 6, 
 −3 ≤ 𝑥 ≤ −1  

∫ ∫ 𝑓(𝑥, 𝑦)
√2𝑥+6

𝑥−1

5

−1
𝑑𝑦𝑑𝑥:  

 𝑦 = 𝑥 − 1 → 𝑦 = √2𝑥 + 6 
  −1 ≤ 𝑥 ≤ 5  

 

 

 

 

 

 Curves:  

 𝑦 = ±√2𝑥 + 6 ⇒ 𝑦2 = 2𝑥 + 6 ⇒ 𝑥 =
𝑦2

2
− 3 (lower curve in integral) 

 𝑦 = 𝑥 − 1 ⇒ 𝑥 = 𝑦 + 1 (upper curve in integral) 

 −2 ≤ 𝑦 ≤ 4 

∫ ∫ 𝑓(𝑥, 𝑦)
√2𝑥+6

−√2𝑥+6 

−1

−3
𝑑𝑦𝑑𝑥 + ∫ ∫ 𝑓(𝑥, 𝑦)

√2𝑥+6

𝑥−1

5

−1
𝑑𝑦𝑑𝑥 = ∫ ∫ 𝑓(𝑥, 𝑦)

𝑦+1
𝑦2

2
−3 

4

−2
𝑑𝑥𝑑𝑦  

Exercise 15.3.14: Combine the sum of the two double integrals as a single double integral 

∫ ∫ 𝑓(𝑥, 𝑦)
√1−𝑥2

0

0

−1
𝑑𝑦𝑑𝑥 + ∫ ∫ 𝑓(𝑥, 𝑦)

1−𝑥

0

1

0
𝑑𝑦𝑑𝑥  
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15.4. Double Integrals in Polar Coordinates 

 

Let  (𝑥, 𝑦) be a point in Cartesian (or rectangular coordinates). Then this point can be written in polar 

coordinates as (𝑟, 𝜃), where 𝑥 = 𝑟cos(𝜃) , 𝑦 = 𝑟sin(𝜃) 

𝑟2 = 𝑥2 + 𝑦2 ⇔ 𝑟 = √𝑥2 + 𝑦2 and tan(𝜃) =
𝑦

𝑥
 ⇔  𝜃 = tan−1 (

𝑦

𝑥
) 

𝜃 
𝜋

6
 

𝜋

3
 

𝜋

4
 0 or 2𝜋 

𝜋

2
 𝜋 or −𝜋 

3𝜋

2
 or −

𝜋

2
 

sin(𝜃) 
1

2
 

√3

2
 

1

√2
 0 1 0 −1 

cos(𝜃) √3

2
 

1

2
 

1

√2
 1 0 −1 0 

tan(𝜃) 
1

√3
 √3 1 0 ……… 0 ……… 

 

15.4.1 Polar Regions (Type 3 Regions):  

Let 𝐷 = {(𝑟, 𝜃): ℎ1(𝜃) ≤ 𝑟 ≤ ℎ2(𝜃), 𝛼 ≤ 𝜃 ≤ 𝛽}, where 0 < 𝛽 − 𝛼 ≤ 2𝜋. Then 

∬𝑓(𝑥, 𝑦)𝑑𝐴

𝐷

= ∫ ∫ 𝑓(𝑟𝑐𝑜𝑠(𝜃), 𝑟𝑠𝑖𝑛(𝜃))𝑟𝑑𝑟𝑑𝜃
ℎ2(𝜃)

ℎ1(𝜃)

𝛽

𝛼
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Remark 15.4.2: Let 𝑎 > 0: 

𝑥2 + 𝑦2 = 𝑎2  ⇔  𝑟 = 𝑎 

0 ≤ 𝜃 ≤ 2𝜋  

𝑥2 + 𝑦2 = 𝑎2 ⇒  𝑦2 = 𝑎2 − 𝑥2  ⇒   𝑦 = √𝑎2 − 𝑥2  or  𝑦 = −√𝑎2 − 𝑥2 

𝑦 = √𝑎2 − 𝑥2 ⇔ 𝑟 = 𝑎 

 

 

 
0 ≤ 𝜃 ≤ 𝜋 

𝑦 = −√𝑎2 − 𝑥2 ⇔ 𝑟 = 𝑎 
 
 
 
 
 

𝜋 ≤ 𝜃 ≤ 2𝜋 ⇔ −𝜋 ≤ 𝜃 ≤ 0 

−
𝜋

2
≤ 𝜃 ≤

𝜋

2
 

 

0 ≤ 𝜃 ≤ 𝜋 

 

𝜋

2
≤ 𝜃 ≤

3𝜋

2
 𝜋 ≤ 𝜃 ≤ 2𝜋 

 

Example 15.4.3: Evaluate ∬ (3𝑥 + 4𝑦2)𝑑𝐴
𝐷

 where 𝐷 is the region in the upper half-plane bounded by 

𝑥2 + 𝑦2 = 1 and 𝑥2 + 𝑦2 = 4 

Solution: Region: 

 𝑥2 + 𝑦2 = 1 ⇒  𝑟2 = 1 ⇒   𝑟 = 1 

 𝑥2 + 𝑦2 = 4 ⇒  𝑟2 = 4 ⇒   𝑟 = 2 
 0 ≤ 𝜃 ≤ 𝜋 

∬(3𝑥 + 4𝑦2)𝑑𝐴

𝐷

= ∫ ∫ (3𝑟cos(𝜃) + 4(𝑟sin(𝜃))
2
)

2

1

𝜋

0

𝑟𝑑𝑟𝑑𝜃 

= ∫ (∫ (3𝑟2cos(𝜃) + 4𝑟3 sin2(𝜃))
2

1

𝑑𝑟)
𝜋

0

𝑑𝜃 = ∫ 𝑟3cos(𝜃) + 𝑟4 sin2(𝜃)⟧1
2

𝜋

0

𝑑𝜃 

= ∫ (7cos(𝜃) + 15sin2(𝜃))
𝜋

0

𝑑𝜃 = ∫ (7cos(𝜃) + 15(
1

2
−
1

2
cos(2𝜃)))

𝜋

0

𝑑𝜃 

= 7sin(𝜃) + 15(
𝜃

2
−
1

4
sin(2𝜃))⟧

0

𝜋

=∙∙∙∙∙∙∙∙ 
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Example 15.4.4: Evaluate ∬ arctan (
𝑦

𝑥
)𝑑𝐴

𝐷
 where 

𝐷 = {(𝑥, 𝑦): 1 ≤ 𝑥2 + 𝑦2 ≤ 4,0 ≤ 𝑦 ≤ √3𝑥} 

Solution: Region: 

 𝑥2 + 𝑦2 = 1 ⇒  𝑟2 = 1 ⇒   𝑟 = 1 

 𝑥2 + 𝑦2 = 4 ⇒  𝑟2 = 4 ⇒   𝑟 = 2 

 𝑦 ≤ √3𝑥 ⇒ 
𝑦

𝑥
= √3 ⇒ tan(𝜃) = √3 ⇒ 𝜃 = tan−1 √3 =

𝜋

3
 

 0 ≤ 𝜃 ≤
𝜋

3
  

∬ arctan (
𝑦

𝑥
) 𝑑𝐴

𝐷
= ∬ tan−1 (

𝑦

𝑥
) 𝑑𝐴

𝐷
= ∫ ∫ 𝜃

2

1

𝜋

3
0

𝑟𝑑𝑟𝑑𝜃  

= (∫ 𝑟𝑑𝑟
2

1
) (∫ 𝜃

𝜋

3
0

𝑑𝜃) = (
𝑟2

2
⟧
1

2

) (
𝜃2

2
⟧
0

𝜋

3
) =

3𝜋2

36
  

Example 15.4.5: Evaluate the following iterated integrals: 

(1) ∫ ∫ 𝑒𝑥
2+𝑦2𝑑𝑦

0

−√4−𝑥2
0

−2
𝑑𝑥  (2) ∫ ∫ 𝑒𝑥

2+𝑦2𝑑𝑦
0

−√4−𝑥2
2

−2
𝑑𝑥  

(3) ∫ ∫ 𝑒𝑥
2+𝑦2𝑑𝑦

√4−𝑥2

−√4−𝑥2
2

0
𝑑𝑥  (4) ∫ ∫ 𝑒𝑥

2+𝑦2𝑑𝑦
√4−𝑥2

−√4−𝑥2
2

−2
𝑑𝑥  

Solution:  

 (1) Region: 𝑦 = −√4 − 𝑥2 → 𝑦 = 0 and −2 ≤ 𝑥 ≤ 0 

 Polar Region: 𝑟 = 0 → 𝑟 = 2 and −𝜋 ≤ 𝜃 ≤ −
𝜋

2
 

∫ ∫ 𝑒𝑥
2+𝑦2𝑑𝑦

0

−√4−𝑥2
0

−2
𝑑𝑥 = ∫ ∫ 𝑒𝑟

22

0

−
𝜋

2
−𝜋

𝑟𝑑𝑟𝑑𝜃  

= (∫ 1
−
𝜋

2
−𝜋

𝑑𝜃) (∫ 𝑟𝑒𝑟
22

0
𝑑𝑟) = (

𝜋

2
) (

𝑒𝑟
2

2
⟧
0

2

) =
𝜋(𝑒4−1)

4
  

(2) Region: 𝑦 = −√4 − 𝑥2 → 𝑦 = 0 and −2 ≤ 𝑥 ≤ 2 

Polar Region: 𝑟 = 0 → 𝑟 = 2 and −𝜋 ≤ 𝜃 ≤ 0 

∫ ∫ 𝑒𝑥
2+𝑦2𝑑𝑦

0

−√4−𝑥2
2

−2
𝑑𝑥 = ∫ ∫ 𝑒𝑟

22

0

0

−𝜋
𝑟𝑑𝑟𝑑𝜃  

= (∫ 1
0

−𝜋
𝑑𝜃) (∫ 𝑟𝑒𝑟

22

0
𝑑𝑟) = ⋯   

(3) Region: 𝑦 = −√4 − 𝑥2 → 𝑦 = √4 − 𝑥2 and 0 ≤ 𝑥 ≤ 2 

Polar Region: 𝑟 = 0 → 𝑟 = 2 and −
𝜋

2
≤ 𝜃 ≤

𝜋

2
 

∫ ∫ 𝑒𝑥
2+𝑦2𝑑𝑦

√4−𝑥2

−√4−𝑥2
2

0
𝑑𝑥 = ∫ ∫ 𝑒𝑟

22

0

𝜋

2

−
𝜋

2

𝑟𝑑𝑟𝑑𝜃 = …. 

(4) Region: 𝑦 = −√4 − 𝑥2 → 𝑦 = √4 − 𝑥2 and −2 ≤ 𝑥 ≤ 2 

 Polar Region: 𝑟 = 0 → 𝑟 = 2 and 0 ≤ 𝜃 ≤ 2𝜋 

∫ ∫ 𝑒𝑥
2+𝑦2𝑑𝑦

√4−𝑥2

−√4−𝑥2

2

−2

𝑑𝑥 = ∫ ∫ 𝑒𝑟
2

2

0

2𝜋

0

𝑟𝑑𝑟𝑑𝜃 =∙∙∙∙∙∙∙∙ 

−2    2 

   2 

−2 
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Example 15.4.6: Evaluate the following iterated integrals: 

(1) ∫ ∫ sin(𝑥2 + 𝑦2)𝑑𝑥
√9−𝑦2

0

3

−3
𝑑𝑦  

(3) ∫   ∫ sin(𝑥2 + 𝑦2)𝑑𝑥
√9−𝑦2

−𝑦

0

−  
3

√2

𝑑𝑦  

(2) ∫ ∫ sin(𝑥2 + 𝑦2)𝑑𝑥
√9−𝑦2

𝑦

3

√2

0
𝑑𝑦  

 

Solution:  

 (1) Region: 𝑥 = 0 → 𝑥 = √9 − 𝑦2 and −3 ≤ 𝑦 ≤ 3 

Polar Region: 𝑟 = 0 → 𝑟 = 3 and −
𝜋

2
≤ 𝜃 ≤

𝜋

2
 

∫ ∫ sin(𝑥2 + 𝑦2)𝑑𝑥
√9−𝑦2

0

3

−3
𝑑𝑦 = ∫ ∫ sin(𝑟2)

3

0

𝜋

2

−
𝜋

2

𝑟𝑑𝑟𝑑𝜃  

= (∫ 1
𝜋

2

−
𝜋

2

𝑑𝜃) (∫ 𝑟sin(𝑟2)
3

0
𝑑𝑟) = (𝜋) (−

cos(𝑟2)

2
⟧
0

3

) =
𝜋(1−cos(9))

2
  

 (2) Region: 𝑥 = 𝑦 → 𝑥 = √9 − 𝑦2 and 0 ≤ 𝑦 ≤
3

√2
 

 Intersection of Curves: 𝑦 = √9 − 𝑦2 ⇒ 𝑦2 = 9 − 𝑦2 

𝑦2 =
9

2
 ⇒  𝑦 = ±

3

√2
 

Polar Region: 𝑟 = 0 → 𝑟 = 3 and 0 ≤ 𝜃 ≤
𝜋

4
 

∫ ∫ sin(𝑥2 + 𝑦2)𝑑𝑥
√9−𝑦2

𝑦

3

√2

0
𝑑𝑦 = ∫ ∫ sin(𝑟2)

3

0

𝜋

4
0

𝑟𝑑𝑟𝑑𝜃  

= (∫ 1
𝜋

4
0

𝑑𝜃) (∫ 𝑟sin(𝑟2)
3

0
𝑑𝑟) =……. 

(3) Region: 𝑥 = −𝑦 → 𝑥 = √9 − 𝑦2 and 0 ≤ 𝑦 ≤
3

√2
 

 Intersection of Curves: −𝑦 = √9− 𝑦2 ⇒ 𝑦2 = 9 − 𝑦2 

𝑦2 =
9

2
 ⇒  𝑦 = ±

3

√2
 

Polar Region: 𝑟 = 0 → 𝑟 = 3 and 
𝜋

4
≤ 𝜃 ≤ 0 

∫   ∫ sin(𝑥2 + 𝑦2) 𝑑𝑥
√9−𝑦2

−𝑦

0

−  
3

√2

𝑑𝑦 = ∫   ∫ 𝑟sin(𝑟2)𝑑𝑟
3

0

0

−
𝜋

4

𝑑𝜃 =…… 
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Example 15.4.7: Evaluate the following iterated integrals: 

(1) ∫ ∫
1

√𝑥2 + 𝑦2
𝑑𝑦

0

−√2𝑥−𝑥2

2

0

𝑑𝑥 (2) ∫ ∫
1

√𝑥2 + 𝑦2
𝑑𝑦

√2𝑥−𝑥2

𝑥

1

0

𝑑𝑥 

Solution:  

 (1) Region: 𝑦 = −√2𝑥 − 𝑥2 → 𝑦 = 0 and 0 ≤ 𝑥 ≤ 2 

 𝑦 = −√2𝑥 − 𝑥2 ⇒ 𝑦2 = 2𝑥 − 𝑥2⇒ 𝑥2 − 2𝑥 + 𝑦2 = 0 

𝑥2 − 2𝑥 + 1 + 𝑦2 = 1 ⇒ (𝑥 − 1)2 + 𝑦2 = 1 

Polar Region: 𝑟 = 0 → 𝑟 = 2 cos𝜃 and −
𝜋

2
≤ 𝜃 ≤ 0 

∫ ∫
1

√𝑥2+𝑦2
𝑑𝑦

0

−√2𝑥−𝑥2
2

0
𝑑𝑥 = ∫ ∫

1

𝑟

2 cos𝜃

0

0

−
𝜋

2

𝑟𝑑𝑟𝑑𝜃 = ∫ ∫ 1
2 cos𝜃

0

0

−
𝜋

2

𝑑𝑟𝑑𝜃 = ……  

 

(2) Region: 𝑦 = 𝑥 → 𝑦 = √2𝑥 − 𝑥2 and 0 ≤ 𝑥 ≤ 1 

 Sketch the region: 

𝑦 = √2𝑥 − 𝑥2 ⇒ 𝑦2 = 2𝑥 − 𝑥2⇒ 𝑥2 − 2𝑥 + 𝑦2 = 0 

𝑥2 − 2𝑥 + 1 + 𝑦2 = 1 ⇒ (𝑥 − 1)2 + 𝑦2 = 1 

 Intersection of curves: 

 𝑥 = √2𝑥 − 𝑥2 ⇒ 𝑥2 = 2𝑥 − 𝑥2 ⇒ 2𝑥2 − 2𝑥 = 0 

⇒ 𝑥(𝑥 − 1) = 0 ⇒ 𝑥 = 0,1 

Polar Region: 𝑟 = 0 → 𝑟 = 2 cos𝜃 and 
𝜋

4
≤ 𝜃 ≤

𝜋

2
 

∫ ∫
1

√𝑥2+𝑦2
𝑑𝑦

√2𝑥−𝑥2

𝑥

1

0
𝑑𝑥 = ∫ ∫

1

𝑟

2 cos𝜃

0

𝜋

2
𝜋

4

𝑟𝑑𝑟𝑑𝜃 =  ……. 

Example 15.4.8: Evaluate the following iterated improper integrals: 

(1) ∫ ∫ 𝑒−(𝑥
2+𝑦2)∞

0
𝑑𝑦𝑑𝑥

∞

−∞
       (2) ∫ ∫ 𝑒−(𝑥

2+𝑦2)∞

0
𝑑𝑦𝑑𝑥

∞

0
 

(3) ∫ ∫ 𝑒−(𝑥
2+𝑦2)∞

−∞
𝑑𝑦𝑑𝑥

∞

−∞
                      (4) ∫ ∫ 𝑒−(𝑥

2+𝑦2)∞

−∞
𝑑𝑦𝑑𝑥

∞

0
 

Solution: 

(1) Region: 𝑦 = 0 → 𝑦 = ∞ and −∞ < 𝑥 < ∞ ⇒ The region is the upper half plane:  

Polar Region: 𝑟 = 0 → 𝑟 = ∞ and 0 ≤ 𝜃 ≤ 𝜋 

 

 

 

∫ ∫ 𝑒−(𝑥
2+𝑦2)

∞

0

𝑑𝑦𝑑𝑥
∞

−∞

= ∫ ∫ 𝑒−𝑟
2

∞

0

𝜋

0

𝑟𝑑𝑟𝑑𝜃 

= (∫ 1
𝜋

0

𝑑𝜃) (∫ 𝑟𝑒−𝑟
2

∞

0

𝑑𝑟) = 𝜋 
−𝑒−𝑟

2

2
⟧
0

∞

= −
𝜋

2
(𝑒−∞ − 𝑒0) =

𝜋

2
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(2) Region: 𝑦 = 0 →  𝑦 = ∞ and 0 ≤ 𝑥 < ∞ ⇒ The region is the first quadrant:  

Polar Region: 𝑟 = 0 → 𝑟 = ∞ and 0 ≤ 𝜃 ≤ 𝜋 

∫ ∫ 𝑒−(𝑥
2+𝑦2)

∞

0

𝑑𝑦𝑑𝑥
∞

0

= ∫ ∫ 𝑒−𝑟
2

∞

0

𝜋
2

0

𝑟𝑑𝑟𝑑𝜃 

= (∫ 1

𝜋
2

0

𝑑𝜃) (∫ 𝑟𝑒−𝑟
2

∞

0

𝑑𝑟) =
𝜋

2
 
−𝑒−𝑟

2

2
⟧
0

∞

= −
𝜋

2
(𝑒−∞ − 𝑒0) =

𝜋

4
 

(3) Exercise 

(4) Exercise 

 

Example 15.4.9: Evaluate the following iterated improper integrals: 

(1) ∫ 𝑒−𝑥
2
𝑑𝑥

∞

0
                            (2) ∫ 𝑒−𝑥

2
𝑑𝑥

∞

−∞
 

Solution:  

(1) Let 𝐼 = ∫ 𝑒−𝑥
2
𝑑𝑥

∞

0

 ⇒  𝐼 = ∫ 𝑒−𝑦
2
𝑑𝑦

∞

0

   

⇒  𝐼2 = 𝐼 × 𝐼 = (∫ 𝑒−𝑥
2
𝑑𝑥

∞

0

)(∫ 𝑒−𝑦
2
𝑑𝑦

∞

0

) = ∫ ∫ 𝑒−𝑥
2
𝑒−𝑦

2
𝑑𝑦

∞

0

∞

0

𝑑𝑥 = ∫ ∫ 𝑒−(𝑥
2+𝑦2)𝑑𝑦

∞

0

∞

0

𝑑𝑥 

By Example 15.4.8 we find that ∫ ∫ 𝑒−(𝑥
2+𝑦2)𝑑𝑦

∞

0

∞

0
𝑑𝑥 =

𝜋

4
. So, 𝐼2 =

𝜋

4
 ⇒ 𝐼 = √

𝜋

4
=

√𝜋

2
 

So, ∫ 𝑒−𝑥
2
𝑑𝑥

∞

0
=
√𝜋

2
 

(2) Exercise 
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Section 15.7: Triple Integrals  

 

15.7.1 Fubini’s Theorem for Triple integrals: If 𝑓(𝑥, 𝑦, 𝑧) is continuous on the rectangular box 

𝐵 = {(𝑥, 𝑦, 𝑧): 𝑎 ≤ 𝑥 ≤ 𝑏, 𝑐 ≤ 𝑦 ≤ 𝑑, 𝑟 ≤ 𝑧 ≤ 𝑠} = [𝑎, 𝑏] × [𝑐, 𝑑] × [𝑟, 𝑠], then 

∭ 𝑓𝑑𝑉
𝐵⏟      

called triple

integral

= ∫ ∫ ∫ 𝑓
𝑠

𝑟
𝑑𝑧𝑑𝑦𝑑𝑥

𝑑

𝑐

𝑏

𝑎⏟            
called iterated
integrals

= ∫ ∫ ∫ 𝑓
𝑏

𝑎
𝑑𝑥

𝑑

𝑐
𝑑𝑦

𝑠

𝑟
𝑑𝑧⏟            

called iterated
integrals

= ∫ ∫ ∫ 𝑓
𝑑

𝑐
𝑑𝑦

𝑠

𝑟
𝑑𝑧

𝑏

𝑎
𝑑𝑥⏟            

called iterated
integrals

=∙∙∙∙∙∙∙  

Observe that 𝑑𝑉 = 𝑑𝑧𝑑𝑦𝑑𝑥 = 𝑑𝑧𝑑𝑥𝑑𝑦 = 𝑑𝑥𝑑𝑦𝑑𝑧 = 𝑑𝑥𝑑𝑧𝑑𝑦 = 𝑑𝑦𝑑𝑥𝑑𝑧 = 𝑑𝑦𝑑𝑧𝑑𝑥 

Example 15.7.2: Evaluate ∭ 𝑥𝑦𝑧2𝑑𝑉
𝐵

, where 𝐵 = {(𝑥, 𝑦, 𝑧): √2 ≤ 𝑥 ≤ 2,0 ≤ 𝑦 ≤ 4,−1 ≤ 𝑧 ≤ 1}  

Solution: Take 𝑑𝑉 = 𝑑𝑥𝑑𝑦𝑑𝑧 

∭ 𝑥𝑦𝑧2𝑑𝑉
𝐵

= ∫ ∫ ∫ 𝑥𝑦𝑧2
2

√2
𝑑𝑥

4

0
𝑑𝑦

1

−1
𝑑𝑧 = ∫ ∫

𝑥2

2
⟧
√2

2

𝑦𝑧2
4

0
𝑑𝑦

1

−1
𝑑𝑧 = ∫ ∫ 𝑦𝑧2

4

0
𝑑𝑦

1

−1
𝑑𝑧 = ⋯ = 16  

Observe that this example can be solved faster as: ∭ 𝑥𝑦𝑧2𝑑𝑉
𝐵

= (∫ 𝑥
2

√2
𝑑𝑥)(∫ 𝑦

4

0
𝑑𝑦) (∫ 𝑧2

1

−1
𝑑𝑧) = ⋯  

 

15.7.3 Triple Integrals for Non-Rectangular Box Regions:  

(1) Let 𝐸 be the solid in 3𝐷 such that 𝑢1(𝑥, 𝑦) ≤ 𝑧 ≤ 𝑢2(𝑥, 𝑦) and 

the region 𝐷 is the projection of 𝑆 on the 𝑥𝑦-plane. 

 Then: ∭ 𝑓𝑑𝑉
𝐸

= ∬ (∫ 𝑓
𝑢2(𝑥,𝑦)

𝑢1(𝑥,𝑦)
𝑑𝑧)

𝐷
𝑑𝐴 

 Take 𝑑𝐴 as: 𝑑𝐴 = 𝑑𝑦𝑑𝑥 or 𝑑𝐴 = 𝑑𝑥𝑑𝑦 or 𝑑𝐴 = 𝑟𝑑𝑟𝑑𝜃 

 

(2) Let 𝐸 be the solid in 3𝐷 such that 𝑢1(𝑦, 𝑧) ≤ 𝑥 ≤ 𝑢2(𝑦, 𝑧) and 

the region 𝐷 is the projection of 𝑆 on the 𝑦𝑧-plane. 

Then: ∭ 𝑓𝑑𝑉
𝐸

= ∬ (∫ 𝑓
𝑢2(𝑦,𝑧)

𝑢1(𝑦,𝑧)
𝑑𝑥)

𝐷
𝑑𝐴  

 Take 𝑑𝐴 as: 𝑑𝐴 = 𝑑𝑦𝑑𝑧 or 𝑑𝐴 = 𝑑𝑧𝑑𝑦 or 𝑑𝐴 = 𝑟𝑑𝑟𝑑𝜃 

 

 

(3) Let 𝐸 be the solid in 3𝐷 such that 𝑢1(𝑥, 𝑧) ≤ 𝑦 ≤ 𝑢2(𝑥, 𝑧) and 

the region 𝐷 is the projection of 𝑆 on the 𝑥𝑦-plane. 

Then ∭ 𝑓𝑑𝑉
𝐸

= ∬ (∫ 𝑓
𝑢2(𝑥,𝑧)

𝑢1(𝑥,𝑧)
𝑑𝑦)

𝐷
𝑑𝐴  

 Take 𝑑𝐴 as: 𝑑𝐴 = 𝑑𝑥𝑑𝑧 or 𝑑𝐴 = 𝑑𝑧𝑑𝑥 or 𝑑𝐴 = 𝑟𝑑𝑟𝑑𝜃  
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Example 15.7.4: Evaluate ∭ 𝑧𝑑𝑉
𝐸

, where 𝐸 is the solid tetrahedron bounded by the four planes 𝑥 =

0, 𝑦 = 0, 𝑧 = 0, and 𝑥 + 𝑦 + 𝑧 = 1. 

 Solution:  

 First we must sketch the graph of the solid. 

Its graph is given in the next figure: 

 The surfaces are:  

𝑧 = 0 (lower surface) and 𝑧 = 1 − 𝑥 − 𝑦 (upper surface) 

 𝑑𝑉 = 𝑑𝑧𝑑𝐴 

⇒ ∭ 𝑧𝑑𝑉
𝐸

= ∬ (∫ 𝑧
1−𝑥−𝑦

0
𝑑𝑧)

𝐷
𝑑𝐴 

 Now we must sketch the graph of the projection of the solid on the 𝑥𝑦-plane: 

 The projection region 𝐷 is bounded by: 

𝑥 = 0, 𝑦 = 0 , 𝑦 = 1 − 𝑥 

 𝑑𝐴 = 𝑑𝑦𝑑𝑥:  𝑦 = 0 → 𝑦 = 1 − 𝑥 and 0 ≤ 𝑥 ≤ 1 

 

 

⇒ ∭ 𝑧𝑑𝑉
𝐸

= ∬ (∫ 𝑧
1−𝑥−𝑦

0
𝑑𝑧)

𝐷
𝑑𝐴 = ∫   ∫    ∫ 𝑧

1−𝑥−𝑦

0
𝑑𝑧

1−𝑥

0
𝑑𝑦

1

0
𝑑𝑥 = ∫   ∫    

𝑧2

2
⟧
0

1−𝑥−𝑦1−𝑥

0
𝑑𝑦

1

0
𝑑𝑥  

=
1

2
∫   ∫ (1 − 𝑥 − 𝑦)2

1−𝑥

0
𝑑𝑦

1

0
𝑑𝑥 =

1

2
∫   

(1−𝑥−𝑦)3

−3
⟧
0

1−𝑥1

0
𝑑𝑥  

=
1

6
∫ (1 − 𝑥)3
1

0
𝑑𝑥 =

1

6

(1−𝑥)4

−4
⟧
0

1

=
1

24
  

 

كيف لدراسة التكاملات الثلاثية لا بد من رسم الجسم لتحديد السطوح وتحديد منطقة الاسقاط للجسم. ولكن قد يتساءل البعض ملاحظة: 

 التيبرامج الرياضية  الرياضية تستخدم في عمل  اتالجواب: هناك خوارزمي ( بحساب التكاملات؟ softwareيقوم برنامح حاسوبي )

 ومن هذه الخوارزميات ما يلي:حساب التكاملات دون الحاجة للقيام برسم الأجسام لتحديد السطوح ومناطق الاسقاط للأجسام. ت

 

 

 

 

 

 

Now we resolve Example 15.7.4 using another algorithm: Recall that Example 15.7.4 says that: 

 وغير معقدة الشكل 2( ويفترض أن يكون عددها Surfacesنحدد معادلات السطوح )  ①

عدين )حسب بفي   ( ثم نرسم هذه المعادلاتProjection Region) الإسقاط منطقةدلات المتبقية توضع ضمن معادلات المعا  ②

مغلقة  لمنطقةا، أما اذا لم تكن ③اذا كانت المنطقة المرسومة مغلقة فننتقل للخطوة  :المتغيرات في المعادلات(

)في طالإسقامنطقة التقاطع الى معادلات  ونضيف معادلات (1)التي في الخطوة  فنقم بعمل تقاطع للسطوح

 ة(بعض الحالات نستثني بعض المعادلة الناتجة من تقاطع السطوح لأنها لا تمثل حد للمنطقة المغلق
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Evaluate ∭ 𝑧𝑑𝑉
𝐸

, where 𝐸 is the solid tetrahedron bounded by the four planes 𝑥 = 0, 

𝑦 = 0, 𝑧 = 0, and 𝑥 + 𝑦 + 𝑧 = 1. 
 

 Surfaces: 𝑧 = 0 and 𝑧 = 1 − 𝑥 − 𝑦 ⇒ 𝑑𝑉 = 𝑑𝑧𝑑𝐴 

 Projection Region 𝐷: bounded by 𝑥 = 0, 𝑦 = 0 (not closed) 

 We must add the curve of intersection of the surfaces to region 𝐷 

1 − 𝑥 − 𝑦 = 0 ⇔ 𝑦 = 1 − 𝑥 

 Projection Region  𝐷 is bounded by: 𝑥 = 0, 𝑦 = 0 , 𝑦 = 1 − 𝑥  

 𝑑𝐴 = 𝑑𝑦𝑑𝑥:  𝑦 = 0 → 𝑦 = 1 − 𝑥 and 0 ≤ 𝑥 ≤ 1 
 

الأول وبدون رسم: نأخذ نقطة اختبار في المنطقة  في حدود التكامل  لتحديد السطح في الحد الأدنى والسطح في الحد الأعلى

𝐷  معادلتي السطحين فالذي قيمة  فيثم نعوضها  (0,0)مثلاً  ولتكنz   أصغر يكون السطح في الحد الأدنى والذي قيمةz  له
 الأعلىأكبر يكون السطح في الحد 

𝑧 = 0 at (𝑥, 𝑦) = (0,0)  ⇒  𝑧 = 0 

𝑧 = 1 − 𝑥 − 𝑦 at (𝑥, 𝑦) = (0,0) ⇒ 𝑧 = 1 
⇒ 

 𝑧 = 0 (lower surface) 

 𝑧 = 1 − 𝑥 − 𝑦 (upper surface) 
.. 

 

⇒ ∭ 𝑓𝑑𝑉
𝐸

= ∬ (∫ 𝑧
1−𝑥−𝑦

0
𝑑𝑧)

𝐷
𝑑𝐴 = ∫   ∫    ∫ 𝑧

1−𝑥−𝑦

0
𝑑𝑧

1−𝑥

0
𝑑𝑦

1

0
𝑑𝑥 = ⋯ =

1

24
  

 

Example 15.7.5: Find ∭ √𝑥2 + 𝑧2𝑑𝑉
𝐸

, where 𝐸 is the region bounded by the paraboloid 

𝑦 = 𝑥2 + 𝑧2 and the plane 𝑦 = 4. 

Solution:  

 Surfaces: 𝑦 = 𝑥2 + 𝑧2 and 𝑦 = 4 ⇒ 𝑑𝑉 = 𝑑𝑦𝑑𝐴 

 Projection Region 𝐷:  

bounded by …….. (there are no curves). So, we must add the 

curve of intersection of surfaces: 

 𝑥2 + 𝑧2 = 4  

 The Projection Region 𝐷 is enclosed by: 𝑥2 + 𝑧2 = 4 

 The graph of the projection region 𝐷 is given: 

 The Projection Region 𝐷 is: 

𝑟 = 0 → 𝑟 = 2 and 0 ≤ 𝜃 ≤ 2𝜋 ⇒ 𝑑𝐴 = 𝑟𝑑𝑟𝑑𝜃 
 

مثلاً  ولتكن  𝐷نطقة الأول: نأخذ نقطة اختبار في الم في حدود التكامل  لتحديد السطح في الحد الأدنى والسطح في الحد الأعلى

له أكبر يكون  𝑦أصغر يكون السطح في الحد الأدنى والذي قيمة  له  𝑦معادلتي السطحين فالذي قيمة  فيثم نعوضها  (0,0)

 الأعلىالسطح في الحد 

𝑦 = 𝑥2 + 𝑧2 at (𝑥, 𝑧) = (0,0)  ⇒  𝑦 = 0 

𝑦 = 4 at (𝑥, 𝑧) = (0,0) ⇒ 𝑦 = 4 
⇒ 

 𝑦 = 𝑥2 + 𝑧2 (lower surface) 

 𝑦 = 4 (upper surface) 
.. 

∭ 𝑓𝑑𝑉
𝐸

= ∬ (∫ √𝑥2 + 𝑧2
4

𝑥2+𝑧2
𝑑𝑦)

𝐷
𝑑𝐴 = ∫   ∫    ∫ 𝑟

4

𝑟2
𝑑𝑦

2

0
𝑟𝑑𝑟𝑑𝜃

2𝜋

0
= ∫   ∫    𝑟2(4 − 𝑟2)

2

0
𝑑𝑟

2𝜋

0
𝑑𝜃  

= ⋯ =
128𝜋

15
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Volumes 15.7.6: Let 𝐸 be the solid in 3𝐷 such that 𝑢1(𝑥, 𝑦) ≤ 𝑧 ≤ 𝑢2(𝑥, 𝑦) and the region 𝐷 is the 

projection of 𝑆 on the 𝑥𝑦-plane. 

(1)  The volume of the solid 𝐸 can expressed as a triple integral as:  

𝑉 =∭1

𝐸

𝑑𝑉 = ∬( ∫ 1

𝑢2(𝑥,𝑦)

𝑢1(𝑥,𝑦)

𝑑𝑧)

𝐷

𝑑𝐴 

(2)  The volume of the solid 𝐸 can expressed as a duble integral as:  

𝑉 = ∬(𝑢2(𝑥, 𝑦) − 𝑢1(𝑥, 𝑦))

𝐷

𝑑𝐴 

Example 15.7.7:  

(1) Use triple integral to find the volume of the solid enclosed by the parabolic cylinder 𝑦 = 𝑧2 and 

the planes 𝑦 = 𝑥, 𝑧 = 2 − 𝑥. 

(2)  Use double integral to find the volume of the solid enclosed by the parabolic cylinder 

𝑦 = 𝑧2 and the planes 𝑦 = 𝑥, 𝑧 = 0, 𝑧 = 2 − 𝑥. 

Solution:  

(1) 

 Surfaces: 𝑦 = 𝑧2, 𝑦 = 𝑥 ⇒ 𝑑𝑉 = 𝑑𝑦𝑑𝐴 

 Projection Region 𝐷: 𝑧 = 2 − 𝑥 (not a closed region) 

 The curve of intersection of surfaces: 𝑧2 = 𝑥 

 The Projection Region 𝐷 is bounded by: 𝑧 = 2 − 𝑥, 𝑧2 = 𝑥 

 Curves: 𝑥 = 2 − 𝑧, 𝑥 = 𝑧2 and ? ? ≤ 𝑧 ≤ ? ?. So we must find the intersections 

of curves: 

𝑧2 = 2 − 𝑧 ⇒ 𝑧2 + 𝑧 − 2 = 0 ⇒ (𝑧 + 2)(𝑧 − 1) = 0 ⇒ 𝑧 = −2,1 

 𝑑𝐴 = 𝑑𝑥𝑑𝑧 with 𝑥 = 2 − 𝑧, 𝑥 = 𝑧2 and −2 ≤ 𝑧 ≤ 1 

 Lower and upper surfaces: 

{
𝑦 = 𝑧2 at (𝑥, 𝑧) = (2,0) ⇒  𝑦 = 0

𝑦 = 𝑥 at (𝑥, 𝑧) = (2,0) ⇒   𝑦 = 2
} ⇒ {

𝑦 = 𝑧2 (lower surface)

𝑦 = 𝑥 (upper surface)
} 

𝑉 =∭1

𝐸

𝑑𝑉 =∬(∫1

𝑥

𝑧2

𝑑𝑦)

𝐷

𝑑𝐴 = ∫ ∫ ∫1

𝑥

𝑧2

𝑑𝑦

   2−𝑧

𝑧2

𝑑𝑥

1

−2

𝑑𝑧 = ∫ ∫ (𝑥 − 𝑧2)𝑑𝑥

   2−𝑧

𝑧2

𝑑𝑧

1

−2

= ⋯ 

(2) 𝑉 = ∬(𝑥 − 𝑧2)

𝐷

𝑑𝐴 = ∫ ∫ (𝑥 − 𝑧2)𝑑𝑥

   2−𝑧

𝑧2

𝑑𝑧

1

−2

= ⋯ 
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Example 15.7.8:  

(1) Use triple integral to find the volume of the tetrahedron 𝑇 enclosed by the planes 

𝑥 + 2𝑦 + 𝑧 = 2, 𝑥 = 2𝑦, 𝑥 = 0, 𝑧 = 0. 

(2) Use triple integral to find the volume of the tetrahedron 𝑇 enclosed by the planes 

𝑥 + 2𝑦 + 𝑧 = 2, 𝑥 = 2𝑦, 𝑥 = 0, 𝑧 = 0. 

Solution:  

(1) 

 Surfaces: 𝑧 = 2 − 𝑥 − 2𝑦, 𝑧 = 0 ⇒ 𝑑𝑉 = 𝑑𝑧𝑑𝐴 

 Projection Region 𝑫: 𝑥 = 2𝑦, 𝑥 = 0 (not a close region). So, we must add the intersection of 

surfaces: 

 Intersection of surfaces: 2 − 𝑥 − 2𝑦 = 0 ⇒ 𝑥 = 2 − 2𝑦 

 The Projection Region is enclosed by: 𝑥 = 2𝑦, 𝑥 = 0, 𝑥 = 2 − 2𝑦 

 The graph of the region 𝐷 is given in the next figure: 

 𝑑𝐴 = 𝑑𝑦𝑑𝑥 ⇒ 𝑦 =
𝑥

2
 → 𝑦 =

2−𝑥

2
 and 0 ≤ 𝑥 ≤? ? ? 

So, we must find the intersection of curves: 

 Intersection of curves: 
𝑥

2
=

2−𝑥

2
 ⇒ 𝑥 = 2 − 𝑥 ⇒ 2𝑥 = 2 ⇒ 𝑥 = 1 

 𝑑𝐴 = 𝑑𝑦𝑑𝑥 ⇒ 𝑦 =
𝑥

2
 → 𝑦 =

2−𝑥

2
 and 0 ≤ 𝑥 ≤ 1 

 Lower and upper surfaces: 

{
𝑧 = 2 − 𝑥 − 2𝑦 at (𝑥, 𝑦) = (0,0) ⇒  𝑧 = 2

𝑧 = 0 at (𝑥, 𝑦) = (0,0) ⇒   𝑧 = 0                
} ⇒ {

𝑧 = 0 (lower surface)                  
𝑧 = 2 − 𝑥 − 2𝑦 (upper surface)

} 

Volume = ∫ ∫ ∫ 1
2−𝑥−2𝑦

0

𝑑𝑧

2−𝑥
2

𝑥
2

𝑑𝑦
1

0

𝑑𝑥 = ⋯ 

 

(2) By Part (1) we have Volume = ∫ ∫ (2 − 𝑥 − 2𝑦)
2−𝑥

2
𝑥

2

𝑑𝑦
1

0
𝑑𝑥 = ⋯ 

 

Example 15.7.9:  

(1) Use triple integral to find the volume of the solid enclosed by the parabolic cylinder 𝑥 = 𝑦2 and 

the planes 𝑥 = 𝑧, 𝑧 = 0, 𝑥 = 1. 

(2) Use double integral to find the volume of the solid enclosed by the parabolic cylinder 𝑥 = 𝑦2 and 

the planes 𝑥 = 𝑧, 𝑧 = 0, 𝑥 = 1. 
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Solution:  

 Surfaces: 𝑧 = 𝑥, 𝑧 = 0 ⇒ 𝑑𝑉 = 𝑑𝑧𝑑𝐴 

 Projection Region 𝑫: 𝑥 = 𝑦2, 𝑥 = 1 (closed region see the figure) 

 Intersection of curves: 𝑦2 = 1 ⇒ 𝑦 = −1 or 𝑦 = 1 

 𝑑𝐴 = 𝑑𝑥𝑑𝑦 ⇒ 𝑥 = 𝑦2 → 𝑥 = 1 and −1 ≤ 𝑦 ≤ 1 

 Lower and upper surfaces: 

{
𝑧 = 𝑥 at (𝑥, 𝑧) = (1,0) ⇒  𝑧 = 1
𝑧 = 0 at (𝑥, 𝑧) = (1,0) ⇒   𝑧 = 0

} ⇒ {
𝑧 = 0 (lower surface)

𝑧 = 𝑥 (upper surface)
} 

(1) Volume =  ∭ 1𝑑𝑉
𝐸

= ∫ ∫ ∫ 1
𝑥

0
𝑑𝑧

1

𝑦2
𝑑𝑥

1

−1
𝑑𝑦 = ∫ ∫ (𝑥 − 0)

1

𝑦2
𝑑𝑥

1

−1
𝑑𝑦 = ∫

𝑥2

2
⟧
𝑦2

1

𝑑𝑦
1

−1
   

=
1

2
∫ (1 − 𝑦4)𝑑𝑦
1

−1
=

4

5
  

(2) Volume = ∬ (𝑥 − 0)𝑑𝐴
𝐷

= ∫ ∫ (𝑥 − 0)
1

𝑦2
𝑑𝑥

1

−1
𝑑𝑦 = ⋯ =

4

5
 

Example 15.7.10: Compute  ∭ −12𝑑𝑉
𝐸

, where 𝐸 = {(𝑥, 𝑦, 𝑧): 𝑥2 + 𝑦2 + 𝑧2 ≤ 9, 𝑧 ≥ 0} 

Solution: ∭ −12𝑑𝑉
𝐸

= −12∭ 1𝑑𝑉
𝐸

= −12 × Volume of 𝐸 (observe that 𝐸 is a hemisphere) 

= −12 ×
Volume of the sphere

2
= −12 ×  

4

3
𝜋(3)3

2
= −216𝜋   

 

Example 15.7.11: Let 𝐼 = ∫   ∫    ∫ 𝑓(𝑥, 𝑦, 𝑧)
𝑦

0
𝑑𝑧

𝑥2

0
𝑑𝑦

1

0
𝑑𝑥  

(1) Express the iterated integral 𝐼 as a triple integral and sketch the solid. 

(2) Rewrite the iterated integral 𝐼 in a different order, integrating first with respect to 𝑥, then 𝑧, 

and then 𝑦. 

(3) Rewrite the iterated integral 𝐼 in a different order, integrating first with respect to 𝑦, then 𝑥, 

and then 𝑧. 

Solution:  

(1) First we give the equations of the boundary surfaces of the solid 𝐸. We can do this by one of two ways:  

(a) by sketching the solid 𝐸 

or 

(b) by deleting the equations that results from surface or curve 

intersections. 

We will use the second way to determine the surface 𝐸: 

 Equations: 𝑧 = 0, 𝑧 = 𝑦⏟        
Surfaces

لا يلغى أي منهم

,  𝑦 = 0, 𝑦 = 𝑥2⏟        
Curves

ضهمبع ممكن الغاء 

&& 𝑥 = 0, 𝑥 = 1⏟        
ممكن الغاء بعضهم أو كلهم

 

 Intersection of surfaces: 𝑧 = 0, 𝑧 = 𝑦 ⇒ 𝑦 = 0 (no need for this equation) 

 Intersection of curves: 𝑦 = 0, 𝑦 = 𝑥2 ⇒ 𝑥2 = 1 ⇒ 𝑥 = ±1 (no need for these equations) 

 The triple integral is: 𝐼 = ∭ 𝑓𝑑𝑉
𝐸

, where 𝐸 is the solid bounded by:  

𝑧 = 0, 𝑧 = 𝑦, 𝑦 = 𝑥2, and 𝑥 = 1 
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(2)  Integrating first with respect to 𝑥, then 𝑧, and then 𝑦 ⇒ 𝑥 =? ? ?⏞    
surfaces

, 𝑧 =? ? ?⏞    
curves

, ? ? ? ≤ 𝑦 ≤? ? ?⏞        
for the Projection Region

 

 From Part (1) we find that the solid 𝐸 is bounded by: 𝑧 = 0, 𝑧 = 𝑦, 𝑦 = 𝑥2, and 𝑥 = 1 

 Surfaces: 𝑥 = √𝑦 and 𝑥 = 1 ⇒ 𝑑𝑉 = 𝑑𝑥𝑑𝑧𝑑𝑦 

 Projection Region 𝑫: 

 Curves: 𝑧 = 0, 𝑧 = 𝑦 (not a closed region) 

 Intersection of surfaces: √𝑦 = 1 ⇒ 𝑦 = 1 

 The Projection region 𝐷 is bounded by: 𝑧 = 0, 𝑧 = 𝑦, 𝑦 = 1 

 The graph of  𝐷 given in the next figure: 

𝑧 = 0 → 𝑧 = 𝑦 and 0 ≤ 𝑦 ≤ 1 

 Lower and Upper Surfaces: 

{
𝑥 = √𝑦 at (0,0) ⇒   𝑥 = 0

𝑥 = 1 at (0,0) ⇒   𝑥 = 1    
} ⇒ {

𝑥 = √𝑦 (lower surface)

𝑥 = 1 (upper surface)   
} 

𝐼 = ∫   ∫    ∫ 𝑓(𝑥, 𝑦, 𝑧)

1

√𝑦

𝑑𝑥

𝑦

0

𝑑𝑧

1

0

𝑑𝑦 

(3) Integrating first with respect to 𝑦, then 𝑥, and then 𝑧 ⇒ 𝑦 =? ? ?⏞    
surfaces

, 𝑥 =? ? ?⏞    
curves

, ? ? ? ≤ 𝑧 ≤? ? ?⏞        
for the Projection Region

 
 From Part (1) we find that the solid 𝐸 is bounded by: 𝑧 = 0, 𝑧 = 𝑦, 𝑦 = 𝑥2, and 𝑥 = 1 

 Surfaces: 𝑦 = 𝑧 and 𝑦 = 𝑥2 ⇒ 𝑑𝑉 = 𝑑𝑦𝑑𝑥𝑑𝑧 

 Projection Region 𝑫: 

 Curves: 𝑧 = 0, 𝑥 = 1 (not a closed region) 

 Intersection of surfaces: 𝑧 = 𝑥2 (add this eq. to the region 𝐷)  

 The Projection region 𝐷 is bounded by: 𝑧 = 0, 𝑥 = 1, 𝑧 = 𝑥2 

 The graph of  𝐷 given in the next figure:  

 The Projection region is with 𝑑𝐴 = 𝑑𝑥𝑑𝑧 which means that: 

 Curves: 𝑥 = √𝑧 → 𝑥 = 1 and 0 ≤ 𝑧 ≤ 1 

 Lower and Upper Surfaces: 

{
𝑦 = 𝑧 at (𝑥, 𝑧) = (1,0) ⇒   𝑦 = 0

𝑦 = 𝑥2 at (x, z) = (1,0) ⇒   𝑦 = 1    
} ⇒ {

𝑦 = 𝑧 (lower surface)

𝑦 = 𝑥2 (upper surface)   
} 

𝐼 = ∫   ∫    ∫ 𝑓(𝑥, 𝑦, 𝑧)

𝑥2

𝑧

𝑑𝑦

1

√𝑧

𝑑𝑥

1

0

𝑑𝑧 
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Example 15.7.12: Rewrite the iterated integral  ∫   ∫    ∫ 𝑓(𝑥, 𝑦, 𝑧)
2−𝑦

0
𝑑𝑧

√𝑥

 
𝑥

2

𝑑𝑦
4

0
𝑑𝑥  in a different order, 

integrating first with respect to 𝑥, then 𝑦, and then 𝑧. 

Solution:  ∫   ∫    ∫ 𝑓
2−𝑦

0
𝑑𝑧

√𝑥
𝑥

2

𝑑𝑦
4

0
𝑑𝑥 = ∫   ∫    ∫ 𝑓

2𝑦

𝑦2
𝑑𝑥

2−𝑧

0
𝑑𝑦

2

0
𝑑𝑧. 

Example 15.7.13: Express the iterated integral  ∫   ∫    ∫ 𝑓
1−𝑥

0
𝑑𝑦

1−𝑥2

0
𝑑𝑧

1

0
𝑑𝑥  in a different order, 

integrating first with respect to 𝑧, then 𝑦, and then 𝑥. 

Solution: ∫   ∫    ∫ 𝑓
1−𝑥

0
𝑑𝑦

1−𝑥2

0
𝑑𝑧

1

0
𝑑𝑥  = ∫   ∫    ∫ 𝑓

1−𝑥2

0
𝑑𝑧

1−𝑥2

0
𝑑𝑦

1

0
𝑑𝑥. 

Exercise 15.7.14:  

(1) Let ∫   ∫    ∫ 𝑓
𝑥𝑧

0
𝑑𝑦

𝑥

0
𝑑𝑧

√𝜋

0
𝑑𝑥.  

(a) Express the iterated integral 𝐼 as a triple integral 

(b) Rewrite the iterated integral 𝐼 in a different order, integrating first with respect to 𝑧, then 𝑥, 

and then 𝑦. 

 

(2) Express the iterated integral ∫   ∫    ∫ 𝑓
1−𝑦

0
𝑑𝑧

1

√𝑥
𝑑𝑦

1

0
𝑑𝑥 in different order: 

(a) First integrate with respect to 𝑥, then 𝑦, then 𝑧 

(b) First integrate with respect to 𝑦, then 𝑥, then z 

 

(3) Find the volume of the solid 𝐸 below the surface 𝑧 = 2𝑥 + 𝑦 and above the region 

𝑅 = [0,1] × [0,2]. 

 

 

(4) Set up in cylindrical coordinates, the volume of the solid 𝐸 

(whose graph is given on the right)  

 

 

 

 

(5) Set up the integral in polar coordinates of the volume 𝑉 of the solid that lies inside the cylinder 𝑥2 +

𝑦2 = 2𝑦, under the paraboloid 𝑧 = 𝑥2 + 𝑦2, and above 𝑥𝑦-plane.  
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15.8. Triple Integrals in Cylindrical Coordinates  
 

 

Definition 15.8.1: Let 𝑃(𝑥, 𝑦, 𝑧) be a point in rectangular (Cartesian) coordinates. 

The cylindrical coordinates of 𝑃 are: 𝑃(𝑟, 𝜃, 𝑧), where 

rectangular ⇒ Cylindrical: (𝑥, 𝑦, 𝑧) ⇒ (𝑟, 𝜃, 𝑧) 

 𝑟 = √𝑥2 + 𝑦2   ⇔  𝑟2 = 𝑥2 + 𝑦2 

 𝜃 = tan−1 (
𝑦

𝑥
)  ⇔  tan 𝜃 =

𝑦

𝑥
, 0 ≤ 𝜃 < 2𝜋 

 𝑧 = 𝑧 

Cylindrical ⇒ rectangular: (𝑟, 𝜃, 𝑧) ⇒ (𝑥, 𝑦, 𝑧) 

𝑥 = 𝑟 cos 𝜃 , 𝑦 = 𝑟 sin 𝜃 ,   𝑧 = 𝑧 

 

 
How to Plot a point 𝑃(𝑟, 𝜃, 𝑧) in Cylindrical Coordinates? 

 

 

 

Example 15.8.2: Plot the points with cylindrical coordinates (5,
𝜋

6
, 4) , (2,

2𝜋

3
, −2) and find their 

rectangular coordinates. 

Solution:  
 

 

 

 

                      

 
 

 

                                    (5,
𝜋

6
, 4)                                                                         (2,

2𝜋

3
, −2) 

The Rectangular coordinates are: 

 (5,
𝜋

6
, 4) ⇒  𝑟 = 5, 𝜃 =

𝜋

6
, 𝑧 = 4: 

 𝑥 = 𝑟 cos𝜃 = 5 cos
𝜋

6
=

5√3

2
 

 𝑦 = 𝑟 sin 𝜃 = 5 sin
𝜋

6
=
5

2
 

 𝑧 = 4  

The rectangular coordinates of the point 

(5,
𝜋

6
, 4) are (

5√3

2
,
5

2
, 4) 

 (2,
2𝜋

3
, −2) ⇒  𝑟 = 2, 𝜃 =

2𝜋

3
, 𝑧 = −2 

 𝑥 = 𝑟 cos𝜃 = 2 cos
2𝜋

3
= 2(− cos

𝜋

3
) = −2 ×

1

2
= −1 

 𝑦 = 𝑟 sin 𝜃 = 2 sin
2𝜋

3
= 2 (sin

𝜋

3
) = 2 (

√3

2
) = √3 

 𝑧 = −2 

The rectangular coordinates of the point (2,
2𝜋

3
, −2) 

are (−1, √3,−2) 
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Example 15.8.3:  Find the cylindrical coordinates of the points whose Cartesian (or rectangular) 

coordinates are:𝐴(3,−3, −2), 𝐵(−3,3,7), 𝐶(−2, −3,1), 𝐷(2,0,−1),  
𝐸(−2,0,1), 𝐹(0,2,−1), 𝐺(0,−2,3). 

Solution: 

 𝐴(3,−3,−2): ⇒ 𝑥 = 3, 𝑦 = −3, 𝑧 = −2  

(observe that the point (𝑥, 𝑦) = (3,−3) in the 4th quadrant ⇒ 
3𝜋

2
≤ 𝜃 ≤ 2𝜋 

⇒ 𝑟 = √𝑥2 + 𝑦2 = √9 + 9 = √18 = 3√2 

tan 𝜃 =
𝑦

𝑥
 ⇒ tan 𝜃 =

−3

3
= −1 and recall that 

3𝜋

2
≤ 𝜃 ≤ 2𝜋 ⇒ 𝜃 = 2𝜋 −

𝜋

4
 ⇒ 𝜃 =

7𝜋

4
 

The cylindrical coordinates of the point 𝐴(3,−3,−2) are: (3√2,
7𝜋

4
, −2) 

 𝐵(−3,3,7): ⇒ 𝑥 = −3, 𝑦 = 3, 𝑧 = 7  

(observe that the point (𝑥, 𝑦) = (−3,3) in the 2nd  quadrant ⇒ 
𝜋

2
≤ 𝜃 ≤ 𝜋 

⇒ 𝑟 = √𝑥2 + 𝑦2 = √9 + 9 = √18 = 3√2 

tan 𝜃 =
𝑦

𝑥
 ⇒ tan 𝜃 =

3

−3
= −1 and recall that 

𝜋

2
≤ 𝜃 ≤ 𝜋 ⇒ 𝜃 = 𝜋 −

𝜋

4
 ⇒ 𝜃 =

3𝜋

4
 

The cylindrical coordinates of the point 𝐵(−3, −3,7) are: (3√2,
3𝜋

4
, 7) 

 𝐶(−2,−3,1): ⇒ 𝑥 = −2, 𝑦 = −3, 𝑧 = 1  

(observe that the point (𝑥, 𝑦) = (−2, −3) in the 3rd  quadrant ⇒ 𝜋 ≤ 𝜃 ≤
3𝜋

2
 

⇒ 𝑟 = √𝑥2 + 𝑦2 = √4 + 9 = √13 

tan 𝜃 =
𝑦

𝑥
 ⇒ tan 𝜃 =

−3

−2
=
3

2
 and recall that 𝜋 ≤ 𝜃 ≤

3𝜋

2
 ⇒ 𝜃 = 𝜋 + tan−1 (

3

2
)  

The cylindrical coordinates of the point 𝐶(−2,−3,1) are: (√13,𝜋 + tan−1 (
3

2
) , 1) 

 𝐷(2,0,−1): ⇒ 𝑥 = 2, 𝑦 = 0, 𝑧 = −1  

(observe that the point (𝑥, 𝑦) = (2,0) on the positive 𝑥-axis ⇒ 𝜃 = 0 

⇒ 𝑟 = √𝑥2 + 𝑦2 = √4 + 0 = 2 
The cylindrical coordinates of the point 𝐷(2,0,−1) are: (2,0,−1) 

 𝐸(−2,0,1): ⇒ 𝑥 = −2, 𝑦 = 0, 𝑧 = 1  

(observe that the point (𝑥, 𝑦) = (−2,0) on the negative 𝑥-axis ⇒ 𝜃 = 𝜋 

⇒ 𝑟 = √𝑥2 + 𝑦2 = √4 + 0 = 2 

The cylindrical coordinates of the point 𝐸(−2,0,1) are: (2, 𝜋, 1) 
 𝐹(0,2,−1): ⇒ 𝑥 = 0, 𝑦 = 2, 𝑧 = −1  

(observe that the point (𝑥, 𝑦) = (0,2) on the positive 𝑦-axis ⇒ 𝜃 =
𝜋

2
 

⇒ 𝑟 = √𝑥2 + 𝑦2 = √0 + 4 = 2 

The cylindrical coordinates of the point 𝐹(0,2,−1) are: (2,
𝜋

2
, −1) 

 𝐺(0,−2,3): ⇒ 𝑥 = 0, 𝑦 = −2, 𝑧 = 3  

(observe that the point (𝑥, 𝑦) = (0,−2) on the negative 𝑦-axis ⇒ 𝜃 =
3𝜋

2
 

⇒ 𝑟 = √𝑥2 + 𝑦2 = √0 + 4 = 2 

The cylindrical coordinates of the point 𝐺(0,−2,3) are: (2,
3𝜋

2
, 3) 
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Example 15.8.4: Describe and sketch the curve whose equation in cylindrical coordinates is give by: 

(1) 𝑧 = 𝑟                         (2)  𝑧 = −𝑟                 

(3)  𝑧 = √9 − 𝑟2 
Solution:  

𝑧 = 𝑟 ⇒ 𝑧 = √𝑥2 + 𝑦2 

The surface is a cone  
 

 

 

 

 

𝑧 = −𝑟 ⇒ 𝑧 = −√𝑥2 + 𝑦2 
 

The surface is a cone 

 

 

 

𝑧 = √9 − 𝑟2 ⇒ 𝑧 = √9 − (𝑥2 + 𝑦2)  
(this means 𝑧 ≥ 0) 

⇒ 𝑧2 = 9 − (𝑥2 + 𝑦2)  
⇒ 𝑥2 + 𝑦2 + 𝑧2 = 9, 𝑧 ≥ 0  

The surface is the hemisphere 

centered at (0,0,0) of radius 3 

 

Example 15.8.5: Write the equation 𝑧 = 𝑥2 − 𝑦2 in cylindrical coordinates 

Solution:  𝑧 = 𝑥2 − 𝑦2 ⇒ 𝑧 = (𝑟cos 𝜃)2 − (𝑟sin 𝜃)2 ⇒ 𝑧 = 𝑟2(cos2 𝜃 − sin2 𝜃)  

⇒ 𝑧 = 𝑟2 cos(2𝜃) 

Example 15.8.6: Identify (give the name) of the surface whose equation is given in cylindrical 

coordinates and find its equation in Cartesian coordinates: 

(1) 𝑟 = 5                            (2)  𝑧 = 4 − 𝑟2             (3)  𝜃 =
𝜋

4
              (4) 𝜃 =

2𝜋

3
 

(5) 𝜃 = 0                          (6)  𝜃 = 𝜋                      (7)  𝜃 =
𝜋

2
             (8) 𝜃 =

3𝜋

2
 

Solution: 

(1) 𝑟 = 5 ⇒ 𝑟2 = 25 ⇒ 𝑥2 + 𝑦2 = 25 (the surface is a cylider) 

(2) 𝑧 = 4 − 𝑟2 ⇒ 𝑧 = 4 − (𝑥2 + 𝑦2) ⇒ 4 − 𝑧 = 𝑥2 + 𝑦2 (the surface is a paraboloid) 

(3) 𝜃 =
𝜋

4
 (in the 1st quadrant ⇒ 𝑥 ≥ 0, 𝑦 ≥ 0) ⇒ tan(𝜃) = tan (

𝜋

4
) ⇒ 

𝑦

𝑥
= 1  

⇒ 𝑦 = 𝑥 with 𝑥 ≥ 0) ⇒ 𝑦 = 𝑥, 𝑥 ≥ 0 ia a half plane. 

(4) 𝜃 =
2𝜋

3
 (in the 2nd quadrant ⇒ 𝑥 ≤ 0, 𝑦 ≥ 0) ⇒ tan(𝜃) = tan (

2𝜋

3
) ⇒ 

𝑦

𝑥
= −√3  

⇒ 𝑦 = −√3𝑥 with 𝑥 ≤ 0 ⇒ 𝑦 = −√3𝑥, 𝑥 ≤ 0 ia a half plane. 

(5) 𝜃 = 0 ⇒ 𝑦 = 0 and 𝑥 ≥ 0 ⇒ 𝑦 = 0, 𝑥 ≥ 0 is the half 𝑥𝑧-plane  

(6) 𝜃 = 𝜋 ⇒ 𝑦 = 0 and 𝑥 ≤ 0 ⇒ 𝑦 = 0. 𝑥 ≤ 0 is the half 𝑥𝑧-plane 

(7) 𝜃 =
𝜋

2
 ⇒ 𝑥 = 0 and 𝑦 ≥ 0 ⇒ 𝑥 = 0. 𝑦 ≥ 0 is the half 𝑦𝑧-plane 

(8) 𝜃 =
3𝜋

2
 ⇒ 𝑥 = 0 and 𝑦 ≤ 0 ⇒ 𝑥 = 0. 𝑦 ≤ 0 is the half 𝑦𝑧-plane  
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It is known that  

 

 

 

 
⇒ The triple integral can written in cylindrical coordinates as: 

 
Example 15.8.7: Set up (do not evaluate) in cylindrical coordinates the volume of the solid  bounded 

by the plane 𝑧 = 1 and the paraboloid 𝑧 = 5 − 𝑥2 − 𝑦2. 

Solution:   

 Surfaces: 𝑧 = 1, 𝑧 = 5 − 𝑥2 − 𝑦2 ⇒ 𝑑𝑉 = 𝑑𝑧𝑑𝐴 

 Projection Region 𝑫:  

 Intersection of surfaces: 5 − 𝑥2 − 𝑦2 = 1  

 The Projection Region is the region inside 𝑥2 + 𝑦2 = 4 

 𝑑𝐴 = 𝑟𝑑𝑟𝑑𝜃 ⇒ 𝑟 = 0 → 𝑟 = 2 and 0 ≤ 𝜃 ≤ 2𝜋 

 Lower and Upper Surfaces: 

𝑧 = 1 (lower surface) and 𝑧 = 5 − 𝑥2 − 𝑦2 (upper surface) (why?) 

Volume = ∬ ∫ 1
5−𝑥2−𝑦2

1
𝑑𝑧𝑑𝐴

𝐷
= ∬ (4 − (𝑥2 + 𝑦2))

𝐷
𝑑𝐴 = ∫ ∫ ∫ 1𝑑𝑧𝑟𝑑𝑟𝑑𝜃

5−𝑟2

1

2

0

2𝜋

0
  

= ∫ ∫ ∫ 𝑟𝑑𝑧𝑑𝑟𝑑𝜃
5−𝑟2

1

2

0

2𝜋

0
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Example 15.8.8: Set up (do not evaluate) as a triple integral the volume of the solid  lies under the cone 

𝑧 = √𝑥2 + 𝑦2 and above the 𝑥𝑦-plane and inside the cylinder 𝑥2 + 𝑦2 = −6𝑦. 

Solution:  The solid is bounded by 𝑧 = √𝑥2 + 𝑦2, 𝑧 = 0, 𝑥2 + 𝑦2 = −6𝑥. 

 Surfaces: 𝑧 = √𝑥2 + 𝑦2, 𝑧 = 0 

 Projection Region 𝑫: inside⏞  
من نص السؤال

 𝑥2 + 𝑦2 = −6𝑦    (closed region) 

 Sketch the region 𝐷: 𝑥2 + 𝑦2 = −6𝑦 ⇒ 𝑥2 + 𝑦2 + 6𝑦⏟    
إكمال مربع

= 0 

⇒ 𝑥2 + 𝑦2 + 6𝑦 + 9⏟        
إكمال مربع

=          9         ⏟      
بسبب إكمال المربع

  ⇒   𝑥2 + (𝑦 + 3)2 = 9 

 Lower and Upper Surfaces:  

𝑧 = 0 (lower surface) and 𝑧 = √𝑥2 + 𝑦2 (upper surface) (why?) 

Volume =∭1𝑑𝑉

𝐸

=∬ ∫ 1

         √𝑥2+𝑦2

0

𝑑𝑧

𝐷

𝑑𝐴 = ∫ ∫ ∫ 𝑟
𝑟

0

𝑑𝑧
−6sin𝜃

0

𝑑𝑟
0

−𝜋

𝑑𝜃 

 

Example 15.8.9:  Express the triple integral 𝐼 = ∭ (𝑥 + 𝑦 + 𝑧)𝑑𝑉
𝐸

 in cylindrical coordinates, where 𝐸 

is the solid in the first octant that lies under the paraboloid 𝑧 = 48 − 3𝑥2 − 3𝑦2 
Solution: Observe that the solid is in the first octant which means that: 𝑥 ≥ 0, 𝑦 ≥ 0, 𝑧 ≥ 0 

⇒ the solid is bounded by: 𝑧 = 48 − 3𝑥2 − 3𝑦2, 𝑥 = 0, 𝑦 = 0, 𝑧 = 0 in the first octant 

𝑑𝑉 = 𝑑𝑧𝑑𝐴 

 Surfaces: 𝑧 = 48 − 3𝑥2 − 3𝑦2, 𝑧 = 0 ⇒ 𝑑𝑉 = 𝑑𝑧𝑑𝐴 

 Projection Region 𝑫: 𝑥 = 0, 𝑦 = 0 in the 1st quadrant (not closed) 

 Intersection of surfaces: 48 − 3𝑥2 − 3𝑦2 = 0  

⇒ 𝑥2 + 𝑦2 = 16 (add this equation to the region) 

 The Projection Region is bounded by: 

𝑥 = 0, 𝑦 = 0, 𝑥2 + 𝑦2 = 16 in the 1st quadrant 

 𝑑𝐴 = 𝑟𝑑𝑟𝑑𝜃 ⇒ 0 ≤ 𝑟 ≤ 2 and 0 ≤ 𝜃 ≤
𝜋

2
 

 Lower and Upper Surfaces:  

𝑧 = 0 (lower surface) and 𝑧 = 48 − 3𝑥2 − 3𝑦2 (upper surface) (why?) 

𝐼 =∭(𝑥 + 𝑦 + 𝑧)𝑑𝑉

𝐸

= ∬∫ (𝑥 + 𝑦 + 𝑧)𝑑𝑧
48−3𝑥2−3𝑦2

0

𝑑𝐴

𝐷

 

= ∫ ∫ ∫ (𝑟cos𝜃 + 𝑟sin𝜃 + 𝑧)𝑟𝑑𝑧𝑑𝑟𝑑𝜃
48−3𝑟2

0

4

0

𝜋

2
0

  

= ∫ ∫ ∫ (𝑟2cos𝜃 + 𝑟2sin𝜃 + 𝑟𝑧)𝑑𝑧𝑑𝑟𝑑𝜃
48−3𝑟2

0

4

0

𝜋

2
0
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Example 15.8.10: Set up as triple integral the volume of the solid inside the sphere 𝑥2 + 𝑦2 + 𝑧2 = 4 and 

outside the cylinder 𝑥2 + 𝑦2 = 1. 

Solution:  

 Surfaces: 𝑧 = −√4 − (𝑥2 + 𝑦2), 𝑧 = √4 − (𝑥2 + 𝑦2) ⇒ 𝑑𝑉 = 𝑑𝑧𝑑𝐴 

 Projection Region 𝑫: outside⏞    
من نص السؤال

 𝑥2 + 𝑦2 = 1 (not closed region) 

 Intersection of surfaces: −√4 − (𝑥2 + 𝑦2) = √4 − (𝑥2 + 𝑦2) 

⇒  2√4 − (𝑥2 + 𝑦2) = 0  ⇒  𝑥2 + 𝑦2 = 4 

 The Projection Region 𝐷 is between 𝑥2 + 𝑦2 = 1 and 𝑥2 + 𝑦2 = 4 

 𝑑𝐴 = 𝑟𝑑𝑟𝑑𝜃 ⇒ 𝑟 = 1 → 𝑟 = 2 and 0 ≤ 𝜃 ≤ 2𝜋 

 Lower and Upper Surfaces:  

𝑧 = −√4− (𝑥2 + 𝑦2) (lower surface)  

and 𝑧 = √4 − (𝑥2 + 𝑦2) (upper surface) (why?) 

Volume =∭ 1𝑑𝑉
𝐸

= ∬ ∫ 1
√4−(𝑥2+𝑦2)

−√4−(𝑥2+𝑦2)
𝑑𝑧

𝐷
𝑑𝐴 = ∫ ∫ ∫ 𝑟

√4−𝑟2

−√4−𝑟2
𝑑𝑧

2

1
𝑑𝑟

2𝜋

0
𝑑𝜃  

 

Example 15.8.11: Use triple integrals to find the volume of the solid that lies within the cylinder 

𝑥2 + 𝑦2 = 1, below the plane 𝑧 = 1 and above the paraboloid 𝑧 = 1 − 𝑥2 − 𝑦2. 
Solution: 

𝑑𝑉 = 𝑑𝑧𝑑𝐴 

 Surfaces: 𝑧 = 1, 𝑧 = 1 − 𝑥2 − 𝑦2 

 Projection Region 𝑫: within 𝑥2 + 𝑦2 = 1 

 𝑑𝐴 = 𝑟𝑑𝑟𝑑𝜃 ⇒ 𝑟 = 0 →  𝑟 = 1 and 0 ≤ 𝜃 ≤ 2𝜋 

 Lower and Upper Surfaces: 

𝑧 = 1 − 𝑥2 − 𝑦2 (lower surface) and 𝑧 = 1 (upper surface) (why?) 

𝑉 = ∭ 1𝑑𝑉
𝐸

= ∬ ∫ 1𝑑𝑧
1

1−𝑥2−𝑦2
𝑑𝐴 = ∫ ∫ ∫ 1𝑑𝑧𝑟𝑑𝑟𝑑𝜃

1

1−𝑟2
1

0

2𝜋

0𝐷
  

= ∫ ∫ (1 − (1 − 𝑟2))𝑟
1

0
𝑑𝑟𝑑𝜃

2𝜋

0
  

= ∫ ∫ 𝑟3
1

0
𝑑𝑟𝑑𝜃

2𝜋

0
=

𝜋

2
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Example 15.8.12: Express each of the following integrals in cylidrical coordinates and then evaluate it: 

(1)    𝐼 = ∫ ∫ ∫ (𝑥2 + 𝑦2)𝑑𝑧

2

√𝑥2+𝑦2

𝑑𝑦

√4−𝑥2

−√4−𝑥2

2

−2

𝑑𝑥 

 

(2)    𝐼𝐼 = ∫ ∫ ∫ (𝑥2 + 𝑦2)𝑑𝑧

2

√𝑥2+𝑦2

𝑑𝑦

0

−√4−𝑥2

0

−2

𝑑𝑥 

Solution: 

(1)  

 Projection Region: 𝑦 = −√4 − 𝑥2 → 𝑦 = √4 − 𝑥2 

and −2 ≤ 𝑥 ≤ 2 

 𝑑𝐴 = 𝑟𝑑𝑟𝑑𝜃 ⇒ 𝑟 = 0 → 𝑟 = 2 and 0 ≤ 𝜃 ≤ 2𝜋 

∴  𝐼 = ∫ ∫ ∫ (𝑥2 + 𝑦2)𝑑𝑧
2

√𝑥2+𝑦2
𝑑𝑦

√4−𝑥2

−√4−𝑥2
2

−2
𝑑𝑥 = ∫ ∫ ∫ 𝑟2𝑑𝑧

2

𝑟
𝑟𝑑𝑟𝑑𝜃

2

0

2𝜋

0
= ∫ ∫ ∫ 𝑟3𝑑𝑧

2

𝑟
𝑑𝑟𝑑𝜃

2

0

2𝜋

0
  

 To evaluate the iterated triple integrals: 

𝐼 = ∫ ∫ ∫ 𝑟3𝑑𝑧
2

𝑟
𝑑𝑟𝑑𝜃

2

0

2𝜋

0
= ∫ ∫ 𝑟3(2 − 𝑟)𝑑𝑟𝑑𝜃

2

0

2𝜋

0
= ∫ ∫ (2𝑟3 − 𝑟4)𝑑𝑟𝑑𝜃

2

0

2𝜋

0
= ⋯  

(2)   

 Projection Region: 𝑦 = −√4 − 𝑥2, 𝑦 = 0 and −2 ≤ 𝑥 ≤ 0 

 𝑑𝐴 = 𝑟𝑑𝑟𝑑𝜃 ⇒ 𝑟 = 0 → 𝑟 = 2 and 𝜋 ≤ 𝜃 ≤
3𝜋

2
 

 II = ∫ ∫ ∫ (𝑥2 + 𝑦2)𝑑𝑧
2

√𝑥2+𝑦2
𝑑𝑦𝑑𝑥

0

−√4−𝑥2
0

−2
 

= ∫ ∫ ∫ 𝑟2𝑑𝑧
2

𝑟
𝑟𝑑𝑟𝑑𝜃

2

0

2𝜋

𝜋
= ∫ ∫ ∫ 𝑟3𝑑𝑧

2

𝑟
𝑑𝑟𝑑𝜃

2

0

3𝜋

2
𝜋

  

 

 To evaluate the iterated triple integrals: 

II = ∫ ∫ ∫ 𝑟3𝑑𝑧
2

𝑟
𝑑𝑟𝑑𝜃

2

0

3𝜋

2
𝜋

= ∫ ∫ 𝑟3(2 − 𝑟)𝑑𝑟𝑑𝜃
2

0

3𝜋

2
𝜋

= ∫ ∫ (2𝑟3 − 𝑟4)𝑑𝑟𝑑𝜃
2

0

3𝜋

2
𝜋

= ⋯  
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15.9. Triple Integrals in Spherical Coordinates  
 

 

Definition 15.9.1: Let 𝑃(𝑥, 𝑦, 𝑧) be a point in rectangular (Cartesian) coordinates. The spherical 

coordinates of 𝑃 are: 𝑃(𝜌, 𝜃, 𝜑): 
 rectangular ⇒ spherical: (𝑥, 𝑦, 𝑧) ⇒ (𝜌, 𝜃, 𝜑), where 

𝜌 = √𝑥2 + 𝑦2 + 𝑧2   ⇔   𝑟2 = 𝑥2 + 𝑦2 

𝜃 = tan−1 (
𝑦

𝑥
)  ⇔  tan 𝜃 =

𝑦

𝑥
, 0 ≤ 𝜃 < 2𝜋 

cos𝜑 =
𝑧

𝜌
, 0 ≤ 𝜑 ≤ 𝜋 

 spherical ⇒  rectangular: (𝜌, 𝜃, 𝜑) ⇒ (𝑥, 𝑦, 𝑧) 
 𝑥 = 𝜌 sin 𝜑 cos𝜃
 𝑦 = 𝜌 sin 𝜑 sin 𝜃 
𝑧 = 𝜌 cos𝜑         

 

 spherical ⇒  Cylindrical: (𝜌, 𝜃, 𝜑) ⇒ (𝑟, 𝜃, 𝑧) 
 𝑟 = 𝜌 sin 𝜑
 𝜃 = 𝜃           
𝑧 = 𝜌 cos𝜑

  

 Cylindrical ⇒  spherical ∶ (𝑟, 𝜃, 𝑧) ⇒  (𝜌, 𝜃, 𝜑) 

 𝜌 = √𝑟2 + 𝑧2   ⇔   𝑟2 = 𝑥2 + 𝑦2

 𝜃 = 𝜃                                                    

cos𝜑 =
𝑧

𝜌
                                             

 

 

How to Plot a point 𝑷(𝒓, 𝜽, 𝒛) in Spherical Coordinates? 

 

Open the following website: https://dynref.engr.illinois.edu/rvs.html 
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Example 15.9.2: The point 𝐴 (2,
𝜋

4
,
𝜋

3
) is given in spherical coordinates. 

(1) Plot the point showing its spherical coordinates. 

(2) Find the rectangular and cylindrical coordinates of the point 𝐴. 

Solution:  𝐴(2,
𝜋

4
,
𝜋

3
) ⇒ 𝜌 = 2, 𝜃 =

𝜋

4
, 𝜑 =

𝜋

3
 

(1)  
 

 

 

 

 

 

(2)  
 Rectangular coordinates: 

𝑥 = 𝜌 sin 𝜑 cos𝜃 ⇒ 𝑥 = 2 sin
𝜋

3
cos

𝜋

4
= 2 ×

√3

2
×

1

√2
=
√3

√2
 

𝑦 = 𝜌 sin𝜑 sin 𝜃 ⇒ 𝑦 = 2 sin
𝜋

3
sin

𝜋

4
= 2 ×

√3

2
×

1

√2
=
√3

√2
 

𝑧 = 𝜌 cos𝜑 ⇒ 𝑧 = 2 cos
𝜋

3
= 2 ×

1

2
= 1 

⇒ The Rectangular coordinates are (
√3

√2
,
√3

√2
, 1) 

 The cylidrical coordiates: 

𝑟 = 𝜌 sin 𝜑 ⇒ 𝑟 = 2 sin
𝜋

3
= 2 ×

√3

2
= √3 

 

𝜃 = 𝜃 ⇒ 𝜃 =
𝜋

4
 

𝑧 = 𝜌 cos𝜑 ⇒ 𝑧 = 2 cos
𝜋

3
= 2 ×

1

2
= 1 

⇒ The cylidrical coordiates are: (√3,
𝜋

4
, 1) 

 

 

Example 15.9.3:  The point 𝐴(√3,
2𝜋

5
, −1) is given in cylindrical coordinates. Find its spherical 

coordinates. 

 Solution: 

𝐴(√3,
2𝜋

5
, −1) ⇒ 𝑟 = √3, 𝜃 =

2𝜋

5
, 𝑧 = −1 

𝜌 = √𝑟2 + 𝑧2  ⇒ 𝜌 = √3 + 1 = 2 

𝜃 = 𝜃 ⇒ 𝜃 =
2𝜋

5
 

cos𝜑 =
𝑧

𝜌
 ⇒ cos𝜑 =

−1

2
. But 0 ≤ 𝜑 ≤ 𝜋 ⇒ 𝜑 in the 2nd quadrant ⇒ 𝜑 = 𝜋 −

𝜋

3
=
2𝜋

3
  

The spherical coordinates are (2,
2𝜋

5
,
2𝜋

3
)  
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Example 15.9.4: The point 𝐴(0,2,−2√3) is given in rectangular coordinates. Find its spherical 

coordinates. 

Solution:  

𝐴(0,2,−2√3) ⇒ 𝑥 = 0, 𝑦 = 2, 𝑧 = −2√3 

𝜌 = √𝑥2 + 𝑦2 + 𝑧2 ⇒ 𝜌 = √0 + 4 + 12 = √16 = 4 

tan 𝜃 =
𝑦

𝑥
 ⇒ tan 𝜃 =

2

0
 undefined, so to find 𝜃 plot the point (𝑥, 𝑦) = (0,2) in the 𝑥𝑦-plane: 

⇒ 𝜃 =
𝜋

2
  

cos𝜑 =
𝑧

𝜌
 with 0 ≤ 𝜑 ≤ 𝜋 ⇒ cos𝜑 =

−2√3

4
 ⇒ cos𝜑 = −

√3

2
 ⇒ 𝜑 in the 2nd quadrant so: 

𝜑 = 𝜋 −
𝜋

6
=
5𝜋

6
 

The spherical coordinates are: (4,
𝜋

2
,
5𝜋

6
) 

 

Example 15.9.5: Identify and sketch the surface whose eq is given in spherical coordinates by: 

(1)   𝜌 = 3 (2)  𝜌 = 4 cos𝜑 (3)  𝜌 = csc 𝜑 cot𝜑 
(4)  𝜌 = 6 csc 𝜑  (5)  𝜌 = 6 sin 𝜑 sin 𝜃 (6)  𝜌 = 6 sec 𝜑 

Solution:  
We want to convert the equations from spherical coordinates to rectangular coordinates: 

(1) 𝜌 = 3 ⇒ 𝜌2 = 9 ⇒ 𝑥2 + 𝑦2 + 𝑧2 = 9 ⇒ The surface 𝜌 = 3 is the sphere centered at the origin 

of radius 3. 

(2) 𝜌 = 4 cos𝜑 (multiplying by 𝜌) ⇒ 𝜌2 = 4𝜌 cos𝜑 ⇒ 𝑥2 + 𝑦2 + 𝑧2 = 4𝑧 

⇒ 𝑥2 + 𝑦2 + 𝑧2 − 4𝑧 = 0 ⇒ 𝑥2 + 𝑦2 + 𝑧2 − 4𝑧 + 4 = 4 ⇒ 𝑥2 + 𝑦2 + (𝑧 − 2)2 = 4 

⇒ The surface 𝜌 = 4 cos𝜑 is the sphere centered at (0,0,2) of radius 2 

(3) 𝜌 = csc 𝜑 cot𝜑 ⇒ 𝜌 =
1

sin 𝜑
×
cos𝜑

sin𝜑
 ⇒ 𝜌 sin2 𝜑 = cos𝜑 (multiply by 𝜌)  

⇒ 𝜌2 sin2 𝜑 = 𝜌 cos𝜑 ⇒ (𝜌 sin 𝜑)2 = 𝜌 cos𝜑 ⇒ 𝑟2 = 𝑧 ⇒ 𝑧 = 𝑥2 + 𝑦2 

⇒ The surface 𝜌 = csc 𝜑 cot𝜑 is a paraboloid 

(4) 𝜌 = 6 csc 𝜑 ⇒ 𝜌 = 6 ×
1

sin 𝜑
 ⇒ 𝜌 sin𝜑 = 6 ⇒ 𝑟 = 6 ⇒ 𝑟2 = 36 ⇒ 𝑥2 + 𝑦2 = 36 

The surface 𝜌 = 6 csc 𝜑 is the cylinder 𝑥2 + 𝑦2 = 36 

(5) 𝜌 = 6 sin 𝜑 sin 𝜃 (multiply by 𝜌) ⇒ 𝜌2 = 6𝜌 sin 𝜑 sin 𝜃 ⇒ 𝑥2 + 𝑦2 + 𝑧2 = 6𝑦 

⇒ 𝑥2 + 𝑦2 − 6𝑦 + 𝑧2 = 0 ⇒ 𝑥2 + 𝑦2 − 6𝑦 + 9 + 𝑧2 = 9 ⇒ 𝑥2 + (𝑦 − 3)2 + 𝑧2 = 9 

⇒ The surface 𝜌 = 6 sin𝜑 sin 𝜃 is the sphere centered at (0,3,0) of radius 3 

(6) 𝜌 = 6 sec 𝜑 ⇒ 𝜌 = 6 ×
1

cos𝜑
 ⇒ ⇒ 𝜌 cos𝜑 = 6 ⇒ 𝑧 = 6 

The surface 𝜌 = 6 csc 𝜑 is the plane 𝑧 = 6 
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Example 15.9.6: Identify and sketch the curve or the surface whose equation is given in spherical 

coordinates and find its equation in rectangular coordinates: 

(1) 𝜑 = 0            (2)  𝜑 = 𝜋           (3)  𝜑 =
𝜋

2
           (4) 𝜑 =

𝜋

4
           (5) 𝜑 =

3𝜋

4
 

(6)  𝜑 =
𝜋

6
          (7)  𝜑 =

5𝜋

6
          (8) 𝜑 =

𝜋

3
           (9)  𝜑 =

2𝜋

3
 

Solution: 

(1) Geometrically, 𝜑 = 0 is the positive 𝑧-axis ⇒ 𝜑 = 0 is 𝑧 ≥ 0, 𝑥 = 0, 𝑦 = 0 

(2) Geometrically, 𝜑 = 𝜋 is the negative 𝑧-axis ⇒ 𝜑 = 0 is 𝑧 ≤ 0, 𝑥 = 0, 𝑦 = 0  

(3) Geometrically, 𝜑 =
𝜋

2
 is the 𝑥𝑦-plane ⇒ 𝜑 =

𝜋

2
 is 𝑧 = 0 

(4)  𝜑 =
𝜋

4
. Since 𝑧 = 𝜌 cos𝜑  ⇒ 𝑧 = 𝜌 cos

𝜋

4
 ⇒ 𝑧 = √𝑥2 + 𝑦2 + 𝑧2 ×

1

√2
 (which means 𝑧 ≥ 0)  

⇒  √2𝑧 = √𝑥2 + 𝑦2 + 𝑧2 ⇒ 2𝑧2 = 𝑥2 + 𝑦2 + 𝑧2 ⇒ 𝑧2 = 𝑥2 + 𝑦2 

⇒ 𝑧 = ±√𝑥2 + 𝑦2. But 𝑧 ≥ 0 ⇒ 𝑧 = √𝑥2 + 𝑦2 

∴ 𝜑 =
𝜋

4
 is the cone 𝑧 = √𝑥2 + 𝑦2 

 

(5) 𝜑 =
3𝜋

4
. Since 𝑧 = 𝜌 cos𝜑  ⇒ 𝑧 = 𝜌 cos

3𝜋

4
  

⇒ 𝑧 = √𝑥2 + 𝑦2 + 𝑧2 ×
−1

√2
 (which means 𝑧 ≤ 0)  

⇒  −√2𝑧 = √𝑥2 + 𝑦2 + 𝑧2 ⇒ 2𝑧2 = 𝑥2 + 𝑦2 + 𝑧2 ⇒ 𝑧2 = 𝑥2 + 𝑦2 

⇒ 𝑧 = ±√𝑥2 + 𝑦2. But 𝑧 ≤ 0 ⇒ 𝑧 = −√𝑥2 + 𝑦2 

∴ 𝜑 =
3𝜋

4
 is the cone 𝑧 = −√𝑥2 + 𝑦2 

(6) 𝜑 =
𝜋

6
. Since 𝑧 = 𝜌 cos𝜑  ⇒ 𝑧 = 𝜌 cos

𝜋

6
  

⇒ 𝑧 = √𝑥2 + 𝑦2 + 𝑧2 ×
√3

2
 (which means 𝑧 ≥ 0)  

⇒  2𝑧 = √3√𝑥2 + 𝑦2 + 𝑧2 ⇒ 4𝑧2 = 3(𝑥2 + 𝑦2 + 𝑧2) ⇒ 𝑧2 = 3(𝑥2 + 𝑦2) 

⇒ 𝑧 = ±√3(𝑥2 + 𝑦2). But 𝑧 ≥ 0 ⇒ 𝑧 = √3√𝑥2 + 𝑦2 

∴ 𝜑 =
𝜋

6
 is the cone 𝑧 = √3√𝑥2 + 𝑦2 

(7) 𝜑 =
5𝜋

6
. Since 𝑧 = 𝜌 cos𝜑  ⇒ 𝑧 = 𝜌 cos

5𝜋

6
  

⇒ 𝑧 = √𝑥2 + 𝑦2 + 𝑧2 ×
−√3

2
 (which means 𝑧 ≤ 0)  

⇒  2𝑧 = −√3√𝑥2 + 𝑦2 + 𝑧2 ⇒ 4𝑧2 = 3(𝑥2 + 𝑦2 + 𝑧2) ⇒ 𝑧2 = 3(𝑥2 + 𝑦2) 

⇒ 𝑧 = ±√3(𝑥2 + 𝑦2). But 𝑧 ≤ 0 ⇒ 𝑧 = −√3√𝑥2 + 𝑦2 

∴ 𝜑 =
𝜋

3
 is the cone 𝑧 = −√3√𝑥2 + 𝑦2 

(8)  𝜑 =
𝜋

3
. Since 𝑧 = 𝜌 cos𝜑  ⇒ 𝑧 = 𝜌 cos

𝜋

3
  

⇒ 𝑧 = √𝑥2 + 𝑦2 + 𝑧2 ×
1

2
 (which means 𝑧 ≥ 0)  

⇒  2𝑧 = √𝑥2 + 𝑦2 + 𝑧2 ⇒ 4𝑧2 = 𝑥2 + 𝑦2 + 𝑧2 ⇒ 𝑧2 =
𝑥2+𝑦2

3
 

⇒ 𝑧 = ±√
𝑥2+𝑦2

3
. But 𝑧 ≥ 0 ⇒ 𝑧 =

√𝑥2+𝑦2

√3
 

∴ 𝜑 =
𝜋

3
 is the cone 𝑧 =

√𝑥2+𝑦2

√3
 

(9) 𝜑 =
2𝜋

3
. Since 𝑧 = 𝜌 cos𝜑  ⇒ 𝑧 = 𝜌 cos

2𝜋

3
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⇒ 𝑧 = √𝑥2 + 𝑦2 + 𝑧2 ×
−1

2
 (which means 𝑧 ≤ 0)  

⇒  −2𝑧 = √𝑥2 + 𝑦2 + 𝑧2 ⇒ 4𝑧2 = 𝑥2 + 𝑦2 + 𝑧2 ⇒ 𝑧2 =
𝑥2+𝑦2

3
 

⇒ 𝑧 = ±√
𝑥2+𝑦2

3
. But 𝑧 ≤ 0 ⇒ 𝑧 = −

√𝑥2+𝑦2

√3
 

∴ 𝜑 =
2𝜋

3
 is the cone 𝑧 = −

√𝑥2+𝑦2

√3
 

 

 

Remark 15.9.7:  

(1) For 𝑐 > 0: 𝜌 = 𝑐  ⇔  𝑥2 + 𝑦2 + 𝑧2 = 𝑐2 (The sphere centered at the origin of radius 𝑐) 

(2) 𝜑 = 0  ⇔  𝑥 = 0, 𝑦 = 0, 𝑧 ≥ 0 (The positive 𝑧-axis including the origin) 

(3) 𝜑 = 𝜋  ⇔  𝑥 = 0, 𝑦 = 0, 𝑧 ≤ 0 (The negative 𝑧-axis including the origin) 

(4) 𝜑 =
𝜋

2
  ⇔  𝑧 = 0 (The 𝑥𝑦-plane) 

(5) 0 < 𝑐 <
𝜋

2
 ⇒ 𝜑 = 𝑐 is a half-cone above the 𝑥𝑦-plane 

(6) 
𝜋

2
< 𝑐 < 𝜋 ⇒ 𝜑 = 𝑐 is a half-cone below the 𝑥𝑦-plane 

 
 

Example 15.9.8:  Express each of the following equations in spherical coordinates: 

(1)  𝑧 = −3 (2)  𝑥2 + 𝑦2 + 𝑧2 = −6𝑥  (3)  𝑧 = −√
𝑥2+𝑦2

3
  

(4)  𝑧2 = 𝑥2 + 𝑦2 (5)   𝑧 = √𝑥2 + 2𝑦2  

Solution: 

(1) 𝑧 = −3 ⇒ 𝜌 cos𝜑 = −3 ⇒ 𝜌 = −
3

cos𝜑
 ⇒ 𝜌 = −3 sec 𝜑 

(2) 𝑥2 + 𝑦2 + 𝑧2 = −6𝑥 ⇒ 𝑥2 + 𝑦2 + 𝑧2 + 6𝑥 = 0 ⇒ 𝜌2 + 6𝜌 sin𝜑 cos𝜃 = 0 dividing by 𝜌   

⇒ 𝜌 + 6 sin 𝜑 cos 𝜃 = 0 ⇒ 𝜌 = −6 sin 𝜑 cos𝜃 

(3) 𝑧 = −√
𝑥2+𝑦2

3
 ⇒ 𝜑 =

2𝜋

3
 

(4) 𝑧2 = 𝑥2 + 𝑦2 ⇒ 𝑧 = √𝑥2 + 𝑦2 or 𝑧 = −√𝑥2 + 𝑦2 ⇒ 𝜑 =
𝜋

4
 or 𝜑 =

3𝜋

4
 

(5) 𝑧 = √𝑥2 + 2𝑦2 ⇒ 𝑧 = √𝑥2 + 𝑦2 + 𝑦2 ⇒ 𝑧 = √𝑟2 + 𝑦2 

⇒ 𝜌 cos𝜑 = √𝜌2 sin2 𝜑 + 𝜌2 sin2 𝜑 sin2 𝜃 ⇒ 𝜌 cos𝜑 = 𝜌 sin𝜑√1 + sin2 𝜃 

⇒ cos𝜑 = sin 𝜑√1 + sin2 𝜃 ⇒ cot𝜑 = √1 + sin2 𝜃 
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Rule 15.9.9: Let 𝐸 be the solid given in spherical coordinates : 

𝐸 = {(𝜌, 𝜃, 𝜑): 𝑔1(𝜃, 𝜑) ≤ 𝜌 ≤ 𝑔2(𝜃, 𝜑), ℎ1(𝜑) ≤ 𝜃 ≤ ℎ2(𝜑), 𝜑1 ≤ 𝜑 ≤ 𝜑2} 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

integral ∭ 𝑓
𝐸

𝑑𝑉 Then the triple 

can be expressed in spherical coordinates as: 

∭𝑓(𝑥, 𝑦, 𝑧)

𝐸

𝑑𝑉 = ∫ ∫ ∫ 𝑓 (𝜌 sin 𝜑 cos 𝜃⏞        
𝑥

, 𝜌 sin 𝜑 sin 𝜃⏞        
𝑦

, 𝜌 cos𝜑⏞    
𝑧

)𝜌2 sin 𝜑 𝑑𝜌𝑑𝜃𝑑𝜑⏞          
𝑑𝑉𝑔2(𝜃,𝜑)

𝑔1(𝜃,𝜑)

ℎ2(𝜑)

ℎ1(𝜑)

𝜑2

𝜑1

 

 

Observe that 𝑑𝑉 = 𝜌2 sin𝜑 𝑑𝜌𝑑𝜃𝑑𝜑 

 

Example 15.9.10:  

(1) Using spherical coordinates, find the volume of the solid that lies above the cone 

𝑧 = √𝑥2 + 𝑦2 and inside the sphere 𝑥2 + 𝑦2 + 𝑧2 = 𝑧. 
(2) Using spherical coordinates, find the volume of the solid bounded below by the cone 

𝑧 = √𝑥2 + 𝑦2 and above by the sphere  𝑥2 + 𝑦2 + 𝑧2 = 𝑧 

  

Solution: 

(1) 𝑑𝑉 = 𝜌2 sin 𝜑 𝑑𝜌𝑑𝜃𝑑𝜑 

Step 1: We have to sketch the solid: 

 𝑧 = √𝑥2 + 𝑦2 is a cone above the 𝑥𝑦-plane 

 𝑥2 + 𝑦2 + 𝑧2 = 𝑧 ⇒ 𝑥2 + 𝑦2 + 𝑧2 − 𝑧 = 0  

⇒ 𝑥2 + 𝑦2 + 𝑧2 − 𝑧 +
1

4⏟      
إكمال مربع

=
1

4
 

⇒ 𝑥2 + 𝑦2 + (𝑧 −
1

2
)
2

=
1

4
  

It is a sphere centered at (0,0,
1

2
) of radius 

1

2
 

Step 2: We have to write the surfaces in spherical coordinates: 

 𝑧 = √𝑥2 + 𝑦2 ⇔ 𝜑 =
𝜋

4
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 𝑥2 + 𝑦2 + 𝑧2 = 𝑧 ⇒ 𝜌2 = 𝜌 cos𝜑 ⇒ 𝜌 = cos𝜑 

Step 3: Based on the graph in Steps 1 and 2: we must determine the range of 𝜌, 𝜃, and 𝜑: 

 

 

 

 

 

 

                        0 ≤ 𝜌 ≤ cos𝜑                       0 ≤ 𝜑 ≤
𝜋

4
                         0 ≤ 𝜃 ≤ 2𝜋 

⇒  𝑉 =∭1

𝐵

𝑑𝑉 = ∫ ∫ ∫ 1𝜌2 sin𝜑 𝑑𝜌𝑑𝜃𝑑𝜑
cos𝜑

0

2𝜋

0

𝜋
4

0

=
1

3
∫ ∫ cos3𝜑 sin 𝜑 𝑑𝜃𝑑𝜑

2𝜋

0

𝜋
4

0

 

=
2𝜋

3
∫ cos3 𝜑 sin 𝜑 𝑑𝜑

𝜋
4

0

 

=
2𝜋

3
∫ 𝑢3 sin 𝜑

𝑑𝑢

− sin 𝜑

𝜋
4

0

= −
2𝜋

3
∫ 𝑢3𝑑𝑢

1

√2

1

=
𝜋

8
 

𝑢 = cos𝜑 ⇒ 𝑑𝜑 =
𝑑𝑢

− sin 𝜑
 

 𝜑 = 0 ⇒ 𝑢 = 1 

 𝜑 =
𝜋

4
 ⇒ 𝑢 =

1

√2
 

(2) Part (2) is the same as part (1). So, Volume =
𝜋

8
. 

 

Exercise 15.9.11:  

(1) Using spherical coordinates, find the volume of the solid that lies above the cone 

𝑧 = √𝑥2 + 𝑦2 and inside the sphere 𝑥2 + 𝑦2 + 𝑧2 = 2𝑧. 
(2) Using spherical coordinates, find the volume of the solid bounded below by the cone 

𝑧 = √𝑥2 + 𝑦2  and above by the sphere 𝑥2 + 𝑦2 + 𝑧2 = 2𝑧. 
  

 في الأمثلة القادمة لم نقم برسم الجسم وانما سنقوم برسمه بشكل يدوي اثناء حل المثال
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Example 15.9.12: Evaluate  𝐼 =∭ 𝑒(𝑥
2+𝑦2+𝑧2)

3/2

𝑑𝑉
𝐵

, where 

(1) 𝐵 is the unit ball 𝐵 = {(𝑥, 𝑦, 𝑧): 𝑥2 + 𝑦2 + 𝑧2 ≤ 1} 
(2) 𝐵 is the solid between  𝑥2 + 𝑦2 + 𝑧2 = 1 and  𝑥2 + 𝑦2 + 𝑧2 = 4 

(3) 𝐵 is the wedge between the two spheres  𝑥2 + 𝑦2 + 𝑧2 = 1,  𝑥2 + 𝑦2 + 𝑧2 = 4, and above the 

cone 𝑧 =
√𝑥2+𝑦2

√3
 

Solution: 

(1) The solid is a ball ⇒ 𝑑𝑉 = 𝜌2 sin 𝜑 𝑑𝜌𝑑𝜃𝑑𝜑 

Step 1: We have to sketch the solid: 

𝑥2 + 𝑦2 + 𝑧2 ≤ 1 It is a sphere centered 

at (0,0,0) of radius 1 

Step 2: We have to write the surfaces in spherical coordinates: 

 𝑥2 + 𝑦2 + 𝑧2 = 1 ⇒ 𝜌2 = 4 ⇒ 𝜌 = 1 

Step 3: Based on the graph in Steps 1 and 2: we must determine the range of 𝜌, 𝜃, and 𝜑: 

                      0 ≤ 𝜌 ≤ 1                       0 ≤ 𝜑 ≤ 𝜋                         0 ≤ 𝜃 ≤ 2𝜋 

 

⇒  𝐼 = ∫ ∫ ∫ 𝑒(𝜌
2)
3/2

𝜌2 sin 𝜑 𝑑𝜌𝑑𝜃𝑑𝜑
1

0

2𝜋

0

𝜋

0

= ∫ ∫ ∫ 𝑒𝜌
3
𝜌2 sin𝜑 𝑑𝜌𝑑𝜃𝑑𝜑

1

0

2𝜋

0

𝜋

0

 

= (∫ sin 𝜑 𝑑𝜑
𝜋

0

)(∫ 1𝑑𝜃
2𝜋

0

)(∫ 𝜌2𝑒𝜌
3
𝑑𝜌

1

0

) 

= (∫ sin 𝜑 𝑑𝜑
𝜋

0

)(∫ 1𝑑𝜃
2𝜋

0

)(
1

3
∫ 3𝜌2𝑒𝜌

3
𝑑𝜌

1

0

) 

= (−cos𝜑⟧0
𝜋)(2𝜋 − 0) (

1

3
𝑒𝜌

3
⟧
0

1
) = 2(2𝜋)(

𝑒 − 1

3
) =

4𝜋

3
(𝑒 − 1) 

(2) The solid is a part of a sphere ⇒ 𝑑𝑉 = 𝜌2 sin𝜑 𝑑𝜌𝑑𝜃𝑑𝜑 

Step 1: We have to sketch the solid: 

  𝑥2 + 𝑦2 + 𝑧2 = 1  

⇒ It is a sphere centered at (0,0,0) of radius 1 

 𝑥2 + 𝑦2 + 𝑧2 = 4  

⇒ It is a sphere centered at (0,0,0) of radius 2 

Step 2: We have to write the surfaces in spherical coordinates: 

 𝑥2 + 𝑦2 + 𝑧2 = 1 ⇒ 𝜌2 = 1 ⇒ 𝜌 = 1 

 𝑥2 + 𝑦2 + 𝑧2 = 4 ⇒ 𝜌2 = 4 ⇒ 𝜌 = 2 

Step 3: Based on the graph in Steps 1 and 2: we must determine the range of 𝜌, 𝜃, and 𝜑: 

                      1 ≤ 𝜌 ≤ 2                       0 ≤ 𝜑 ≤ 𝜋                         0 ≤ 𝜃 ≤ 2𝜋 

⇒  𝐼 = ∫ ∫ ∫ 𝑒(𝜌
2)
3/2

𝜌2 sin 𝜑 𝑑𝜌𝑑𝜃𝑑𝜑
2

1

2𝜋

0

𝜋

0

= ∫ ∫ ∫ 𝑒𝜌
3
𝜌2 sin 𝜑 𝑑𝜌𝑑𝜃𝑑𝜑

2

1

2𝜋

0

𝜋

0

= ⋯ 
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(3) The solid is a part of a sphere ⇒ 𝑑𝑉 = 𝜌2 sin𝜑 𝑑𝜌𝑑𝜃𝑑𝜑 

Step 1: We have to sketch the solid:  

  𝑥2 + 𝑦2 + 𝑧2 = 1  

⇒ It is a sphere centered at (0,0,0) of radius 1 

 𝑥2 + 𝑦2 + 𝑧2 = 4  

⇒ It is a sphere centered at (0,0,0) of radius 2 

 𝑧 =
√𝑥2+𝑦2

√3
 is a cone (below the 𝑥𝑦-plane)  

Step 2: We have to write the surfaces in spherical coordinates: 

 𝑥2 + 𝑦2 + 𝑧2 = 1 ⇒ 𝜌2 = 1 ⇒ 𝜌 = 1 

 𝑥2 + 𝑦2 + 𝑧2 = 4 ⇒ 𝜌2 = 4 ⇒ 𝜌 = 2 

 𝑧 =
√𝑥2+𝑦2

√3
 ⇔ 𝜑 =

𝜋

3
 

Step 3: Based on the graph in Steps 1 and 2: we must determine the range of 𝜌, 𝜃, and 𝜑: 

                      1 ≤ 𝜌 ≤ 2                       0 ≤ 𝜑 ≤
𝜋

3
                         0 ≤ 𝜃 ≤ 2𝜋 

⇒ 𝐼 = ∫ ∫ ∫ 𝑒(𝜌
2)
3/2

𝜌2 sin 𝜑 𝑑𝜌𝑑𝜃𝑑𝜑
2

1

2𝜋

0

𝜋

3
0

= ∫ ∫ ∫ 𝑒𝜌
3
𝜌2 sin 𝜑 𝑑𝜌𝑑𝜃𝑑𝜑

2

1

2𝜋

0

𝜋

3
0

= ⋯ 

 

Example 15.9.13: Using spherical coordinates, find the volume of the solid bounded below by 

𝑧 = −√𝑥2 + 𝑦2 and above by 𝑥2 + 𝑦2 + 𝑧2 = 4 

Solution: 𝑑𝑉 = 𝜌2 sin 𝜑 𝑑𝜌𝑑𝜃𝑑𝜑 
Step 1: We have to sketch the solid: 

 𝑧 = −√𝑥2 + 𝑦2 is a cone (below the 𝑥𝑦-plane) 

 𝑥2 + 𝑦2 + 𝑧2 = 4  

⇒ It is a sphere centered at (0,0,0) of radius 2 

Step 2: We have to write the surfaces in spherical coordinates: 

 𝑧 = −√𝑥2 + 𝑦2 ⇔ 𝜑 =
3𝜋

4
 

 𝑥2 + 𝑦2 + 𝑧2 = 4 ⇒ 𝜌2 = 4 ⇒ 𝜌 = 2 

Step 3: Based on the graph in Steps 1 and 2: we must determine the range of 𝜌, 𝜃, and 𝜑: 

                      0 ≤ 𝜌 ≤ 2                       0 ≤ 𝜑 ≤
3𝜋

4
                         0 ≤ 𝜃 ≤ 2𝜋 

⇒  𝑉 =∭1

𝐵

𝑑𝑉 = ∫ ∫ ∫ 𝜌2 sin 𝜑 𝑑𝜌𝑑𝜃𝑑𝜑
2

0

2𝜋

0

3𝜋
4

0

 

= (∫ 𝜌2𝑑𝜌
2

0

)(∫ 𝑑𝜃
2𝜋

0

)(∫ sin 𝜑 𝑑𝜑

3𝜋
4

0

) =
16𝜋

3
(
1

√2
− 1) 
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Example 15.9.14: Using spherical coordinates, express the volume of the solid that lies inside the sphere 

𝑥2 + 𝑦2 + 𝑧2 = 4, above the 𝑥𝑦-plane and below the cone 𝑧 = √3𝑥2 + 3𝑦2.  

Solution: 𝑑𝑉 = 𝜌2 sin 𝜑 𝑑𝜌𝑑𝜃𝑑𝜑 
Step 1: We have to sketch the solid: 

 𝑥2 + 𝑦2 + 𝑧2 = 4 is a sphere centered at the sorigin of radius 2 

 𝑧 = √3𝑥2 + 3𝑦2 is a cone (above the 𝑥𝑦-plane) 

Step 2: We have to write the surfaces in spherical coordinates: 

 𝑥2 + 𝑦2 + 𝑧2 = 4 ⇒ 𝜌2 = 4 ⇒  𝜌 = 2 

 𝑧 = √3𝑥2 + 3𝑦2 ⇔ 𝜑 =
𝜋

6
 

Step 3: Based on the graph in Steps 1 and 2: we must determine the range of 𝜌, 𝜑, and 𝜃: 

                        0 ≤ 𝜌 ≤ 2                       
𝜋

6
≤ 𝜑 ≤

𝜋

2
                         0 ≤ 𝜃 ≤ 2𝜋 

⇒  𝑉 =∭1

𝐵

𝑑𝑉 = ∫ ∫ ∫ 𝜌2 sin 𝜑 𝑑𝜌𝑑𝜑𝑑𝜃
2

0

𝜋
2

𝜋
6

2𝜋

0

 

Example 15.9.15: Set up (do not evaluate) in spherical coordinates the volume of the solid in the first 

octant enclosed by 𝑧 = 2 and 𝑧 = √𝑥2 + 𝑦2  
 

Solution: 𝑑𝑉 = 𝜌2 sin 𝜑 𝑑𝜌𝑑𝜃𝑑𝜑 
Step 1: We have to sketch the solid: 

 𝑧 = 2 is a plane parallel to the 𝑥𝑦-plane that passes 

through the point (0,0,2) 

 𝑧 = √𝑥2 + 𝑦2 is a cone (above the 𝑥𝑦-plane) 

Step 2: We have to write the surfaces in spherical coordinates: 

 𝑧 = 2 ⇒ 𝜌 cos𝜑 = 2 ⇒  𝜌 =
2

cos𝜑
 ⇒ 𝜌 = 2 sec 𝜑 

 𝑧 = √𝑥2 + 𝑦2 ⇔ 𝜑 =
𝜋

4
 

Step 3: Based on the graph in Steps 1 and 2: we must determine the range of 𝜌, 𝜑, and 𝜃: 

                        0 ≤ 𝜌 ≤ 2 sec 𝜑                       0 ≤ 𝜑 ≤
𝜋

4
                         0 ≤ 𝜃 ≤

𝜋

2
 

⇒  𝑉 =∭1

𝐵

𝑑𝑉 = ∫ ∫ ∫ 𝜌2 sin𝜑 𝑑𝜌𝑑𝜑𝑑𝜃
2 sec𝜑

0

𝜋
4

0

𝜋
2

0
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 ملاحظة:

( لايجاد الحجم، فما هو الأسلوب الأفضل spherical coordinatesالكروي )المثال السابق استخدام النظام الإحداثي لو لم يحدد 

(. cylindrical coordinatesالإجابة هي: النظام الأنسب والأسهل هو النظام الإحداثي الأسطواني )  والأسهل لإيجاد الحجم؟

 وعليه فإن الحجم حسب النظام الأسطواني هو:

𝑉 =∭1

𝐵

𝑑𝑉 =∬ ∫ 1𝑑𝑧𝑑𝐴
√𝑥2+𝑦2

0𝐷

= ∫ ∫ ∫ 𝑟𝑑𝑧𝑑𝑟𝑑𝜃
𝑟

0

2

0

𝜋
2

0

 

 

Example 15.9.16: Find the volume of the solid between 𝑧 = −√3𝑥2 + 3𝑦2, 𝑧 = √
𝑥2+𝑦2

3
  and inside the 

sphere 𝑥2 + 𝑦2 + 𝑧2 = 4. 

 

Solution: 𝑑𝑉 = 𝜌2 sin 𝜑 𝑑𝜌𝑑𝜃𝑑𝜑 

Step 1: We have to sketch the solid: 

 𝑧 = −√3𝑥2 + 3𝑦2 is a cone (below the 𝑥𝑦-plane) 

 𝑧 = √
𝑥2+𝑦2

3
 is a cone (above the 𝑥𝑦-plane) 

 𝑥2 + 𝑦2 + 𝑧2 = 4 is a sphere centered at the 

(0,0,0) of radius 2 

Step 2: We have to write the surfaces in spherical coordinates: 

 𝑧 = −√3𝑥2 + 3𝑦2 ⇒ 𝜑 =
5𝜋

6
 

 𝑧 = √
𝑥2+𝑦2

3
 ⇒ 𝜑 =

𝜋

3
 

 𝑥2 + 𝑦2 + 𝑧2 = 4 ⇔ 𝜌 = 2 

Step 3: Based on the graph in Steps 1 and 2: we must determine the range of 𝜌, 𝜑, and 𝜃: 

                        0 ≤ 𝜌 ≤ 2                       
𝜋

3
≤ 𝜑 ≤

5𝜋

6
                         0 ≤ 𝜃 ≤ 2𝜋 

⇒  𝑉 =∭1

𝐵

𝑑𝑉 = ∫ ∫ ∫ 𝜌2 sin 𝜑 𝑑𝜌𝑑𝜑𝑑𝜃 = ⋯
2

0

5𝜋
6

𝜋
3

2𝜋

0
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Example 15.9.17: Set up the volume in spherical coordinates of each of the following solids: 

(1) 𝐸1 = {(𝑥, 𝑦, 𝑧): 𝑥
2 + 𝑦2 + 𝑧2 ≤ 4, 𝑧 ≤ 0} 

(2) 𝐸2 = {(𝑥, 𝑦, 𝑧): 𝑥
2 + 𝑦2 + 𝑧2 ≤ 4, 𝑥 ≥ 0} 

(3) 𝐸3 = {(𝑥, 𝑦, 𝑧): 𝑥
2 + 𝑦2 + 𝑧2 ≤ 4, 𝑥 ≤ 0} 

(4) 𝐸4 = {(𝑥, 𝑦, 𝑧): 𝑥
2 + 𝑦2 + 𝑧2 ≤ 4, 𝑦 ≥ 0} 

(5) 𝐸5 = {(𝑥, 𝑦, 𝑧): 𝑥
2 + 𝑦2 + 𝑧2 ≤ 4, 𝑦 ≤ 0} 

Solution: 

(1) 𝑑𝑉 = 𝜌2 sin 𝜑 𝑑𝜌𝑑𝜃𝑑𝜑 
Step 1: We have to sketch the solid: 

 𝑥2 + 𝑦2 + 𝑧2 = 4, 𝑧 ≤ 0 is the upper hemisphere 

centered at the (0,0,0) of radius 2 

Step 2: We have to write the surfaces in spherical coordinates: 

 𝑥2 + 𝑦2 + 𝑧2 = 4 ⇔ 𝜌 = 2 

Step 3: Based on the graph in Steps 1 and 2: we must determine the range of 𝜌, 𝜑, and 𝜃: 

                        0 ≤ 𝜌 ≤ 2                       
𝜋

2
≤ 𝜑 ≤ 𝜋                         0 ≤ 𝜃 ≤ 2𝜋 

⇒  𝑉 =∭1

𝐸1

𝑑𝑉 = ∫ ∫ ∫ 𝜌2 sin 𝜑 𝑑𝜌𝑑𝜑𝑑𝜃 = ⋯
2

0

𝜋

𝜋
2

2𝜋

0

 

 

(2) 𝑑𝑉 = 𝜌2 sin 𝜑 𝑑𝜌𝑑𝜃𝑑𝜑 
Step 1: We have to sketch the solid: 

 𝑥2 + 𝑦2 + 𝑧2 = 4, 𝑥 ≥ 0 is the front hemisphere 

centered at the (0,0,0) of radius 2 

Step 2: We have to write the surfaces in spherical coordinates: 

 𝑥2 + 𝑦2 + 𝑧2 = 4 ⇔ 𝜌 = 2 

Step 3: Based on the graph in Steps 1 and 2: we must determine the range of 𝜌, 𝜑, and 𝜃: 

                        0 ≤ 𝜌 ≤ 2                       0 ≤ 𝜑 ≤ 𝜋                         −
𝜋

2
≤ 𝜃 ≤

𝜋

2
 

⇒  𝑉 =∭1

𝐸1

𝑑𝑉 = ∫ ∫ ∫ 𝜌2 sin𝜑 𝑑𝜌𝑑𝜑𝑑𝜃 = ⋯
2

0

𝜋

0

𝜋
2

−
𝜋
2

 

 

(3) 𝑑𝑉 = 𝜌2 sin 𝜑 𝑑𝜌𝑑𝜃𝑑𝜑 

Step 1: We have to sketch the solid: 

 𝑥2 + 𝑦2 + 𝑧2 = 4, 𝑥 ≤ 0 is the behind hemisphere 

centered at the (0,0,0) of radius 2 

Step 2: We have to write the surfaces in spherical coordinates: 

 𝑥2 + 𝑦2 + 𝑧2 = 4 ⇔ 𝜌 = 2 
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Step 3: Based on the graph in Steps 1 and 2: we must determine the range of 𝜌, 𝜑, and 𝜃: 

                        0 ≤ 𝜌 ≤ 2                       0 ≤ 𝜑 ≤ 𝜋                         
𝜋

2
≤ 𝜃 ≤

3𝜋

2
 

⇒  𝑉 =∭1

𝐸1

𝑑𝑉 = ∫ ∫ ∫ 𝜌2 sin 𝜑 𝑑𝜌𝑑𝜑𝑑𝜃 = ⋯
2

0

𝜋

0

3𝜋
2

𝜋
2

 

 

(4) 𝑑𝑉 = 𝜌2 sin 𝜑 𝑑𝜌𝑑𝜃𝑑𝜑  

Step 1: We have to sketch the solid: 

 𝑥2 + 𝑦2 + 𝑧2 = 4, 𝑦 ≥ 0 is the right hemisphere 

centered at the (0,0,0) of radius 2 

Step 2: We have to write the equation in spherical coordinates: 

 𝑥2 + 𝑦2 + 𝑧2 = 4 ⇔ 𝜌 = 2 

Step 3: Based on the graph in Steps 1 and 2: we must determine the range of 𝜌, 𝜑, and 𝜃: 

                        0 ≤ 𝜌 ≤ 2                       0 ≤ 𝜑 ≤ 𝜋                         0 ≤ 𝜃 ≤ 𝜋 

⇒  𝑉 =∭1

𝐸1

𝑑𝑉 = ∫ ∫ ∫ 𝜌2 sin 𝜑 𝑑𝜌𝑑𝜑𝑑𝜃 = ⋯
2

0

𝜋

0

𝜋

0

 

(5) 𝑑𝑉 = 𝜌2 sin 𝜑 𝑑𝜌𝑑𝜃𝑑𝜑 

Step 1: We have to sketch the solid: 

 𝑥2 + 𝑦2 + 𝑧2 = 4, 𝑦 ≤ 0 is the left hemisphere 

centered at the (0,0,0) of radius 2 

Step 2: We have to write the equation in spherical coordinates: 

 𝑥2 + 𝑦2 + 𝑧2 = 4 ⇔ 𝜌 = 2 

Step 3: Based on the graph in Steps 1 and 2: we must determine the range of 𝜌, 𝜑, and 𝜃: 

                        0 ≤ 𝜌 ≤ 2                       0 ≤ 𝜑 ≤ 𝜋                         −𝜋 ≤ 𝜃 ≤ 0 

⇒  𝑉 =∭1

𝐸1

𝑑𝑉 = ∫ ∫ ∫ 𝜌2 sin𝜑 𝑑𝜌𝑑𝜑𝑑𝜃 = ⋯
2

0

𝜋

0

0

−𝜋
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Example 15.9.18: Converte the iterated triple integral to spherical coordinates: 

∫ ∫ ∫ (𝑥2 + 𝑦2 + 𝑧2)𝑑𝑧𝑑𝑥𝑑𝑦
√18−𝑥2−𝑦2

√𝑥2+𝑦2

√9−𝑦2

0

3

0

 

 

Solution: 
 First we have to determine the silod to plot its graph:  

𝑧 = √𝑥2 + 𝑦2, 𝑧 = √18 − 𝑥2 − 𝑦2, 𝑥 = 0, 𝑥 = √9 − 𝑦2, 𝑦 = 0, 𝑦 = 3 

 Surfaces: 𝑧 = √𝑥2 + 𝑦2 and 𝑧 = √18 − 𝑥2 − 𝑦2 

 Projection Region: 0 ≤ 𝑥 ≤ √9 − 𝑦2 and 0 ≤ 𝑦 ≤ 3 

 The solid is bounded by: 𝑧 = √𝑥2 + 𝑦2, 𝑧 = √18 − 𝑥2 − 𝑦2 

 Since 𝑥 ≥ 0, 𝑦 ≥ 0, 𝑧 ≥ 0 we have that the solid is in the first octant   

 The solid is in the first octant bounded by 𝑧 = √𝑥2 + 𝑦2, 𝑧 = √18 − 𝑥2 − 𝑦2 
Step 1: We have to sketch the solid: 

 𝑧 = √𝑥2 + 𝑦2  cone above the 𝑥𝑦-plane 

 𝑧 = √18 − 𝑥2 − 𝑦2 is the upper hemisphere 

 centered at the (0,0,0) of radius √18 

Step 2: We have to write the equation in spherical coordinates: 

 𝑧 = √𝑥2 + 𝑦2 ⇒ 𝜑 =
𝜋

4
 

 𝑧 = √18 − 𝑥2 − 𝑦2 ⇒  𝑧2 = 18 − 𝑥2 − 𝑦2  

⇒ 𝑥2 + 𝑦2 + 𝑧2 = 18 ⇔ 𝜌2 = 18 ⇒ 𝜌 = √18 

Step 3: Based on the graph in Steps 1 and 2: we must determine the range of 𝜌, 𝜑, and 𝜃: 

                        0 ≤ 𝜌 ≤ √18                      0 ≤ 𝜑 ≤
𝜋

4
                         0 ≤ 𝜃 ≤

𝜋

2
 

⇒ ∫ ∫ ∫ (𝑥2 + 𝑦2 + 𝑧2)𝑑𝑧𝑑𝑥𝑑𝑦
√18−𝑥2−𝑦2

√𝑥2+𝑦2

√9−𝑦2

0

3

0

= ∫ ∫ ∫ 𝜌2 𝜌2 sin𝜑 𝑑𝜌𝑑𝜑𝑑𝜃⏟          
𝑑𝑉=𝑑𝑧𝑑𝑥𝑑𝑦

)
√18

0

𝜋
4

0

𝜋
2

0

 

= ∫ ∫ ∫ 𝜌4 sin𝜑 𝑑𝜌𝑑𝜑𝑑𝜃
√18

0

𝜋
4

0

𝜋
2

0
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Example 15.9.19: Use rectangular, cylidrical, and spherical coordinates to set up triple integrals for the 

volume of the region inside the sphere 𝑥2 + 𝑦2 + 𝑧2 = 4 and outside the cylinder 𝑥2 + 𝑦2 = 1. 

Solution: 

 The Volume in rectangular coordinates: 

 Surfaces: 𝑧 = −√4 − 𝑥2 − 𝑦2 and 𝑧 = √4 − 𝑥2 − 𝑦2 
 Projection Region: outside 𝑥2 + 𝑦2 = 1 (not closed region) 

 Intersection of surfaces: √4 − 𝑥2 − 𝑦2 = −√4 − 𝑥2 − 𝑦2  

⇒2√4− 𝑥2 − 𝑦2 = 0 

⇒ 𝑥2 + 𝑦2 = 4 (add this eq. to the region) 

 The Projection Region: Between 𝑥2 + 𝑦2 = 4 and 𝑥2 + 𝑦2 = 1 

 𝑑𝐴 = 𝑟𝑑𝑟𝑑𝜃 ⇒ 𝑟 = 1 → 𝑟 = 2 and 0 ≤ 𝜃 ≤ 2𝜋 

 The volume in rectangular coordinates is: 

𝑉 = ∫ ∫ ∫ 𝑑𝑧
√4−𝑥2−𝑦2

−√4−𝑥2−𝑦2
𝑑𝑦

√4−𝑥2

−√4−𝑥2
𝑑𝑥

2

−2

−∫ ∫ ∫ 𝑑𝑧
√4−𝑥2−𝑦2

−√4−𝑥2−𝑦2
𝑑𝑦

√1−𝑥2

−√1−𝑥2
𝑑𝑥

1

−1

 

 

 The volume using cylindrical coordinates: 

 Surfaces: 𝑧 = −√4 − 𝑥2 − 𝑦2 and 𝑧 = √4 − 𝑥2 − 𝑦2 
 Projection Region:  

 Between 𝑥2 + 𝑦2 = 4 and 𝑥2 + 𝑦2 = 1 

 𝑑𝐴 = 𝑟𝑑𝑟𝑑𝜃 ⇒ 𝑟 = 1 → 𝑟 = 2 and 0 ≤ 𝜃 ≤ 2𝜋  

 The volume in cylidrical coordinates is:  𝑉 = ∫ ∫ ∫ 𝑟𝑑𝑧
√4−𝑟2

−√4−𝑟2
𝑑𝑟

2

1
𝑑𝜃

2𝜋

0
 

 

 The volume using spherical coordinates: 

Step 1: We have to sketch the solid: 

 𝑥2 + 𝑦2 + 𝑧2 = 4  sphere centered at (0,0,0) of radius 2 

 𝑥2 + 𝑦2 = 1 cylinder 

Step 2: We have to write the equation in spherical coordinates: 

 𝑥2 + 𝑦2 + 𝑧2 = 4 ⇒ 𝜌 = 2 

 𝑥2 + 𝑦2 = 1 ⇒  𝑟2 = 1 ⇒ 𝑟 = 1 ⇔ 𝜌 sin𝜑 = 1  

⇒ 𝜌 =
1

sin 𝜑
 ⇒ 𝜌 = csc 𝜑 

 The values of 𝜑 depends on the points of intersection of the surfaces: 

𝑥2 + 𝑦2 + 𝑧2 = 4 and 𝑥2 + 𝑦2 = 1: ⇒ 1 + 𝑧2 = 4 ⇒ 𝑧2 = 3 ⇒ 𝑧 = ±√3  

⇒ 𝜌 cos𝜑 = ±√3 (but 𝑥2 + 𝑦2 + 𝑧2 = 4 ⇒ 𝜌 = 2) 

⇒ 𝜌 cos𝜑 = ±√3 with 𝜌 = 2 ⇒ cos𝜑 = ±
√3

2
  ⇒ 𝜑 =

𝜋

6
  or 𝜑 =

5𝜋

6
 

Step 3: Based on the graph in Steps 1 and 2: we must determine the range of 𝜌, 𝜑, and 𝜃: 

                        csc 𝜑 ≤ 𝜌 ≤ 2                      
𝜋

6
≤ 𝜑 ≤

5𝜋

6
                         0 ≤ 𝜃 ≤ 2𝜋 

𝑉 = ∫ ∫ ∫ 𝜌2 sin 𝜑 𝑑𝜌
2

csc𝜑
𝑑𝜑

5𝜋

6
𝜋

6

𝑑𝜃
2𝜋

0
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 ملاحظة:

من الواضح أن استخدام النظام الإسطواني هو  الإحداثية تختار؟ لو خيرت في طريقة ايجاد الحجم للمثال السابق فأي الانظمة

الأنسب والأسهل. لذلك يجدر السؤال هنا كيف نستدل من نص السؤال على النظام الأنسب لحل المسألة؟ هل عرفت الجواب؟ إذا 

 لم تعرف الإجابة فسأل لتتعلم.

 

Exercise 15.9.20:  

(1) Let ∭ 𝑑𝑣
𝐸

= ∫ ∫ ∫ 𝜌2
𝐶

0

𝐵

0

𝐴

0
  sin(𝜙) 𝑑𝜌 𝑑𝜙𝑑𝜃, 

 where 𝐸 is the solid in the first octant whose graph is on 

the right. Find 𝐴,𝐵, 𝐶.  
 
 
 

 

 

 

(2) Set up in spherical coordinates the volume of the solid inside the sphere 

𝑥2 + 𝑦2 + 𝑧2 = 4𝑥 and bounded above by the cone 𝑧 = √3𝑥2 + 3𝑦2. 

 

 


