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Definition 3.1

A random variable is a function that associates a real
in the sample space,

munber with cach clement {

Example 3.1: Two balls are drawn in suceession without replacement from an
red balls and 3 ]'.ilig.:_]{ balls. The ]Jl_:l:i:-iih}l:‘ outeomes and the values
variable Y, where Y is the number of red balls. are
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: Example 4.2:/ A stockroom elerk returns three safety helinets at random to three steol millam

ployces who had previously checked them. If Smith, Jones, and Brown{ in that
QF@ reccive one of the three hats, list the sample points for the passible orders
of ret

urning the helmets, and find the ﬂg@uf the random variable A that

represents the number of correct matches. Snafl
Solution: If S, J, and B stand for Smith’s, Jones's, and Brown’s helmets, respeetively, then

the possible arrangements in which the helmets may be returned and the number
of correct matches are X |
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R pling plans involv
items from a lot of 100 items in which 12 are defective.
Let X be the random variable defined as the number of iter

o N tive in the sample of 10. In this case, the random variable takes on the
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e is observed. The evaluation of the process will depend on how many consecutive
items are observed. In that regard, let X be a random variable defined by the

i number of items ohserved before a defective is found, With N a nundefecﬁm.-gnd

L D a defective, sample spaces are S = {D} given X = 1, IE = {ND} given X =2,
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Example 3.0: Interest centers around the proportion of people who respond to a certain mail il
order solicitation. Let X be that propertion. X is a random variable that takes
on all values z for which 0 < z < 1. 1

Definition 3.2: |If a sample space contains a finite pumber of 13'5'5»*11’1_111}*“5 or an unending sequence
with as many elements as there are whole numbers, it is called a discrete sample

SEEFE ;

If a sample space contains an infinite number of possibilities equal to the number
of points on a line segment, it is called a continuous sample space.
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| pairs (2, [(x)) is & probability function, probability m |

sbability distribution of the diserete random variable X if, fo
outeome r,
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Example 3.8 A shipment of 8 similar microcomputers to 3 retail
___outlet contains 3 3 that are defective. If 3 school makes a random

g s € purchase of 2 of these co

mputers, find the probability
drstnbutlon fnr the number of defectives?

Ry A IV ES
10hd, 3 % 2 HIA

: J0) =pPx =0) =
fe) :

—

—
—

o3|

0 n=(g)=5 |

g i

= |8y=28 |
") 1 =PX="= 1/ 11 j‘ N (‘ - |
% i ( : 7:)_ 28 24 r|..."|,'f
J2)=P(X=2)= -'-).(i %. bén.uquf 'jc:...; il
Thus the probability distribution of X is ‘;{fi 'ryi’ d*i 82 } LA




-udimxmmﬁdﬂﬂtbmmmh[‘}mm
2,3, or 4. Thus, the probsbility distribution f(z) = P(X =) is

(1) forxr=10,1.23.4.

There are many problems where we may wish to compute the probability that
the observed value of a random variable X will be less than or equal to some real
mumber r. Writing F(z) = P(X < r) for every real number r, we define F(2) to
be the cumulative distribution function of the randam variable X.
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| Definition 3.5: (The cumulative distribution function F(r)of a diserete random variable X
" with probability distribution f(r) is
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For the random variable AT, the munher of eorreet matehes in Example 3.2, we
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e = J0)+ f(1) +1(2) = {5
RO = 1O+ 1)+ @)+ 1) = 3.
F(4) = J(0) + (1) + £(2) + f(3) + f(4) = 1.
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0, for r < (),
Suration of 041, for0<z<l.
fRkbil 1y _ 0.78. for 1< r <2,
F(r) = ¢ ,
094, for2< s < 3.
0,99, for3<r < 4.
. for x > 4.
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* 3.2 An overseas shipment of 5 foreign
automobiles contains 2 that have slight paint
blemishes. If an agency receives(3 of these
automobiles at random, list the elements of the

~ sample space S using the letters B and N for

- blemished and nonblemished, respectively; then ™ a8
~ to each sample point assign a value x of the

andom variable X representi ng the numbe
s purchased by the agency
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833 let W be om variable giving the
{_number of heads minus the number of tailsjin
three tosses of a coin. List the elements of the
sample space S for the three tosses of the coin
and to each sample point assign a value w of W.
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Pla<X <by= [ [x)dr.
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Verify that f{x) is a density function.
cli} Find P(0 < X < 1).
Wu use Definition 3.6.
(a) Obviously. f f(z) > 0. To verify condition 2 in Definition 3.6, we have
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(b) Using formula 3 in Definition 3.6, we obtain [ gl—'s"
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Definition 3.7: | The cumulative distribution function F fx) of a continiious random varahle
X with density Tanction J (1) & T
: F[r]:PL‘fEx}:] fit)dt, for —xw<2<x
b |
As an immediate consequence of Definition 3.7, one can write the two results
J
Pla < X < b) = F(b) - Fla) and f{z) = ﬂ”
if the derivative exists. i ]
muple 3.12: |R‘:rthl: density fanetion of Example 3.11, find F[:}I and use it to evaluate i | :
Pih<X<1). 2 )

Solution: For -1 <2< 2. ;E‘Q:E: =3 — | it J

Fla)= f ft) dt = j :T“._ /

k3 2

) |
Therefore, ?——_-‘-‘._
SR
0, 1<~
, =1<2 <),
133




Thus,

To determine the probability that the winning bid is less than the preliminary bid
estimate b, we have

II'

3.6 The shelf life, mm days. for bottles of a certain
prescribed medicine 1s a random variable having the

L denslty function

i .

4 20,000 > Uﬁ‘h o

bl | f(z) = ¢ (=+100)7 ° :
elsewhere.

~ Find the probability that a bottle of this medicine will
ave a shell life of =
(a) gt 1&351’ 200 days: X 2 Leo —> Sq coon Cwﬂ@ .

' where ﬁnm 80 to 120 days. o0 s
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Definition 3.8: | The function f(r.y) is ldgml probability distributionior firobability mass

L4 | A ClisCeLe I Tl I .E!Jh‘" F 'y i 4 |
function of the discrete random van Yand ¥ I I.Lm
1. fir.u) 20 Torall (r, y) G (o

2. gg fir.p) =1, dimension
8. P(X =2.Y =y) = [(z.¥).

For any region A in the xy plane, P{(X.Y)e A=Y ¥ f(r.9).
A
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2 red. pens, and 3 green pens. 1T X mlmnmulgdbhmwmukﬂdmdr

the number of red pens selected, find

s *83

a] the joint probability fumm
(b) P(X.Y) € Al, where A is the region {(r.y)ir + ¥ < 1}.

om; The passible pairs of values (r.y) are (0.0), (0.1). {1.0), (1.1}, (0.2), and (2.0). y

~ (n) Now, f{0.1), for example, represents the probability that a red and a gr
Seads mmmmwnMdmﬂmeﬂ Jecting
mmsu(g) mihm:ufmutm red
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Table 3.1: Joint Probability Distribution for Example 3.14
e : | Row

fir.y) [0 1T 2| Totals

0 : =l = 2 hod
L] 1 ErE AT 0 v
2 = 0 0] &
% Cg@\ Column Totals | = 2 & 1

When X and Y are continuous random variables, the joint density function
flr.u) 3 a surface lving above the ry plane, and P[(X.Y) € A, where A is any
region in the ry plane, is equal to the volwne of the right evlinder bounded by the
base A and the surface,
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Definition 3.9: [The function f(r.y) is aljoint density function|of 1ho/{\'mtinumm random J L
variables X and ¥ il — b
— y
1. fix.y) 20, for all (r.y) .
3. PYX.Y)€E A= [ [, flx.y) dz dy. for any region A in the ry plane. I
>
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Example .‘I.l-'r:[ A privately owned business operates both a drive-in facility and a walk-in facility. '

On a randomly selected day, Jet X and Y, respectively, be the proportions of the
time that the drive-in and the walk-in facilities are in use, and suppose that the Y
joint density function of these random variables is '

Noind 2ar 4+ 3y), 0<r<l0<y<l,
o Loy {g[ elsewhere.

o



iy 3 i- ‘: t |..‘. o y ..' i ;.- :-'-.- :..
) 11.! I ; I_:. I “:_;1 J'E' hﬁ.f’ th 1:} & i
e =| = J i y

] "r".n- e l " e
‘”W’ﬂ!ﬂl-f’(ﬂix{-q(f{-}j)
- “f k fae e

< f G )= [ (e %)

27

‘:""r‘:'“"'! - | f...:ﬂ;—‘l

‘gqu\s’ f’(J twr <+ "5u~v+ pf}>ﬂ£» iy &I Hiv bution

X and Y, the probability distribution gir) of X alone is obtained by summing
j‘{.r ) over the values of Y. Similarly, the probability distribution hiy) of Y alone
ainexd by summing f(r, v) over the values of X. We define gix) and Af{y) to
‘(marginal distributions)ofl X' and Y, respectively. When X and Y are
continuous random variables, sumimations are replaced by integrals. We can now
make the following general definition.

e S e
Definition 3.10: ﬁ;im :‘n.n.rginal distributions of X alone and of ¥ alone un-'}

g(x) =) fir,y) and h(y)= Y fix.y) Camf
. ¥ —— T

for the discrete case, and

g(r) = I[r@m:{ﬁﬁi f{:.yjd:rj
(Lso= o]k s [ e

for the continuous case.

The term marginal is used here because, mthuﬁtmm.th
mﬂh{yjmjtﬁthewﬂtunhufmmuﬁm

y mfuff{!.ﬂmdilpllandm a rectangular table.

Given the joint probability distribution f(r, ) of the discrete random variables
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which are just the column totals of Table 3.1. In a s

that the values of h(y) are given hythnmmak,lnhbﬁmm. :
distributions may be written as follows: '
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Table 3.1: Joint Probability Distribution for Example 3.14

| {'% 3§ (£ (] L - x THn:_
I, N 1 3 Dlals
Wg{wj Gy (Zoe > R P g
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3 A Column Totals | & &2 & ] i |IlI ‘
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: )1-/’ disfur bufiav Hors M), 0<r<i0CyLl,

) Example 3.17: Find gi7') and A(y) for the joint density function of Example 3.15. Jza)= 0l m =
Solution: Dy definition, . :

1 ) iry ﬂl,r: pel ir+3
j)£ J_]_)Q"i-— '.FIJ'J— _f:y :fr;—f [2r+ 3y) dy = (-—I+—m)\ S — u’l" +- 1 =iy -
4 . ' B = 5 '; tj
for 0 < r < 1, and g(x) = 0 elsewhere. Simlarly, M T 9a03
oYl

=0

o i 2 A1 + By
%)"l A2 hiw) -/ fizr.y) dr { T,:-_'r « Sul it r | \
W
for 0 <y <1, nnd hiy) = 0 clsewhere ~

The fact that the marginal distributions g(z) and hiy) are indeed the proba.
- hility distributions of the in fividun] varinhles X and Y alone can be verified by
' showing that the conditions of Definition 3.4 ur Definition 3.6 are satisfied. For

exnmple, in the continuons case =) -

= = .=
{ ] glx) d:-f / fiz.y)dyde =1, ]
\ - - L o e ———

e —— -
s ———— s '
Ll

Phli."-':bl Ple< X <b-2<Y <o) i

f[ fix.y) dy dr = [Iy[r]ir ' ¥ ﬁ
e

I Section 3.1, we stated that the value 7 of the random variable X represents
'ﬁhn:ﬂhﬂ dthnnﬂuqnu Il we use the definition of conditional
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@-Iud Y be two random variables, discrete or continuous. The conditional
dlln'lbut-hnufunmndnm variable Y given that X = ris

fﬁj LV oovided i) > 0.

g(r)
Similarly, the conditional distribution of X given that Y = y is
Iz,
. flxiy) = u,-_}
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IFwe wish Lo find e probability that the disonete rasdom syanable X Talls belwisn
a and b whet 1t is known that the diserete varable ¥V = g we evaluste

Pla<X<bh|Y=y EJ"H-

w gLk

where the summuation extonmds over all wmboes of X botwesn g and 5 When X and

'qu‘] Il"'"'j\ Y are cuntinaos, we evaluate
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I_* ' Exampie 5.15| Referring 1o Example 3 14, find the conditional distribistion of X . given that ¥ = | J_,l |
; and e it o determine PlY =0 (Y =11 -
(5 T i

" &ﬁﬁ Solution: We noed to find f(ry) where y = 1. First, we find that T*’fhhll’mﬂmilnhhbm
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- X ajovec— g(n) = f{L y) dy = f 10xy® dy

lﬂ i E:_’_’\
aa IH—EI{I-I’].Uc::{I.

o ¥ :
hiy) = f f(r.y) dr = f 10xy® dr = Erzyz'i:: = 5_#‘.} D<y<l. E ’
e i = 2 a 1'F'--* s

Now { 7] - 5.
; ‘ 3 SH El ﬂ-&&j,{i}
Caﬁ&_rhaml J\Lﬂi (‘ flulr) = fey) _ , it S g . 0<r<y<L g==lh |

glr) 2x(1-1%) 1-2°
(b} Therefore,
e 3 ! 32 s
P(} >3 | X = ) f ;m|r_ur,ydu_fml_._ﬁdpa.
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@ b pial 15

:Illl-i, Example 3.20: | Given the joint density function
i3 Mﬁ’—-— D<cr<?2 0<y<l,
e 8 =
elsewhere,

find gix), Alg). fixly). and evaluate P(3 < X - % ¥ '!J" o
Solution: By definition of the marginal density. for 0 < r < 2,
o2 £ P

o L '! ke 'J =3
glx) f flz.y) dy [ udu
— — 0 "

r i\ [
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= MR =0 e —
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ion, for0<r<2,




sinice h(y) is the probability density function of Y. Therefore,

glr) = firly) and then\ fir.u) = glr)h(n).

ANB= RA)«P(R)

Ln. Delinition 3.12: [Let X and ¥V be two random varinbles, discrete or continuons, with joint profm-
hility distribation flr, ») amnd marginad distributions gl r) and Afy), respoctiveby
The random variables X oand Y oare said o be statistically independent if and
anly if

R (T —sianin) | Trdoferdent

7 NE . S

l : for all (x,y) within their range.
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Exampls 3.21: |5hu.- that the random yariables of Exampls 3.14 are pot st ntmstically u:umlum Tabke 1.3 Joime thhm“. Distritaition ke wlu
i ! Proof: Let us consider the point (0,13, From Talde 3. 1 we find 1.]u. three probabilities —

f10,1), g(0), and h(1) to be = ——— ? Row

. flrd 10 1 2] Tokas

@5{_{:&‘ 10,1) = 77 I P
WS : 1330r
S -~ o IR Y il <113 2Rt

gl0) = Z)"Lﬂy]-—*—-'rﬁr-—-—i W H
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J(0,1) £ g(0)h(1),
thn&nk' and ¥ are not statistically independent.

case of n random varinbles, Let fir.oa.. .. l‘-lhl'ihﬂﬂl‘-wﬁhﬂ-hﬂit!
the random variables Xy X3, X Thnmﬂml distmbution of Xy,

.
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23 Tn screte case),
!:n-nfm.ﬂ-‘l‘h’m....r.] d:l!a dﬂ?‘-..&’. {m a'L ‘
We conld consider numerous conditional distributions. For example, the j R
df‘_'“iﬂﬂl'dlltnbuﬂon of X1, X2, and X3, given that X4 = r4. Xs =ﬂ%:=f Ny
rmﬁ“’ﬂllﬂl‘l

o s x ol
(i=seTed e sk

Jiry, a3, 73 | 24, 75...., r..]:”r"ri-----ﬂ‘ﬂ:&—
P Tg  T5eeney Tn) o~

w_ht-m glry. T5. ..., r,.) is the joint marginal distribution of the random variables

.‘1 i -\-5 ------ \ e
A generalization of Definition 3.12 leads to the following definition for the mu-

tual statistical independence of the variables X, Xa, ... .- Xn-
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Definition 3.13: |Let Xy, X2...... Y, be n random varinbles, discrete or continuous, with
juint probability distabution  f(ry.Ta,..-- r,) and marginal disiribution
filx1), falx2), .- o falTa). respectively. The random variables X;, Xa..... Xqn are
said to be mutually statistically independent if and only il

flxy.Taes- - Tn) = fi(31 )} falZa) - fnlTa)
e —— e

for all (71, T2.....Ty) within their range.

certain perishable food product packaged
hle whose probability density function is

[
.

Examploe 3.22:| Suppose that the shelf life, in years, of a
: in cardboard containers is a random varia

given by }(

gF z>0
flx)y= —
0, elsewhere.

Let X, X3, and X represent the shelf lives for three of these containers selected

independently and find P(X, <2.1< X2<3,X3>2).
Solution: Since the containers were selected independently, we can assume that the rundom
variahles X3, X2, and X are statistically independent, having the joint probability

density | . : »
B ) f_!f'hﬂ!--ﬁlll = fix1 Miza)fizs) = *‘15?.""—“ o g B ;: s ,I‘ ::.
 forx; >0,23>0,23> 0, and f(z1.75.25) = 0 cliewhere. Hence L

l-.'l_l LS




thich d _'-"meu Rl
ose that the tank is not resupplied dur!ng A
. _..’!:hﬁt x < y, and assume that the joint

R o<z<y<l
‘5{(:1 y] l{{: elsewhere.

(a) Determine 1f X" and Y are independent.
(b) Find P(1/4 < X' < 1/2 | ¥ = 3/4).

BB »

gle)=2[ dy=2(1—-2)for 0 <<l
h(y) =2 Jg do= 2y, for 0< y < 1.
: Since f(x.y) # g(x)h(y). X and Y are Ml{l@ﬂh

. __._____._—-_-__-'_—'_.—-"'_'_

J'[*t ]

”g: r=f(:1, y)/h(y)=1/y, for 0 < x < y.

R/ b v 1/2
P(1/4 < X<1/2|Y=3/4)=4%f/ de=1}
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4.1 MNlean of a Random Variable

In Chapter 1, we discnssed the sample wean, which is the arithmetic mean of the

data. Now consider the following. 1T two coins are tossed 16 times and X s the
munber of beads that ocenr per toss, then the vadues of X are 0, 1, and 2. Suppese

that the experiment yields o Tieads, one head anmd two heads a total ol 1,7, and 5
coins s then

times, respeetively. The average nuniber of Leads per toss of thie two

(1) + (1)T) + (2)(3)
Meah = R+ ]]-I_” A (T
I

—

This is an average value of the data and Vel i s not o possihle onteome of .{[}. 1,1}1
A possible onmteome for the experiment, For

Henee, an average is not Ill'rl'm-:tj'jl}
Iy income is not likely to e equal to any of

imstance, a salesiman's aversge montl
his monthly paychecks,

Let us now restructure our computatic
to have the following cquivalent form:

Bl
Mean= () (E) L) (-m) () (E) ™

mfor the average munber of heads so as
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mﬁw likely, it follows that
P(X =1) = P(TH)+ P(HT) =

l-illu

.3.
qn

1
\ +P(I=E}-rp{””}—1
'.1;
3' m‘“’ element, say TH, mudicates that the hrst loss pesulte] in ;t ol
J I!}' a hiead o e s vn:ui toms, Now, Lhiese prnlmluh’w«-. are Just the relative

it-q,uom wes for the given events in the I-uu, pun. Therelore,

, : :
1..'1_‘, Pfé!J’ M{ﬁﬂ -h= E-[\.]“{U}( )--Il}(?) + [?](l) =k

Wﬂ- % ey 'lt.\c}]' lz_

Probady ), ;T}, Yardod\ }
VY adde

.I 1
Al i
y . I o " i
-y Baliition 4.1 | Lot X e oo eanslom variable il probabibiy detinbotion | i FEEH T L T
| axpected valuw, of X i .
| -
P p=ElX) E._.' :_I.
¥ YNpem ™ "'T r e
LJ i X s diserete, aiml = Cxﬁtlﬂ}fé\p fu-f.ﬂ,_.. o
ﬂ'—El.\.l—j‘rfrilfl ?r‘-‘b&&f!:ll'_"j
o l
X moonkbmwnrs, - 0 0 00000000 3

Exnmple L1 Aot containing T components is sampled by acguality inspecton the lat contains
"IET———"L oy

4 goodd componenTsd 3 defecting ¢ s A sample of % bs taken by the

3 ilhp_‘-"”llﬂ'- Fined the expected ol af the wunler of good "'Illl‘l],mlh'llln i this

sample

) m Solution: Lat X Pl Plee v wer ool guul TR TR TIEY T -"-1lllllh". The Pﬁlhlliﬁl}'
3 : distribution of X i

= ey =




: l'ﬂf | W knw t.h&l. Ih#m]mpu."m for the ty
cotmission tolals: $0, S1000, $1500, il %ﬂﬂ

ﬁ associated probabilities. By independence, we olitain .
610 4

'ﬁ‘-‘iw I,(__J-(l-n;](l—uﬁ = 018, f{??d]ﬂ}.—-{ﬁ?‘}ﬁ&ﬂ#
F(S1000) = {nnu— 4) =012 and f;&-ht:uﬂ;:(l-ﬂﬂ(w; 0

Thercfore. the expected commission for the salesperson is

.-:nf L\a.‘?' ULL 1 b' {b{.‘x‘ |= (SO)(0.18) + (SLO00J(0.12) 4+ (S1500)(0.12) + (§2500)(0.2%)
U“-'-'é {___.J_JM = S§1300). '

Cof imous

Example 1.3 Let X be Hie random viriable that denotes the life in houes ol 0 cortain clectrone

dieviee, The probahility density unction 1=

flr , slsewhere I
{ﬂr} {l. lsiew] L,...}ﬁ..‘i @S‘

Fitul tlie cxpus tes] il of thiks v of devies a"‘bsl

Solutserc: Vsing Defiuition 4.7, wi Ly

: ™. 3, 000
ji = ElXN)= o = e = f - =2,
Ll 1K) J —

e oG

Therelore, wo van expeet this bype of doviee to Inst, or average, 200 bonrs. i |

Now Tor s constder aonew random varindle gl X}, which depends on X3 that

ik, el vislioe of g(X) is de verrninesd by thie value of X. Por instoner, g{N'] osight

I.i__\! ar X = L oanid whenever X assues the value 2, mu‘-ﬁahllli‘- the value

4l2). In m‘ if X s o diserete random vanable with probability diserilation
St for r = —I 0.1,2, and ¢ GIX = X%, e

——

== PlgtX) =0 = PIX =u)= f(0).
—#Pg(X)=1]= PN = -1+ X =1=f-1)+ 1)
> PlgNy=4] = PIX =)= f(2).

mmmmﬁm mm»muﬁm ol m’.Ef’.'l oy be written
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. ..u‘r‘lh 3 L

- D -
R St (a1 e pmitalior of cnvs N fhak s thnagh o et

. i B0 an on any sy Pridiy bos the Sl g e e
: £ a 7 8 0

L ) T . M S8
PX=n | & B | | & ¢
Lot g{ X) = 2N = | ropresent the nmemnl o ey, (8 dollurs,

by the muanager Fid thae attondant s expes el earnings Tor

pt-rhu!. .
Solution: Ny Thearem L1, the attendant oan expeet b peceiv

A rﬁ;- @31 U\Q L;i Elai X)] = f'-'i'-’.‘t'ld 1) = i:lr.: - 1)fir) | |
S Plobady o L DY - &)+ o (&) <o () (5)

R 1—{151(')-:l?l(l):-‘l!""
i l:" LL] — J

i~

wish Detwern m :
Laility b=t pthution:

pied ter the st T
flils partionlar L

Example 1.5: Let X be o randon varialsde with density anet o

) {'l . =1 i 2
Sl )= et St
L s haeeree
Findl &l l.".l.l'll":'ll‘l.]. value ol |.|Il_"|.-| = X +3
Solution: By Theorem 41, we have
2 (hr -‘-/:‘I}%

o g
E[4X +3) =f — iy = _—f (40 = B2?) dir =8,
e 3 W

=
-

. |
We shall pow extend our coneept of mthemnticnl expectation to the case of
two random variables X oand Y wirh joimt probabilicy disteilation f(e. g).

b LA

Definition 4.2: | Let X and Y he random variables with joint probability disteibuation fie. y). The sl
muean, or expected valie, of the random viriable g( X, Y] is T Iz

Mgix.y) = Elg(X.¥)] = zgﬂl-l‘-ﬂ}ﬂr.yl :
, S —

——

i X and Y are diserete, and
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Solution: Ty Dofinition 1.2, we write

2 2
E(XY) = ZZ.J*HI (rou)

r=0 y=0)

= (O)(O) (0. 0) = (O)(1)F(0. 1)

+ (O 0) + (e Sa b+ (2)(0)f(2.0)
3 A
= flll - | 3
) —~—
' L]
Example 4.7 Find E(Y/X) for the density funcetion
T 206377\ < i< 240 y < l(
= - I = E—— ——
5{:/\1)& ’x-.j q‘-""""n{ d.n\.}-a;_l Al 1] el=ewhere
| . Solution: Woe hine :ji
‘ L2 ) + 3y by + 3y 5 ’
F (E—) :-.f f i ¥ iy =f 4 +_] .4 dy + —. 1
A o Jo | o 3 s 3

: = Note that if g(X.Y) =X in Definition 1.2, we have

Yy xfloy) = 3 gl (discrete case).

L::’:} = I.‘.u = i
_[;_1 i Ay dy dre = JI‘_T’ZQ rgle) de (continuons ense).

where glr) is the marginal distrilution of X. Therefore, in calenlating
a two-dimensional space, one iy Use either the joint probabilicy dis
A ol ¥ o the marginal distribution of X. Similarly, we define

o el . Tl r — . A
L| & g ) '_ S 1 b : __-. i - qﬁ.'.



Answer 4.23: Z ‘ P X X u" r[ -
: A A T ay” flx.y) T 1010101 \
(a)-E[g(XY )] = E(XY) = 23 , IRERE e

e o | i :
nmz*rsf = 12,3)+ 2°(5F* A2.5)+ 4°(1F* (4,1)+ 4°(3F * f43)+ 4P fas)

2)(0. %..aj + (4)( Jsjimﬁ =320 ~> i._"!{‘aﬁ"d
| r_n 5, +ﬂjﬁM3)+ SMO.1+0.15)=3 o ¢

SO

L) - ;
L HQ-‘. :
Iq_-l ..- )
. - . - k

L i
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Figure 4.1 Distribiitions with equal means nod unegual dispersions;
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B = :‘ '
:Ir : y i . . 'I_ A 1 .-.u
o= E:rj{r ) by definition. aod Ef(.; = 1 for any discrete probu! Mi‘l?,f Tl

dls’lrihulitm iy follows that
gﬂ = Z ‘:'Ef{..r] - p: = ﬁ[fﬂ]

For the continuous cose the proof is step by step the same. with
replaced by integrations.

sunations

Usmmnple 4.9 Lot vhe muaxlom virdalde X represont the mumber of defective pats for o machne
Wl 3 pearts are sampled [Fow i proadetion i anul testen], Tlie folliving ds s
proibabilitny distpalvtion of X
| 1] | Q q
Jin) | gl  Oods o ool
Using Tl £2, onle idiste 7=,
Sobatwon: Fist, wo compinile

g (OS] = (1008 ) = P00y e (RO | = 11051

Nimw, N
A i l.
Rt E(X= 1= (000510 <= 01 00.38) = (10103 ={0{0.01) = ns7, *

Therde,

= (LET — {001 =407,
o? L (L J AT 3

Exmople 1100 The mukl,\ demand for o doukingewater presduct, i thowsands: of Kters. Fom.
a loeal elioin of eficiency stores is o contionons sandom varinhle X having the

problidlity depsity
- JBle=1) lgre
Jx) = {”. else I,

Find e g and sarince of X

= Et-lfl' L E\IJ-'t-r = ',i l'Lf id g-l.




Let X be o random vari Dle witlh |m.tuiu|i111. distribution _f{a The varianee ol
tlu random variable g(X) is

azixy = E1lo(X) = a2} = 3 _lnx) — pgenl* flad

Fatcf oy O

it X is cliserete, anl

gy = E{lg(X) — ngex)l’} =j lgle) = g fln) die

1if X s continnous, 3

o

"ﬁh’ﬁ"‘ g(X) b= tsell @ panclom variable with mean jrg xy as defined in Theoren ‘,".r..n,
it tallows from Definition 1.3 that i i .

ax_; = E{[9(X) ~ pae) |-

[x

ll"nlLl' l‘ -|||.l|'l‘ h““ﬂrhi'i
: |"'|T I




oax 43 = E{[(2X 2X +3) = parya)® } E[(2X +3 - 6)°]

=EAX*—12X49) = Z“-"E — 120 +9)f(x) = 4.

=0

Ex vl 4,12 Let X b a canchon variable Jowing the density Tunetion givew in E canphe 150
paage 115, Find the variance of the randon variabilely X) = 1Y =4,

Lot X b vaindom vorwhile with ‘-']I'lb-ﬂ_'l_u' (i Hions

Solution: In Example 15, we fonnd that pyyez =% Now. wsing Theoren I ] o
S e st o ={ T LSRN
A =08 +8)-Ph=EX -5 oy S““ 0. hewhrw
) rl' | .||
/ 14 - ,|T,r.::[ (167" =40 + 256 dr= — Fund the expocted valie of gl X ] = 41X + 4.
= ] by a

A ———e
Hﬂ'[.il'. Fl={X- iy 1Y - 1yl whire iy = EiX ) aml fly = LY ), Definition
4.2 vieldls an pxperted wlne calli the covariance of X and ¥, which we denots
by @y or Cav{ X, ).

T —

58 Datinition 485 | Lot X and Y be raudom sarihles with joiut probalility distebnition [l gl The
eovarianee of X and ¥ i

Ayy =E[[I ‘i"\_]llr v-_!:,-j: :_E Z[ = Y — |u=:.j'|: r
+ Y

A .L:tﬁ' qu]} anediscrete, ad
ol

& ~r V)= F f fa=pry!

“"‘l. LR

-

W-F.-H L) ol dy




— iy 3 3 S y) + sy
| ;

T

Sinee

for any joint diserete distribution, it follows that
Ty =FINY ) = lla ity — lyitx + jigfty = E(NT) =iyt

For the continmons case, the proof is identical with summmations replaced by inte-
grils. -

Exanple 4.13: Example 3.14 on page 95 descrilwes a situation nvolving the namber of blue refills
X and the number of red refills Y. Twa refills for a ballpoint pen are seleeted at
ranidom fromm o certain box, and the ollowing is the joint probability distribution:

o 2 -
ey P T 21 iy Ry
A KXY = DT fte
¢l 1 |& & o 3 e
l e X = (00170 + 001 4L0.1) j
o) [f B m| | + OO0} 4 (A1) + 2000
> Find the covarianee ol X and Y = fil ) = = NT
' Solution: From Example 1.6, we sce that £(XY) =3/11. Now 1 2D

b =
=}
s =Y rglr) = (0) (ﬁ

=l

z
“ 15 3 |
=Dy =) (&)~ (5) @ (x) =




[0 L]

elsewliere.

Mﬂ;{mhaﬁh i<yst.

[ “thwwmt ensity nmmrmuﬁ. Wer polppuie
1 1 ]
fiv=FL1N) =f g o = g il gy :f APl = W) dy = 5
i v} i -

From the julnt density funetion given above, we have

) 1 | 4

L-‘{,."s‘ij' = f f ﬂ]iy: i I'J'y = a

Ll ] -
ey = E(XY) = fajiy = 52 (‘) (i_) Tl !
) b 15 plod 17 1 1

Correlation Coefficient




Definition 4.5: [Let X and Y be random variahles wit] ..|~.,-|_i.|-||”- Tyl ‘1*'r|'_|ﬂl_l[‘-\'.|Lil|||_~.I
(i S5 11314 s respectively, The corvelation ToerTi v T AT T RN {

e Ty
Py = ——
Ty ily
— 1

El.l-l-“lﬂ lII- l--l-‘i-' I'I-JII 1II l'lrlll'l- LT lll"'H'rl il ek s ] 1'- el Y b ot 1.1 e i = 3 = 3
irpm:m: Yoe i it : ! Fhe variance of o random variable X s




[l Theorem 4.7:| | he expected value of the sum or difference of two or more hinetions ot the random
variables X and Y is the sum or dilference of the expected values of the functions.
That is,
dg\j =C§__‘5 S5/ LTEN.Y) L h(X. V)] = Elg(X, V)| £ E[H(X.Y)].
Proof: By Delinition 1.2, g |

x x
X Y ) £ (X, Y)] = / /’ gl y) = e ) f e y) de dy

/ / gloe.y)flre.y) dr fh;:tf f hia.y)fla.y) de dy

= Elg(X,Y)] + E[h(X.Y)].

,':1. Setting (X, Y) = g(X) and (X Y) = (YY), we see that

— E[g(X) £ h(Y)] = E[g(X)] £ E[h(Y)].




' 1 _ 1ty of

Lot § aml Y l-lt' Waﬂ }nﬂt‘}iumiﬂm' m'l.nr't{gl i

Sihee X oand ¥ ape ndependent, wo nisy write

Uiyl = gleihiy).

where gl #) and Iy} are e

narinal disteilationsof X e ¥, nugpecl:iﬂﬂﬁu ﬁﬂhm v

o por e =
ElXY) = f f rygleiily) dr dy = f rglr) "f-Tf ylity) oy
— of =y g _'h. . .
= E{X}E(Y),

<l

]

- = —
.

b

re —— 1 h.l
o i 4_-5;[!.#[ A and 3 betwas indvpendent random varinldes 1 i =l ' I
!' Enm Hary _ : ol e

i r"ﬁ'l

1o
d P?Wf: Tl prowl can b caarvial ant Ly nsing Thewems 14 and b= . | .

Cov(X.¥) 1= E[(X — ux )V - iy |

CovX, ¥) = E[(X = pux)(Y = py)]

= E{(X = ux )JEY — jiy)]
= (E{X] ~ ux )(E[Y] - uy)
=10




that E(XY) = E(X)EQ). as Theorem L8 suggests.
ﬁﬁﬂn;

12 200 - ; e
E(‘l!r} =/ / Ja yll + 3!}2] t.l'.nfﬁ W ;?_‘ E’:LYJ . :_I'. and h{} ] = E-
Henee,
f::{_\vjt_‘{ }J = (-:I;) (-Er:-) — E = E;[.'\-i']-

We conelude this section by proving one theorem and presenting several corol-
laries that are useful for ealenlating varianees or standard deviations.




