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s been put into increasing order.

ﬁuartile, denated by Qi , is the median of the lower half of the data se

'S that 25% of the numbers in the data set lie below Q and about 75%
~ = The third quartile, denoted by Qs , is the median of the upper half of the data set. This
means that about 75% of the numbers in the data set lie below Qs and about 25% lie
above Q; .

; "
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Find the fi flrst and third quartlles of the data set {3, 7, 8, 5,12, 14, 21, 13 " 16 18¥
B gy
(m increasing order: 3, 5 R 12 1214, 16, 18, 21. (./»;J)j
CE T e R fo, -
Location of Q1: (10+1)*0 25=2.75 .25
Interpolation  ""¥ !
Q1=value of location 2+0.75*( value of location 3- value of location 2)
Q1-5+0 75*(7 S = A e ol
" Location hof Q2: (10+1)*0.5=5.5 \
\ Q2= (12+13)/2=125 Q|
ocation of Q3: (10+1)%0.75=8.25 r\:L%)f\) 36 2_) 5
Q3=value of location 8+O.25*(value of location 9- value of location 8)
Q3=16+0.25*(18-16)=16.5 TS e
Inter quartile range (IQR)= 2
Q3-Q1 |
il
',.?*@C UL—\16‘ 5+L5*10) =31.5, Q3 L \3:)_7(
.5 (1.5%10)=-85 =2 5-8:25
1 ) \:{ UcvlbuL




Q@ S0l
L Location of Q1: (40+1)*0.25=10.25 —— W5 \e =2 dicw
\/ Q1: 1.63+0.25*(1.64-1.63)=1.632 losas
' ‘5) 3 64 -4 5’3_)-—* | 1632 §
( Q2=(1.75+1.79)/2=1.77 / L b oRa Gl TS g
S —— leacs s
Location of Q3: (40+1)*0.75=30.75 2035
Q3: 1.97+0.75%(2.03-1.97)=2.015 i \;
- T——
o 5(0,.:.:31?1

IQR=2.015-1.6325=0.3825
UL= 2.015+(1.5*0.3825) = 2.58875
@3 +15THQ

LL=1,6325- (1.5%0.3825)= 1.06
‘l "'1'"5—-[43& .(p\’.
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'Flnd 29% percentile of Table 1.8 n=yo
Location of 29% percentile is (40+1)*0.29=11.89
29% percentile=Value of location 11+0.89*(Value of location 12-Value of
location 11)=1.64+0.29*(1.64—1.64)=1.64
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Chapter 2
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o) = @) e ot @B 220y L BlasiE
» Statisticians use the word experiment to
. describe any process that generate a set of




Definition 2.1- | The set of all possible outcomes of a statistieal experiment is called the sample
by L] ——
space and is represented by the symbol S.

Ench outeome in & sample space is called an clement or & member of th
sample space, or mmply & sample point. If the sample space has & finite number
of cloments, we may st the members separated by commas and enclosed In braces.
Thus, the sample space S. of possible outcomes when & coin is Hipped, may be

writen e
: ~> S
Cllan —> g o7, ¥
o /P c—/ -~
where H and T correspond 10 heads and tails, respectively l-ﬂ-‘yl-ﬂ:ﬁt)'w N

b Ssbedl Sui@dt b e Mo
_S ) (S»p‘s\ o lo
le - N <))o
Example 2 1:| Consider the experiment of tossing a die. If we wre interested in thcgmgnbcr ltgat
shows on the top face, the sample space is

\you < [, {1‘2.3.4.5.6}]

—

i g ::1 ;ﬁ: imterested only i whether the sumber 15 even or odd. the sample spuece

29,2 (g S = {even odd), 1

' than one sample space can be used to describe the outcomes @
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T3
74
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76
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Figure 2.1: Troe disgram for Exsmple 22, 5 _f—'

P("’Faﬁﬂt&t (Y sy =L sploy it

Sanple SFbl/cp__

Paruple 2.3 Suppose that throee items arc scleeted at mandom from a fnmm}'muu;ing PrOCCsS.

Each item is inspoctod and classified defective, .,.Q*- or nondefective, N, To list the

clements of the sample space providing the most information, we construct the trec

S \)",,.9 V= disgram of Figure 2.2. Now, the wnous paths along the branches of the tree give

3 (_3 ; : ) the distinet sample points. Starting with the first path, we get the sample point
NG

DDD. indenting the passibility that all three items imspected are defoctive, As we
nrocoed along the other paths, wo sco that the samplc space is

S {DDD. DDN. DND. DNN. NDD. NDN, NND, NNNY.
b
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S={x [ X

X is a city with a. population over 1 million},

.t- L _-' b & 4

oeriment are

such Fhot T 6L

which reads "S is the set of all x such that x is a city

with a population over 1 million.

—
i
|

S A Gty Witho

L T g VT el ¢ A s L P

WA Lol (A1 e e

T T ———

\ L 5

‘the set of cities in the worl
~ a. population over 1 million:
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* Event B

defectlvej_gg greatefihan 1> o

e e
Ba = BN YN D, NDD., DD
‘H{@B‘f cshe-adﬂl\ilgkg 3 s o) L A L—H“C?S
22 5
9
atleast  « €= DN/ WDW/ WD JPINY
& two Al
= NI 0\:;*\ e\l
3 Vide
(J\M LJ):LE- A_/_-\-u—ax_‘\) (_\T MJ'&'
Example 2.4 | Given the sample spacefS = {t | ¢ : \}3 where £ 18 the hfe in years of a certain
electronic component, then hr‘ﬁ?ﬁt—h 1at the component fails before the end of
r'— s 1{1_(‘ fifth year I*- i!u »u!m*t A={t]10<t <5} I 2\ Lmo b i 7

l 257 Jeprsd S)‘\f‘-ﬁk‘l m

The complonwnt of an event 1 with respect to § is the subset of all elements %
of S that are not in A. We denote the complement of A by the svmbel A’ ' i

Definition 2.3

- e

Example 2.6: Consider the sample space
S = {book, cell phone, mp3, paper, stationery, laptop}.

Let A = {book, stationery, laptop, paper}. Then the complement of A is A7 =
{cell phone, mp3}. 3

" s th*‘w
number greater than 3 3 in a tossing of a die




ts it is by no means -
Aand I; t:lt::ﬁgnnoﬁ ho:gen occur simuitancously. The events Ail ag:} !ann a;;
ﬂiﬂ lm:l mutually exclusive. Stated more formally, we have the

| ' &nnta A and B are mutually exclusive. or disjoint, if AN B = ¢, that
l’! if _A gnd B hm'e o elcments in common. ‘L g L

e 5ol &‘ \..)
ition 2.6: [ The union of the two events A and B, denoted by the symbol AU B, is the event
contaiming all the elements that belong to A or B or both. :
EIRHI]‘II(‘ 2.19:' Let A = {ﬂ., b, C} and B = {b, C. d,(}; then AUupB = {a'b, c. d, ('}. . |

ADR=) 0,3
Z"’&G—feﬂgg/é Us(pl=s disdaiet ey

15 11 :
ey d\_:s-fal d‘,_“}:
1 R R "(\W(Q NN v“uq_
Example 2.12:] If U [.r; £« 9} and N = {y| 5 < y < 12}, then

| .Uii.\':{: 3<z <12}, ; M‘/)N:Z_j)gj\uq_g

\

v
-

M
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B3

e o~ i
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- graphically by means of Venn diagr:

The relationship between events and the corresponding sample space can be
illustrated graphically by means of Venn diagrams. In a Venn diagram we let
the sample space be a rectangle and represent events by cireles drawn inside the

rectangle. Thus, in Figure 2.3, we sce that

AN = regions 1 and 2,

BNOC =

regions 1 and 3.

@ Vet

e |
5]

<
L

Figure 2.3: Events represented by various regions,

Ast 4UC = regions1,2,3,4,5, and 7,

s\




= A,

fnl mmordm
ng events occur:

dockofsaphﬁns"

o the ctrd is the jack, queen. or king of diamonds,
C: thie card is an ace.

'.ﬁ-" / 3#‘4,5!“& Clearly. the event A1 C consists of ouly the two red aces. . ¥
Several results that follow from the foregoing definitions, which may easily be
.2 ’q / C_S verified by means of Venn diagrams, are as follows:

; I. Ano = é. 6. ¢'=S. 5]
2. ." L Q= ."l. )
;8 & Y = -‘1--
3‘ fl M ;'l’ =z ;:l_ l -l ) //
-\,l;l p . AuAd’'= 8, ‘1.'—\31' ‘up

G
b. §'= 0. ¢ L . (AuBY=A'NAE".
: - 74 [

> 8;{3‘

* Exercise 2.7: [

Four students are selected at random from a
chemistry class and classified as male or
female. List the elements of the sample space
5, using the letter M for "male" and F forar""::.i'f

”female Define a second sample space




Saml sl
B = face, S >MeFefshn £
Si W @ o s S'?-‘\:;(““ {5
Femal e S s
™M :
il7/ : ;
e Exercise 2.14:

={0,1,2,3,4,5,6,7,8,9} and i
={0,2,4,6,8}, B={1,3,5,7,9}, C={2,3,4,5}, and
1.6 17}

4U C={0,2,3,4,5,6,8}.
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buyamachaimaf'

colonial, and tradit:&ml #ﬁminr sty]mg in _WI twWo-S1OTY.
lans. " In hmv many diffcrent ways can a buyer order one of these homes

and spht-level

Since ny =4 and ny = 3, buyer must choose from

mn, = (4)(3) = 12 possible homes.

’
—
ke

Example 2.15:/ If a 22-member club needs o nl{g_t_:_; chair and a treasurer, how many different

ways can these two to be elected? i - ;

2_2 Solution: For the chair position, there are 22 total possibilities. For each of those 29 pos- =
F\L’_\ sibilities, there are 21 possibilities to elect the treasurer. U sing the multiplication
rule, we obtain 1) x n» =922 x 21 = 462 different ways. N

O\q v~ The multiplication rule, Rule 2.1 may be extended to cover any numl f
x 7‘\/ 3 Yoy ) 3 y number of

Oppmtmnu _PIppose, Tor instance, that a customer wishes Lo buy a new cell phone

29_ 2, @ . _and can choose frmu/![ =5 I:ramin Mo = 5 sets of capability, and 3 = 4 colors. | c@d\‘ l\_}.\

M heso three classifications result in mngng = (5)(5)(4d) = 100 different wavs for
a customer to order one of these phiones. The generale'_o_dEn-’ultiplication rule)
covering k operations is stated in the following.

Rule 2.2: | If an operation can be performed in n; ways, and if for cach of these a_second

@' 3 operation can be performed in 72 ways, and for each of the first two "a third __
aporanon can be performed in ng wm‘s. and so forth, then the sequence of k
operations can be performed in nyny, - - n; ways,

Example 2.16:/Sam is going to assemble a computer by himself. He has the choice of chips &am
' two brands, a.hard drive from 1 four, memory from three, and an accessorv bu
from five Jocal stores. How many difforent Ways can Sam order the pa.r(s"

ﬁalum Since n; = 2, n, = 4, 13 =3, and ny = 5, there are

M xny XNy xng=2xdx3x6=120 ' S P o,



~* Answer ( Ex. 22)

n,n,= 8*3=24 classificati




Answer ( Ex. 27)

n,n, n;n,=4*3%*2*2=48 d




Answer ( Ex. 33)

n,n, = 9*8=72 registrations to be ch




P 301 30 49 AN e

ol (S0 =« 2)1 481 481
(b) Since A will serve only if he is president, we have two situations her
selected as the president, which yields 49 possible outcomes for the
treasurer’s position, or officers are selected from the remaining 49 people

without A, which has the number of choices 4P, = 49 x 48 = 2352. Therefore,
the total number of choices is 49 + 2352 = 2401.

(c) The number of selections when B and C serve together is 2. The number of
selections when both B and C are not chosen is 43P, = 2256. Therefore, the

fotal number of choices in this situation is 2 + 2256 = 2258.

Example

« A president and a treasurer are to be chosen
from a student club consisting of 50 people.

How many different choices of officers are
possible if

— (c¢) B and C will serve together or not at all:

By b peesed. - TeaaswaA
)

» \ 0 . R \veuy —)

~ 2, 5 1% A

e -

{ o(\",

\._‘ J




Example: 1

How many (even three ligit) numbers can be

performed from the digits 1,2,5,6 and 9 if each :
digit can be used only once? ;e

__ e - 3
s 0O WER et |
i e i 3

n,n,n, = (4)(3)(2)= 24

5




Si Ennensn& Q@) NE) = LLEN
Ince the above two cases are mutually exclusive of each other, the totﬁl number

of even four-digit numbers can be calculated by 60 +96 =156 _

Definition 2.7: | A permutation is an arrangement of all or part of a set of objects.
i

: ﬁ \Sm \)) )\A‘\ Cousider the three letiers a, b, and ¢. The possible pcrmuta.r.-i-;.ms are abe, ach,
B?’ bac, bea, cab, and cha :

. Thus, we see that there are 6 distinct arrangements. Using

\ Rule 2.2, we could arrive at the answer 6 without actually listing the different
O,)"D orders by the following Arguments: There are ny = 3 choices for the first position.
No matter which letter is chosen, there are always ny = 2 choices for the second

position. No matter which two letters are chosen for the first two positions, thereg ))\‘ Lt. CJ

_ P is only ny = 1 choice for the last position, giving a total of ; \U l .. ;
‘ nynang = (3)(2)(1) = 6 permutations ! CS‘-J C)‘ J E kY
C_‘l (Cafar by Rule 2.2, In general, n distinet objects can be arranged in \ ( |

Lﬂ“D' Iine_qv’“ nin—1)(n—2)---(3)(2)(1) ways.

There 1s a notation for such a number.

Dﬂ @bde—"{.‘ﬁ\.a&:'sa n ( .._.i}_‘,":":, Al e
Z) ) &‘bdec’{: M‘l&“’/’:‘ Ly e, 99
3 : ni D Vil i
e . o TR @
che ~ d iFfevent ohje cl-

1 Theorem 2.1:]|The number of permutations of i objects 1s n!,

)
I
w

2

——
B 1
-

The number of permutations of the four letters a, b, ¢. and 4 will be 4! = 24,
Now consider the number of permutations thar are possible by raking two letters
at a time from four. These would be ab. ac. ad ba be, bd ca, cb, cd da, db, and
de. Using Theorem 2.1 again, we have two positions to fill with 2, = 4 choices for
the first and then n>= 3 choices for the second for a rotal of

miniz = (4) (3) = 12
permutations. In general. n disrincrt objects taken 7 ar a time can be arranged in
nr- 1)(n— 2)- cr{n—r+ 1)

ways. We represent this product by the symbol

(n = )

As a resulr we have rthe theorem thar follows.

1 dy =




iaby 2q 4230
>3]

B, e ) P

xample 2,19:' A president and a Lecasurer are to be chosen from a student club consisting of 50 5 o
people. How many different choices of officers are possible 1f

| (a) there are no restrictions: Y AR A Bl ”\}l
*[ S S = “Pfd
g_ (b) A will serve only if he is president; > Prerd ey P ik
| 3
| \ < (¢) B and C will serve together or not at al): Sc:
o () i Bt o ot o 4
: (d) D and E will not serve together? e

-—-\-_ - ] . . " - 3 g
Solution: (a) Ihe total number of choices of officers. without any restrictions, s

r o0!
] . - ,",{]P;; = Ei- = []”l{ 19] = 213”

e

1) Since A will serve only if he is

president, we have two situations here: (1) A s : 5
selectod as the president, which vields 49 possible outcomes for the tre

asuror’s o [
: . - >l —
S (200 position, or (i) officers are sclected from the remaining 49 people without Apyssr %y ' ¥ qq -+
ez U.g’i which has the number of choices 19l = (49)(48) = 3352. Therefore. the tm:tL:DP L i ks (’-g = (fq
2 1 number of choices is 40 + 2352 = 2401, Poo=i
D> "'|‘ P (¢) The number of selections when B and C sorve together is 2. The number of

Start again with the 2450 permutations If B
selections when both B and C are ot chosen is ] h =, '

2256. Therefore, the
| ‘t@“ U:? total number of choices in this situation is 2 + 2256 = 2258 yg -

——

(d) The mumber of selections when D sorves & an officer Bt ot E s (2387

—

= also eliminate the 96 outcomes in which C w
86, where 2 is the mumber of positions D can take and 48 is the wnber of 9450 _ g6 96 = 2258 2 Whmh Cw
selections of the other officer from the remaming people in the club except

o The number of selections when £ serves as an officer but not D is also 'F' <_\- — Do
(2)(48) = 96, The number of selections when both D and E are not chosen NS 1%

. Therefore, the total mimber of
' has another short sol

.". Si_nm Dalld E can 0nl3.- )‘@ L Lo HL: '

other than C who might be treasurer And ﬁ a4

other than C who might be president Wemi L




utations.

Example 2.21"}:1 In a college foothall training session, the defensive coordinator needs to have 10
players standing in a row. Among these 10 plavers. there are 1 freshman. 2 sopho-
mores, 4 juniors, and 3 seniors. How !Ilé'imlﬂ. ways can they be arranged in
a row if only their class level will be distinguished?

Solution: Directly using Theorem 2.4, we find that the total number of arrangements is

I« <qpat lo
T T TR R
S
©> 2

_—-‘-..______ *\‘\-“

r_ a - . - . _\hh
The number of ways of partitioning a set of n objects into r cells with n elements
in the first cell. ns elements in the second, and so forth, is

My Moy B nyiny!..on!

b |

n n!
!

| wh TC Ny + Ma 4+ + Ny = 1N,

-

ming a conference?
er of possible partitions would be

ny ways can 7 graduate students be assigned to 1 triple and 2 double
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In many problems, we are interested in the number of ways of selecting r objects
from n without regard to order. These selections are called combinations. A

g combination is actually a partition with two cells, the one cell contamming the r
A) objects selected and the other coll containing the (n — r) objects that are left. The

L] r Vv
; L\/H D . e
W 9. C_O""b!' Vlﬂ.ﬁ ansnum}wr of such combinations, denoted by
n

n :
. is usnally shortened to :
ron—r r

since the number of elements in the second cell must be n — r.

i
mmhinnlivnf})_f n distinct objects taken r at a time 1s

sefedt "'{:fjn_ n!
ezﬂbfﬁ r] rin-r)V

Theorem 2.6: | The number of

b

Pxample 2.22:1 A young boy asks his motherfto get]5 Game-Bov '™ cartridges from his collecti
P ; 2 A e 1on
of 10 arcade and 5 sports games. How many ways are there that his mother can

2

get 3 arcade and 2 sports games? R
Solution: The mumber of ways of selecting 3 cartridges from 10 1s \o qrj‘ﬁ-{ b SP
3

10 101
(3) I

The number of ways of selecting 2 cartridges from 5 is

(-7

— = 10.
rule (Rule 2.1) with n, = 1

2! 31




permutation of n

objects where n1

repeated items,n2
repeated items

Permutations and Combinations

Number of permutations : Numberof éénmbi_aations
(order matters) of n things (order does not matter) of n
taken r at a time: things taken r at a time:
n! n'

)= (n-r)! CRTAR (n—r)tr!

Number of different permutations of n
objects where there are n,repeated items,
n, repeated items, ... n, repeated items

n!

.

bl o




B 2.32: ,
a)How many distinct permutations can be made from the

b SO ’p :
letters of the word columns?, - AN
\ D>
040 :

How many of these permutations start with the Jet-
| e
P 1 ¢




Ex. 2.40

In how many ways can 5 starting positions on a

basketball team be filled with 8 men who can

_play any of the positions?
dIf fevent

- 6720




