P(r: M) = Zﬁ(m: Ar),

f@mwdwu.ummng&mnu:mlau Wo illustrate the use of thi
with the following two examples. f,rq.(b:aé <1 ““-@

- _m;ﬁullm the tsoan il Uhe vnrtanice of Lo Polsson disteilinthm ”ﬂu;m =
.1?.1 Dunng a laboratory c-xpenumnt the average number’ of radoactive particles | pass-

\“5 J-Q- {f ing through a counter in 1 millisecond 1s 4. What i :5 the probability that 6 : m

enter the counter in a mm ANV o F Oufcome |
o 1 §d lution: Using the Poisson distribution with x = 6 and At = 4 and referring to Table A 2
b we have < _(J
LRy P (’_’x .. M
|"l |I . —3 Ih = (ﬁll F (5-}]
e pl6:d) = —— = Zp{r 1)/~ Zp{:; 1) = 0.8803 — 0.7851 = 0.1042.
| e
| =0 roil
| gl
25 ﬁ("d{é = AM=3 At — Ve numbel — P
Uaue_
“ =
] e {
Example 5.19: In a certain industrial facility, aco idents oceur infrequently. It is known that the {
s s\ probability of an accident on any given day 18 0.005 and accide nts are mdt pvndr“m 1
[T AN ®) o of each other. P n
& ".:-'?'E,gi'- o (a) What is the probahility that jn any given ps riod of 100 tla}':-_ t'l_u:nj will hu._ an 7
l 'ﬂt X ?I?L a.-:}j accident on one day? [Q;—mﬁ
" s ﬂ? . (h) W hat is the probability that there are at most three days with an accident?

Solution: Let X be a binomial random variable with n = 400 and p = 0.005. Thus, np = 2 I‘

Using the Poisson approximation. f,-ﬁ m bable _
|
‘H‘ }:Df [ﬂj[ Pf_.'&'=l'lf:f =221 = (0.271 and C-D\MDEL?AEII.EBBJ
+
_ (b) 2 X < le ¢%97 /r! = 0857,  0.135335+0.270671 +0.270671 +0.180447 a
3‘5. M“[L _J|1, (S — sl

In a mamufacturing process where ::,1 wss products are made, defects or bubbles
oceur, occasionally rendering the piece undesirable for marketing™ It w'knuwn
that, on average, 1 in every 1000 of these items ]:rmiutﬁl has one or mo bles. | =
What i= the pm}mhlim that a random sample ofSU00 fwill 311_1‘:] fewer lhan T items |

o, pmmg bubhles?
~ Solution: This is essentially a hinomial experiment with n = 8000 and p = 0.001. Sinee

.1 ;... il p is very close to 0 and n is quite large, we shall approximate with the Poisson

dntfbmian using

a my = (8000)(0.001) = 8.

_Example 5.20:
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LUptbort | The density function of the continuous uniform random variable X on the in-

) | Disusibotion | terval |4, B] is

3 T A<r< B,
C‘E‘P Er\ J(#:4.8) :ﬁﬂ_ elsewhere. ?.{a ba-g"' I(b"’ i
f(x) ; t_dﬂ?.ﬁfql{,{—

—

-t — — v ———

0 3




(b) PX 23] = [ 1dr=1.

| The mean and variance of the uniform distribution are

B ':-'.'15_ :

sormal Distribution

e e

Norl  The density of the normal random variable X, with mean g and variance a,
E-]:.I-I I"l|.~.:|T:|-|_- e g I-_ ;5 - o
(ru.0)= e WM, —x<r<,
ni{r; .0} ..,a’;';'_.-.rr

where 7 = 3.14159... and e = 2.71828.. .. \27&31
o1& \\ b‘g’“

is

s




Figure 6,3: Normal CUurves n‘tthﬁ-: foa \r@
&

‘Pﬂa nurmall curves having the same standard deviation but different means. The tb'-‘ﬂ

. _-E:urves are identical in form but are centered at different positions along the harlmrﬂml
B . a-:xig

\§ M Cenferr )\ § Pz )
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My = s

Figure 6.4: Normal curves with ji; = jiz and oy < a3,

‘Two normal curves with the same mean but different standard deviations g




ccurs at x = H..
mmetric about a vertical axis through the
has its points of inflection at/x = pioy it |s
if p—o<X<p+ o and is concave UpW
'mal curve approaches the horizonta

_.'E-'ﬁﬁbtieed in either direction away from the mean.

» iy ""ijﬁé‘-‘-‘tb'tﬂl area under the curve and above the horizontal axis IS

equal to 1.

Theorem 6.2: | The mean and variance of n{x: i, a) are g and o7, respectively. Hence, the stan-
dard deviation is 7.

o A\ ;f“'k A reas under the Normal Curve

The curve of any continyols probalality distribution or density function 18 con-
structed so that the area under the eurve hounded by the two ordinates r = r,
and r = r; equals the probahility that the pindom variable X assumes a value
hitween r = I .H]fl I =TI, r['};m_lni_ f{}r Ihr 't||l!|'|!'|.|h|. 1rve in Fi_L"l:Il"u' .6,

g T
= 1 - L 2
Pliry< X -::.rg]=f nlx;p,a) -I::_,.?j o~ Tl gy
Tt \-P-‘-"T i

is represented by the arcea of the shaded region,
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g Figure 8.8 The original and transfored normnal distnbutions

Examnple G IIGI\T:II a standard numm] distribution, find the area under the curve that lies .
P dV Sl (=

o (a) to the right ﬂfz_— 1.84 and ?Cz. o [tﬁ?qj = F MI T ﬁ]_;:yb
1 (b) betwoen z = —1.97 and z = .56, E,-"I;L-J[J'I. L}}A Lq ) /

Pz <o) R T

-

o

!

=

- oy

WEL oo Mee = 42

.-f'} ' .| \\ Fd P |

s . B L
0 184 197 0086 &
(a) (b)

Figure 6.9: Arcas for Example 6.2.
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j i the
lh I'igum G.10(a). we see that the k value leaving an area 5 to
[l] right must 1‘.!11‘.115“1::3&11! an area of Uzgg to the left. From Table A 3 it follows

(b) From Table A3 wo note that the total area to the left of —0.18 is oqual to
0.4286. In Figure 6.10(h), we see that the area between L and —0.18 is 0.4197,
<o the arca to the left of & must be 0.1286 — i} Hfh —~ 00050, Hence, from

Table A3, we have k= —2.37. Bl ‘sz*‘i‘gy
; A3 }C'f:"r{_ IV £ I

~.J
Oy \a i
i

]

| s - - “ . - -
Example 0.1: Given a random variable X having a normal distribution with g = 50 and & = 10,
find the probability that X assumes a value betwe n 45 and 62

/X_“b %) cjf'—Ma{

] ZsSfondord B |
1 i gV / | "rf

PG 11T mﬁa_l:_"i;unplr .4,

__E&'lﬂﬁan: The = walues corresponding to xy = 45 and ry = 62 are
45-50 62 - 50

-] = = = .lr a = = :!,

33 0 0.5 and 2. 10 1.

— e, —_———

s show! hy%maafﬂmahadedmgunm?meﬂu This
wwwmsthemammmomurd:m;u—w




X >362) = P(Z > 1.24) = | - P(Z < 1.21) = 108025 = 0.1075.

o #

o=

Figure 6.12: Area for Example 6.5.

12

' Example 0.6:! Given a sormal distribution with g = 10 and o = 6, find the value of r that has

(a) 45% of the area to the loft and -

(b) 14% of the area to the right.

=0 Tug

/ 05 - 014
-— i) ¥ - :
: Zo-ys® )
: W /‘, sl Figare 6.13: Arcas for Example 6.6.
m (n) An ares of 0.45 to the left of the desired » value is shaded in Figure 6.13(a)

We require a 3 vadue that leaves an area of 0.45 to the left. From Table A3
we find P(Z < -0. 1-3_] = 0,45, so the desired = value is ~0.13. Hence,

= (6)(=0.13) + 40 = 39.22.

0 i |

Flign &_ﬁ[hj we shade an area equal to (.14 10 the rght of the desined
i ﬂﬁum::ﬂmtm lm-un.uuhlwmmme
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Figure 6.14: Area for Example 6.7.

I 15
Example 0.5: An clectrical firm manufactures light hulbs that have a life, before bumi-out, that ) /x i
) 15 normally distributed with 1wv,'t'~.| ta 8K l-r' r= sl a standard deviation of A S = =
10 hours, Find the probability that a bulb burns between 778 and 834 hours - i <
Solution: The distribution of hght bulb life is illustrated in Figure 6.15. The = values corre- =
sponding to x; = 778 and r; = 834 an 1

—_ [ -5
M g T8 — S i 834 = 500

= L{d A e — TR L Y | g [ S l'.:'_‘:l_
il.l — i 1”
4F7 F.
/ TVE B0 604 ¥

Henee, P(?'—?g L L S?L")
P78 < X < 8} =&£|—U.aa < Z <08 .}— P(Z < 0.85) = P(Z < -0.55)
= (180723 - 03912 = G5111. a1

A e

- e .-l"-.'-— e — e _____-'-'--.___-__ﬁ-

Exnmple 6.110: E.nuj,m are nsed to rojeet all COMPOTRNES for which a certain dimension 15 not

within the specification 1.50 £ d. 1t is known that this measurement is nOrma dly > {'q,é'ﬂ-f k._ by S-f. ]

distribnited with mean 150 and standard deviation 0.2, Determine the \ru,lup id
I‘-—._.___|___..

T g __—-—--—_
such that the specifications “cover™ Q5% of the measarements
——— P{X> 1.5+d)=0.025 & P(X< 1.5+d)= 0.975
P(%< 1.5-d)= 0.025

Figure 015 Area fur Examgile 6.5

Solution: From Table A3 we know that

E 63 e i s <1000 M= 5

{1.5 ﬂ’l-ﬁ i
‘{ =00 Therefore, : MA ©:0 5 _ h =02 "5_': E.‘na

(1.50 4+ d) = 1.50

02 4= 02 =
from which we ohtain :-"a . Cf G o -.".L) 4.5

‘,%’,. (: 5+c._\,'.!r\; = (0.2)(1.96) = 0.30

ion of the specifications is shown in F‘i;un G.17.




P{e.n::r csnn

| j_,_A-&P{z-:-ﬂ.u-n.mn to .t.'lmunr'mnhﬁlh-l‘h:-
R <0 T ogmear

PLZ < —20) + P(Z > 20) = 20.0228) = 0.0456,

As nresult, it is antici pated that, on average, 4.56% of manufactured ball hoarings
will bo serapped

F

1 mab-]'f -°°4 ~ ool

l \f £ a.0 EX]

_'_,_I-'-
F u,ur(-'ﬁ.ﬂ-‘:—;\hﬁ—ﬁwﬂ-}:tm'rrrr!r"ﬂ:ﬂ._ ;

| 17

L = \\ G-’-‘*’%ff&\%}a

Exummph: §.11: [ A certain nmfhmc makes eloctrical resistors having/a mmean resistanco of 40 ohimns
and o standard deviation of 2 ahims. Assaamang that fthe resistance falliows o mormnal

distribution and can be measored lné:nx degiree of ace uhu)‘ what pereomtage of Wb“"b I +
dp,\)'\ resistors will have a resistance exoeediag i3 ohms? = =2 { a

.S'n.l'uhml A percentage is found by mulllpﬂ"m;.?"ﬂﬁ refative freguency by 100%. Sinee the M l{
-— [=]

q} relative frequency for am mtorsal is ogqunl to the probability of a value falling in the
interval, we mmust find the area to the nglht of r = 43 in Figure G.18. This can be
o h.\.' tr:mnl’m’lninq a = 43 1o the l:‘n!rl-e-]nrlltljm.: = valuoe, uhl:l.iuing the aron o G- ==
the left of = from Table A3 and then subtracting this area from 1. We find
13-40 _ .
- —— ]
. 2 = . 1= Y3
i{__ Threfore, /
P(X > 43) = P(Z > 15) =1 — P(Z < 1.5) = 1 — 0.9332 = 0.0GES. <~ :
—— e
e Hence, G.65% of the resistors will have a pesastunee excooding 13 ohins, = |

N R g —
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Figgnre 6 100 Ares for Eocmaniple 612,

Example 6.13:

Solution:

R(w= o

\:\

Q Therefore, 1 hr_

- %

e

9 1y ree

The average grade for an exam s 71
the class 5 @mven As, and the grades
what is the lowest possible A and the highest possible B?

In this example, we begin with a known arca of probability. find the 2 value, and
then detenmine = from the formula £ = o2 + p. An area of 0,12, corresponding
to the fraction of students reeviving As, is shaded in Figure 6.20. We n*quin* aaz:
value that leaves 0.12 of the area to the right and, hence, an area of 0.58 to the
lt'ﬁ. From Table A.3, ,"|.P.’ < 1.18) has the closest 'L".lim' (4] [].b'-,""'. S0 lh(' i’l('ﬁil"l’.‘d =

mlue is 1.18. Henve,
:nur-.lnﬂun:(i.r(__;ﬁjj )\)‘E_{? dlﬂ"\ : PﬁLﬂ,\

lowest A is 83 and the highest Bis82. @ )%-:f sl
.

= |

aid the standard deviation 1s 7. H 12% of
are curvesd to follow a normal distribution,

T

N
5
B

a=sT




- ﬂrﬂ"" x

S——". " f "En-l?fw”‘*ﬂ*'fw*’ s

ﬁ:rn‘.:-l which yields the recursion formula

Iia) = (o —1)F{a—1).

G The continuous random variable X has a gamma distribution, with param-
eters o and 3, if its density function is given by

y A Distrilvition

G;'eb\

et

;‘1‘.. 2 = A 4

where a > 0 and 4 > 0.

a-1.—=f4
3:.;'——1{“.]‘ L .

x>
elsowhere,

sCade gurts

@u@

9= (1 =11

r 1ol
-I ‘\
o |
7 \

B \';’

Emﬂd'ma ol

scale parameter

L]
£l =

-
o =
T

Figure 6.28; Gamma distributions.

i specific number of events is the parameter a in the gamma density function

a (alpha) is known as the shape parameter, while b (beta) is referred to as the

Kyt

@, if its density funetion is given by

The continueus random vanable X has an exponential distribution. with

L LN




b .q..,.nw R b= "= w02

t X represent the number of components functioning after § years. Then nusing

e binomial dllh‘ibuhnn

I -
PX >2) = }'!-I'-r: 65,02)= 1 = El’r: 5,02y =1- D737 =], 2§27.

e- > : x=2 Sk £ & T
w -0 | ¥ p FOAp

S-E—e dt ) 02

23 . * quﬂTmEB{, E a

m"fwmﬁ fﬂ(—--}-l,“{_——%- ij AMmg

rffﬂﬂ'-q' d \[‘?._1 CF_‘_J L\ﬁ"
farct =

H.I.lﬂlllh 6. 18: Suppose that telephone calls amriving st a particular switchboan! follow a Polsson
D wocess with an average of 5 calls coming per minute. What is the probability that

,_-p P/ &Tup tan minutgl'tll elapse by the time 2 calls have come in to the switchhonrd?
nhlmn The Puisson process applies, with time until 2 Poisson events following a gamma

p distribution with 4 ~ 1/5 and o « 2. Denote by X the time in minutes that
y transpires hefore 2 calls come. The required probability s given by

“_@l"’ PiX <1) f‘? A Ay .m/n e " dy ] "1 4 5) ~ 0.96. 2

While the origin of the gamma distribution deals in time (or space) until the
vocurrence of o Poisson ovents, there are ninny instanos whore s distri-
bution works very well even though there is no clonr Poisson strocture, This s
particularly true for survival time problems in both engioeering and biomelical
applications.
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1]
Then
P(Y > 6) = 1 — F(B) = ¢ V2 « 0.2231.

Thus, the probability that the wishing machine will require major repair after year
six is 0.223. Of conrse, it will require repair hefore year six with probability 0.777.
Thus, one might mu:lmh the machine is not really a bargain. The probability
that a major repair is necessary in the first yoear is

PY <)ml—e V| 0719 =0221.

A

e
3.31 Based on extensive testing, it is determined by
the manufacturer of a washing machine that the time

¥ {in y years) bc.ﬁm: a major reparr 1s required i1s char-
m.tt.’.'nzed by the probability density function

yry 0,
J (‘r) {){g fl:u swhere.

{l) Cnhcs would certainly consider the product a bar-
gain if it 1s unhikely to require a major repair before
%mdﬁl year. Comment on this by determining

* }
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Definition

6.3- [A beta function is defined by
I - -

: i AL(8
" Tl + 3)

Cfora.g >0,

where [(a) is the gamma function.

Fita Phstn

The continuous random variable X has a beta distribution with parameters

a = 0 and 3 > 0 if its density function is given by

NP 1 T L [ L I

f(z) = {f;“'“

Note that the uniform distribution on (0, 1) is a beta distribution with parameters
—_—T L
% = (n-1)) = 74

The mean and vanance of a beta distribution with parameters a and 3 are

ad

p:Lmda2= : 3
a+d fa+ d)¥a+8+1)

clsewhere.

a=1and =1L

mﬂl& —

- . §
L ) 4

-
."r

 For the uniform distribution on (0,1), the mean and varianee are
T ginad



Figure (.20 Lognormal distribations

The mean and variance of the lognormal distribution are

F;!‘””}" and 0% = ¢#* "{ -1_]_ _(

=—————— |

| s ::’il‘*l‘j )\‘J‘JL&\J ﬂm’;ﬂd Ii"4':!'2“9'?Im“-?‘l'!r:.:----n

Example 8.22:| Concentrations of pollutants produced by chemical plants historically are known to
exhibit behavior that resembles a lognormal distribution. This is important when
one considers issues regarding comphance with govermment regulations. Suppose

| it is assumed that the concentration of a certain pollutant, in parts per million,
has a lognormal distribution with parameters (i = 3. % and\og = 1] What is the
probability that the concentration exceeds 8 parts per million?

Solution: Let the random variable X be pollutant concentration, Them _é J1‘J J\S__h*’

PX > 8)=1—PX <8

L

Since In(X') has a normal distribution with mean g = 3.2 and standard deviation

Fe=1. ~ AL i,

| .
P(X <8)=d [Ml $(-1.12) =01311. —L | _5s.|3ly

- £ e R i
- E = O 9686

nl s.:a-l'l‘l:clife,lnthtnmlﬁ:ﬁmﬂm of a certain type of electronic control for locomotives

has an approximately lognormal distribution with g~ 5,149 and 0 = 0.737. Find
__sh& itk percentile bf (e tmursmmmmmmm

"Tu;hmwkmwtmlmﬁmuum;mmhy.tthelﬂe 'L__,:-‘-J'
Rin@hl}(]hasnmﬂdmﬂbmim'ﬂhm MO

a-mrﬂ.mﬁthpmﬂo of X can be caleulated as
_ hin)=s1404 mm-:mr-mm, R
] _:!_,:__‘_ , § Mﬁﬂﬁ -h.-_..! C.



e '-jgt-;ha Weibull distribution are

(1-;-%) and o2 =a~ /P {I‘ (1+§) - [I‘ (1+ :

e
. | "
] b * i

ge "y

o f %
L

05 1.0

Figure 6.30: Weilwll distributions (o = 1),

.L. "

'
d

ol WOl The cumulative distribution function for the Weibull distribution is
~ . Distribution  given by |

L. 5 I.- %
"-'J.. ~ fora>0and 3> 0,

Sl




ain city, the daily consumption of
bwer in millions of kilowatt-hours, is a

| nm  variable X having a(g_mmaHEt‘n‘tmTiUnj

i h E_jand variance/o? = 12.\

(a) Find the values of a and B.

(b) Find the probability that on any given day the
daily power consumption will exceed 12
million kilowatthours. 0 (5¢>12)

| B= (&)

.;T;If- * Answer:

' () p=ap=6 [ B=T] @
a2=ap?=12 Wr . \1'\- &

So, B =2 and then a = 3.

s




‘:nenttal dlStrlbutIEJj with
“minutes. What is the probability

2L I. 1l -. |
a fperson is served in less than 3 mlnute-._-; |

at{least 4 of the next 6 days? ) ginowi

__-—qﬂ

P(X <) = %J;.lzﬂ =/ dy —f.*""‘“1u 1—e

3/4 . (),5276.

P(Y > 1) = 3 b(y;6,1 — e ¥/%) = (§)(0.5276)'(0.4724)* + (5)(0.5276)°(0-4724)
x=H
1+ (£)(0.5276)" = 0.3968.

P(f),{-isj f' 'f/q o y —X/y 5 3/4
:::= ﬁr b ] o
=0 b23z{
LX) - i-€@<¢u)
H? |- O §EE; o2 ia

H’LAJJQJ

End of Chapter 6
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